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PREFACE. 

To preserve Euclid's order, to supply omissions, 
to remove defects, to give short notes of explanation 
and simpler methods of proof in cases of acknow- 
ledged difficulty — such are the main objects of this 
Edition of the Elements. 

The work is based on the Greek text, as it is 

given in the Editions of August and Peyrard. To 

^the suggestions of the late Professor De Morgan, 

published in the CompamAon to (he British Almanack 

for 1849, 1 have paid constant deference. 

A limited use of symbolic representation, wherein 
the symbols stand for words and not for operations, 
is generally regarded as desirable, and it is certain 
that the symbols employed in this book are admis- 
sible in the Examinations at Oxford and Cambridge. 

I have generally followed Euclid's method of 
proof, but not to the exclusion of other methods 
recommended by their simplicity, such as the de- 
monstrations by which I ijTcyg^^^ \j^ -^^b^J^^j^^ "v^^r. 
dimcult Theorems 5 and 1 m >3afe '^'vs^'^ ^$#i^«^ 
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have also attempted to render many of the proofs, 
as, for instance, those of Propositions 2, 13, and 35 
in Book L, and those of 7, 8, and 13 in Book II., 
less confusing to the learner. 

In Propositions 4, 6, 6, 7, and 8 of the Second 
Book I have ventured to make an important change 
in Euclid's mode of exposition, by omitting the 
diagonals from the diagrams and the gnomons from 
the text 

In the Third Book I have deviated with even 
greater boldness from the precise line of Euclid's 
method. Thus I have given new proofs of the Pro- 
positions relating to the Contact of Circles : I have 
used Superposition to prove Propositions 26 to 29, 
so as to make each of those theorems independent 
of the others ; and I have directed the attention of 
the learner to the Intersection of Loci, and to the 
conception of an Angle as a magnitude capable of 
unlimited increase. 

In the Fourth Book I have made no change of 
importance. 

My treatment of the Fifth Book was suggested 
by the method first proposed, explained, and de- 
fended by Professor De Morgan in his Treatise 
on the Connexion of Nvmber and Magnitude, The 
is simple and rigorous, preseiitmg ExiciM'^ 
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reasoning in a clear and concise form^ by means of 
a system of notation, to which, I think, no valid 
objection can be taken. I have altered the order of 
the Propositions in this Book, so as to give promi- 
nence to those which are of chief importance. 

The only changes in the Sixth Book to which I 
desire to call the reader^s special attention, are the 
applications of Superposition in the proofis of Pro- 
positions 4 and 19. 

The diagrams in Book XI. form an important 
feature of this Edition. For them I am indebted 
to the kindness of Mr. Hugh Godfray, of St. John's 
College, Cambridge. 

The Exercises have been selected with consider- 
able care, chiefly from the University and College 
Examination Papers. They are intended to be pro- 
gressive and easy, so that a learner may be induced 
from the first to work out something for himself. 

A complete series of the Euclid Papers set in the 
Cambridge Mathematical Tripos from 1848 to 1872 
will be found on pp. 198-210 and 342-349. 

I have made but little allusion to Projections, 
because that part of the subject is fully explained 
by Mr. Bichardson in his work on ConU Sections 
treated OeometricaUy, forming a part of Bjk^s.ss^^s^^ 

MArflEMAITCAL SSBIEa, 
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During the two years in which I have been en- 
gaged on this work, I have received from Teachers 
of Geometry in all parts of the country so much 
encouragement to proceed, and so much assistance 
at each step of my progress, that I feel justified in 
asserting that no text-book on Elementary Geometry 
is likely to meet with general support in England, 
if it involve any wide departure from the. Euclidean 
model 

It only remains for me to offer my thanks to 
the friends who have improved this work by their 
advice, and to assure each reader of the book that 
any suggestion for its further improvement will be 
thankftdly received by ma 

J. HAMBUN SMITH. 



42 Tbumpington Strebt, 
Cambbidgb, 1872. 
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INTRODUCTORY REMARKS. 

When a block of itone ii hewn from the rook, we call it » 
Solid Body. Tho stone-cntter ahftpea it, uid bringB it into 
that which we call regviarity of form ; and then it becomes 
a Solid Figure. 

Now Enppoee the figure to be such that the 
block has six fist Bides, each the exact conater- 
part of the othete ; so that, to one who Htauda 
&cing a comer of the block, the three aides 
which are risible present the appearance re- 
presented in this diagram. 

£ach side of the figure ia called a Swrfaa ; and when 
smoothed and polished, it is called a JPlane Sur&ce. 

The sharp and well-defined edges, in which each pui of 
sides meets, are called Liiiei. 

The place, at which anj three of the edges meet, is called 
a Point 

A Ma^itiide is anything which is made np of part« in any 
way like itself. Thus, a line is a magnitude ; because we may 
regard it ae made up of parts which are themselres lines. 

The properties Length, Breadth (or Width), and Thickness 
(or Depth or Height) of a body are called its Dimauiont. 

We make the following distinction between Solids, Surfaces, 
Lines, and Points : 

A Solid has three dimensions. Length, Breadth, Thickness. . 

A Surfitce has two dimensions, Length, Breadth. 

A Line has one dimension, Length. 

A point ilia no dimensiona. 



BOOK I. 

DEFINITIONS. 

I. A Poiirr is that which has no parts. 

This is equivalent to saying that a Point has no magnitude, 
since we define it as that which cannot be divided into smaller 
parts. 

n. A LiNB is length without breadth. 

We cannot conceive a visible line without breadth; but 
we can reason about lines as if they had no breadth| and this 
is what Euclid requires us to do. 

III. The Extremities of finite Lines are points. 

A point marks position, as for instance, the place where a 
line begins or ends, or meets or crosses another line. 

rV. A Straight Line is one which lies in the same direction 
from point to point throughout its length. 

y. A Surface is that which has length and breadth only. 
yj. The Extreuities of a Sxtrfage are lines. 
YII. A Plane Sttrfage is one in which, if any two points 
be taken, the straight Une between them lies wholly in that 

Thus the ends of an uncut cedar-pencil are plane surfaces ; 
but the rest of the suifiEuse of the pencH is not a plane surface, 
«inoe two points may be taken in it such that the stra^M line 
joining them will not lie on the surface of the pencil 

In our introductory remarks we gave examples of a SurfEice, 
a Line, and a Point, as we know them through the evidence 
of the senses. 
^ s 
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The Surfaces, Lines, and Points of Geometry may be regarded 
as mental pictures of the surfiEu^s, lines^ and points which we 
know from experience. 

It is, however, to be observed that Greometry requires us to 
conceive the possibility of the existence 

of a Surface apart from a Solid body, 
of a Line apart from a Surface. 
of a Point apart firom a Line. 

Vni. When two straight lines meet one another, the inclina- 
tion of the lines to one another is called an Angle. 

When two straight lines have one point common to both, 
they are said to form, an angle (or angles) at that point. The 
point is called the i^eriex of the angle (or angles), and the lines 
are called the ariM of the angle (or angles). 
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Thus, if the lines OA^ OB are terminated at the same 
point 0, they form an angle, which is called the angle aJt 0, or 
the angle AOB, or the angle J50-4,— the letter which marks 
the vertex being put between those that mark the arms. 

Again, if the line CO meets the line BE at a point in the 
line BE, so that is a point common to both lines, CO is said 
to make yn\hBE the angles COB, COE; and these (as having 
one arm, CO, common to both) are called odjaM'nJt angles. 

Lastly, if the lines FG, HK cut each other in the point 0, 
the lines make with each other four angles FOK^ HO^^QcQi^^ 
KOF; and of these GOH, FOK w^ caX\fe^ •ce.T\iw«JiX'^ Qrp^o«o«. 
an/ifles, aa also are FOB and GOK. 
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AVhen tferw w more straight lines as 0-4, OBy OC, OD have 
a point common to all, the angle formed by one of them, OD, 




mth OA may be regarded as being made up of the angles AOB 
BOCf COD; that is, we may speak of the angle AOD as a 
whole, of which the parts are the angles AOB, BOC, and COD 

Hence we may regard an angle as a Magnitude, inasmuch 
as any angle may be regarded as being made up of parts which 
are themselves angles. 

The size of an angle depends in no way on the length of 
the arms by which it is bounded. 

We shall explain hereafter the restriction on the magnitude 
of angles enforced by Euclid's definition, and the important 
results that follow an extension of the definition. 

IX. When a straight line (as AB) meeting another straight 
line (as CD) makes the adjacent . 

angles (ABC and ABD) equal 
to one another, each of the angles 
is called a Bight Angle; and 
each line is said to be a Per- 
FENDicuLAR to the Other. < 

X. An Obtuse Angle is one 
which is greater than a right ^ 
angle. 

XI. An Acute Angle is one 
which is less than a right angle. 

XII. A FiGUBB is that which is enclosed by one or more 
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XIII. A Circle is a plane figure contained by one line, 
wliich is called the Circumterbncs, and is such, that all 
straight lines drawn to the circumference from a certain point 
(called the Cbntee) within the figure are equal to one 
another. 

XrV. Any straight line drawn from the centre of a cirde to 
the circumference is called a RADin& 

XY. A Diameter of a circle is a straight line drawn through 
the centre and terminated both ways by the circumference. 




Thus, in the diagram, is the centre of the circle ABCD, 
OAy OB, OC, OD are Badii of the circle, and the straight line 
AOD is a Diameter. Hence the radius of a circle is half the 
diameter. 

XYL A Sexigirglb is the figure contained by a diameter 
and the part of the circumference cut off by the diameter. 

XVIL Rectilinear figures are those which are contained 

by straight lines. 

The Perimeter (or Periphery) of a rectilinear figure is the 
sum of its sides. 

XYIII. A Triangle is a plane figure contained by three 
straight lines. 

XIX. A Quadrilateral is a plane figure contained by 
four straight lines. 

XX. A PoLTQON is a plane figure contained by more than 
four straight lines. 

When a polygon has all ita eidea ^ci^a^ mA ^ N^ «asj^ 
equal it ia called a reguUur polygon. 
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XXI. An Equilateral Triangle is one which 
has all its sides equal 

XXIL An Isosceles Triangle is one which 
has two sides equal 

The third side is often called the ^ose of the 
triangle. 

The term hoM is applied to any one of the sides of a 
triangle to distinguish it from the other two^ especially when 
they have been previously mentioned. 

XXIII. A BiOHT-ANULED Triangle is 
one in which one of the angles is a right 
angle. 

The side subtendingj that is, which is opposite the right anole, 
is called the Hypotenuse. 

XXIV. An Obtusb-angled Triangle i^ 
one in which one of the angles is obtuse. 

It will be shewn hereafter that a triangle can have only 
one of its angles either equal to, or greater than, a right angle. 

XXY. An Acute-angled Triangle is one in 
which ALL the angles are acute. 

XXVI. Parallel Straight Lines are such 
as, being in the same plane, never meet when 
continually produced in both directions. 

Euclid proceeds to put forward Six Postulates, or Requests, 
that he may be allowed to make certain assumptions on the 
construction of figures and the properties of geometrical mag- 
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ToffrULATEB. 

Let it be granted — 

L That a straight line may be drawn from any one point to 
any other point. 

n. That a terminated straight line may be produced to any ^ 
length in a straight line. 

I II. T hat a circle may be described from any centre at any 
distance from that centre. 

lY. That all right angles are equal to one another. 

y. That two straight lines cannot enclose a space. 

YL That if a straight line meet two other straight lines, 
so as to make the two interior angles on the same side of it, 
taken together, less than two right angles, these straight 
lines being continually produced shall at length meet upon 
that side, on which are the angles, which are together less 
than two right angles. 

The word rendered ''Postulates" is in the original 
cur^/uira, "requests." 

In the first three Postulates Euclid states the use, under 
certain restrictions, which he desires to make of certain in- 
struments for the construction of lines and circles. 

In Post. I. and n. he asks for the use of the straight ruler, 
wherewith to draw straight lines. The restriction is, that the 
ruler is not supposed to be marked with divisions so as to 
measure lines. 

In Post in. he asks for the use of a pair of compasses, 
wherewith to describe a circle, whose centre is at one extremity 
of a given line, and whose circumference passes through the 
other extremity of that line. The restriction is, that 
the compasses are not supposed to be capable of conveying 
distances. 

Post. lY. and v. refer to simple geometrical facts, which 
Euclid desires to take for granted. 

Post. Yi. may, as we shall shew hereafter, be deduced 
from a more simple Postulate. The student must defer 
the consideration of this Postulate, till he has reached tke 
17th Proposition of Book I. 

EttcJid next enumerates, as BtatemerAa ol WXi^x^x^ftv Kxnrksj^ 
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or, as he calls them, Common Notions, applicable (with the 
exception of the eighth) to all kinds of magnitudes, and not 
necessarily restricted, as are the Postulates, to ^eometricoZ 
magnitudes. 

Axioms. 

L Things which are equal to the same thing are equal to 
one another. 

II. If equals be added to equals, the wholes are equal 

nL If equals be taken from equals, the remainders are 
equaL 

lY. If equals and unequals be added together, the wholes 
are unequal 

y. If equals be taken from unequals, or unequals from 
equals, the remainders are unequaL 

VI. Things which are double of the same thing, or of equal 
things, are equal to one another. 

VIL Things which are halves of the same thing, or of equal 
things, are equal to one another. 

YIIL Magnitudes which coincide with one another are 
equal to one another. 

IX. The whole is greater than its part. 

With his Common Notions Euclid takes the ground of 
authority, saying in effect, '' To my Postulates I request, to 
my Common Notions I claim, your assent.** 

Euclid develops the science of Geometry in a series of 
Propositions, some of which are called Theorems and the rest 
Problems, though Euclid himself makes no such distinction. 

By the name Tkwrtm we understand a truth, capable of 
demonstration or proof by deduction from truths previously 
admitted or proved. 

By the name Problem we understand a construction, capable 
of being effected by the employment of principles of construc- 
tion previously admitted or proved. 

A Corollary is a Theorem or Problem easily deduced from, 
or effected by means of, a Proposition to which it is attached. 

We shall divide the First Book of the Elements into three 
sections. The reason for this division will appear in the course 
of the work. 
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SYMBOLS AND ABBREVIATIONS USED IN BOOK L 



•/ for becanse 

.* therefore 

» is (or are) equal to 

I angle 

A triangle 



© for circle 

Qoe drcamferenoe 

il parallel 

O parallelogram 

X ^ perpendicular 



eqoilat. equilateral 

extr. exterior 

intr. interior 

pt point 

rectil rectilinear 



reqd. required 

rt right 

sq. square 

sqq. squares 

st straight 



It is well known that one of the chief difficulties with 
learners of Euclid is to distinguish between what is assumed, 
or given, and what has to be proved in some of the IVo- 
positions. To make the distinction clearer we shall put in 
italics the statements of what has to be done in a Problem, 
and what has to be proved in a Theorem. The last line in the 
proof of every Proposition states, that what had to be done 
or proved has been done or proved. 

The letters Q. b. f. at the end of a Problem stand for Qw>d 
eroA faoiefndvm. 

The letters Q. b. d. ^i the end of a Theorem stand for Q^od 
erat demonstrandum. 

In the marginal references : 

Post, stands for Postulate. 

Def. Definition. 

Ax Axiom. 

1. 1 Book I. Proposition 1. 

Hyp. stands for Hypothesis, 8uppo«>.Ufm^ vcl\ x^^sn^ "^ 
Bometbing granted, or assumed to \>q \xwa. 
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SECTION I. 
On the Properties of Triangles. 

PROPosinoir I. Problem. 

To deseribe <m equilatend tricmgle on a given straight 
line. 




Let ^B be the given at. line. 

It ia reqmred to describe an equilat, A on AB. 

With centre A and distance AB describe BCD. Post. 3. 
With centre B and distance BA describe AGE. Post. 3. 

From thept 0, in which the 08 cut one another, 

draw the st. lines CA^ CB. Post. 1. 

Then will JlBC be an equilat. A . 

For •/ A is the centre of © BCDy 

.-. AC=^AB. Def. 13. 

And •.• B is the centre of ACE, 

.-. BC=AB. Def. 13. 

Now •.• ACf BG are each=-45, 

.'. AG=BG. Ax. 1. 

Thus AGf ABy BG are all equal, and an equilat. A ABG 
has been described on AB. 

<i. "a. 'B. 
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Proposition II. Problbm. 

JFVom a given point to draw a straight line equal to a 
given straight line. 




Let ^ be the gi^en pt, and BC the given st line. 
It is required to draw from A ast line equal to BC. 

From ^ to JB draw the st line AB. Poet 1. 

On AB describe the equilat A ABD. I. 1. 

With centre B and distance BC describe COH. Post. 3. 

Produce DB to meet the Qce COH in 0. 
With centre D and distance DG describe © OKL, Post 3. 

Produce BA to meet the Qce OKL in L, 

Then will AL^BC. 

For •.' JB is the centre of © COHy 

.'. BC=BO. Del 13. 

And vDia the centre of © OKL, 

.-. DL-^nO. Def. 13. 

And parts of these, BA and DB, are equal Del 21. 

.'. remainder ^L=remainder BO, Ax. 3. 

But BC-=BO ; 

.-. AL=BC Ax. 1. 



Thus from pt A a st. line AL haa \ife«ii ^c»NrcL«'BCi. 



^'«»«'«. 
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Proposition III. Problkm. 

From the greater of two given straight lines to cut off 
a pwrt equal to the less. 




Let AB be the greater of the two given st. lines AB, CD. 
It is required to cut off from AB a part = CD. 
From A draw the st. line AE^CD. I. 2. 

With centre A and distance AM describe EFH^ 

cutting AB in F. 

ThenwillJlF-CD. 

For •.• -4 is the centre of © EFH^ 

.-. AF^AE. 
But AE-^CD; 

.-. AF^CD. Ax. 1. 

Thus from AB a part AF has been cut off= CD. 

Q. B. F. 

Exercises. 

1. Shew that if straight lines be drawn from A and B in 
the diagram of Prop. i. to the other point in which the circles 
intersect, another equilateral triangle will be described on 
AB. 

2. By a similar construction to that in Prop. i. describe 
on a given straight line an isosceles triangle, whose equal sides 
shall be each equal to another given straight line. 

3. Draw a figure for the case in Prop, ii., in which the 
given point coincides with B. 

4. By a construction similar to that in Prop. ni. produce 
£he less of two given straight lines that it may be equid to the 
greater. 
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Proposition IV. Theorem. 

If two triangles hoAot two sides of the one equal to two sides 
of the other, each to each, and have likeufise the angles contained 
by those sides equal to one another, they must have their third 
sides equal; and the tioo tria/ngles must he equal, and the other 
angles must be equal, each to each, viz, those to which the equal 
sides are opposite. 




0_ 
B c JS ~ Ji 

In the A s ABC, DEF, 
let AB'^DE, and AC^DF, and i BAC^ i EDF. 

Then must BC^EF and A ABC » A DEF, and the other 
IS, to which the equal sides are opposite, must be equal, that 
is, L ABC^ L DEF amd i ACB= i DFE. 

For, if A ABC be applied to A DEF, 
BO that A coincides with D, and AB falls on DE, 
then •.• AB^DE, .', B will coincide with E, 

And •.• AB coincides with DE, oad z BAC^ L EDF, Hyp. 

.-. J OwiUfaU on Dl^. 
Then '.• AC^DF, ,\ C will coincide with F. 
And ••• B will coincide with E, and C with F, 

.-. JBO will coincide with EF ; 

for if not, let it fall otherwise as EOF : then the two st. 
lines BC, EF will enclose a space, which is impossible. Post 5. 

.*. BC will coincide with and .'. is equal to EF, Ax. 8. 

and A ABC. A DEF, 

and z ABC i DEF, 

and z ACB L 1>^1^, 
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Note 1, On the Melhod of Superposition, 

Two geometrical magnitudes are said, in accordance with 
Ax. VIII. to be equal, when they can be so placed that the 
boundaries of the one coincide with the boundaries of the 
other. 

Thus, two straight lines are equal, if they can be so placed 
that the points at their extremities coincide : and two angles 
are equal, if they can be so placed that their vertices coincide 
in position and their arms in direction : and two triangles are 
equal, if they can be so placed that their sides coincide in 
direction and magnitude. 

In the application of the test of equality by this Method of 
SuperposUion, we assume that an angle or a triangle may be 
moved from one place, turned over, and put down in another 
place, without altering the relative positions of its boundaries. 

We also assume that if one part of a straight line coincide 
with one part of another straight line, the other parts of the 
lines also coincide in direction ; or, that straight lines, which 
coincide in two points, coincide when produced. 

The method of Superposition enables us also to compare 
magnitudes of the same kind that are unequal For example, 
suppose ABC and DEF to be two given angles. 





Suppose the arm BG to be placed on the arm EF, and the 
vertex B on the vertex E. 

Then, if the arm BA coincide in direction with the arm ED, 
the angle ABC is equal to DEF, 

If BA fsXi between ED and EF in the direction EF, 
ABC is less than DEF. 

If £J[ flail in the direction EQ so that ED is between 
^0 and BF, ABC is greater than DEF, 
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Note % On the CondUions of EquaUty of two Triangles. 

A Triangle is oomposed of siz parts, three sides and three 
angles. 

When the six parts of one triangle are equal to the six 
parts of another triangle, each to each, the Triangles are said 
to be equal in all respects. 

There are four cases in which Euclid proves that two tri- 
angles are equal in all respects ; viz., when the following parts 
are equal in the two triangles. 

1. Two sides and the angle between them. L 4. 

2. Two aihgles and the side between them. I. 26. 

3. The three sides of each. I. 8. 

4. Two angles and the side opposite one of them. L 26. 

The Propositions^ in which these cases are proved, are the 
most important in our First Section. 

The first case we have proved in Prop. rv. 

Availing ourselves of the method of superposition, we can 
prove Cases 2 and 3 by a process more simple than that em- 
ployed by Euclid, and with the further advantage of bringing 
them into closer connexion with Case 1. We shall therefore 
give three Propositions, which we designate A, B, and C, in 
the Place of Euclid's Props, v. vi. vn. viii. 

The displaced Propositions will be found on pp. 108-112. 

Proposition A corresponds with Euclid L 5. 

B I. 26, first part 

L 8. 
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Proposition A. Theorem. 



If two nd^ of a triangle he eqtud, the angles opposite those 
sides must also he equaiL 





In the isosceles triangle ABC, let AC^AB, (Fig. 1.) 

Then must i ABC= l ACB. 

Imagine the A ABC to be taken up, tamed round, and set 
down again in a reversed position as in Fig. 2, and designate 
ttie angular points A\ B>, C 



Then in lb ABC, A' CR, 

V AB^AV, and AC^A'Bf, and z BAC=- l CA'Bf, 

.'. L ABC=^ I A'CB^, 1.4. 

But / A'CB^ I ACB; 

.-. I ABC^ L ACB, Ax. 1. 

Q.E.D. 

Cor. Hence erery equilateral triangle is also equiangular. 

Note. When one side of a triangle is distinguished from 
the other sides by being called the Base, the angular point op- 
posite to that side is called the VerUx of the ttvAn^U, 
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Proposition B. Thsorem. 

If two triangles have two angles of the one equal to two 
angles of the other, each to each, cmd the sides adjacent to 
the equal angles in each also equal; then m/ust the triangles 
he equal in all respects. 





In abABC.DEF, 
let z ABC= L DEF, and i ACB=^ i DFE, and BC=EF, 
Then must AB=DE, and AC^DF, and L BAG= i EDF. 

For if lDEF be applied to A ABC, so that E coincides 
with B, and EF falls on BC; 

then •/ EF^BGy .'. F will coincide with C ; 

and •/ z I>EF-= i ABC, /. ^D will &11 on 5-4 ; 

.'. D will &I1 on BA or BA produced. 

Again, '.' iDFE^ l ACB, .-. ZD will fell on OJl ; 

/. D will faSl on CA or CA produced. 

.'. D must coincide with A, the only pt. common to BA 
and CA. 
.*. DE will coincide with and .'. is equal to AB, 

and BF. AC, 

and I EDF, z BAC, 

and lDEF lABC; 

and .*. the triangles are equal in all respects. 

Q. E. D. 

Cor. Hence, by a process like that in Prop. A, we can prove 
the following theorem : 

If two angles of a triangle be equaX, live s\3ie» mSK\^ «v>yA*Kv^ 
them are also equal, (Eucl. I. 6.^ 
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Pbopcmsition C. Theorem. 

If two tricmgles ha/ve the three sides of the one equal to the 
three sides of the other, each to each, the triangles mwt he equai^ 
in aU respects. 




a X 

Let the three sides of the A s ABC, DEF be equal, each 
to each, that is, AB^DE, AC^DF, and BC=^EF. 

Then must the triangles he equal in all respects. 

Imagine the A DEF to be turned over and applied to the 
A ABC, in such a way that EF coincides with BC, and the 
vertex D Mb on the side of BC opposite to the side on which 
A falls ; and join AD. 

Case I. When AD passes through BC, 

A 




Then in aABD, v BD^BA, .-. z BAD^ i BDA, I. A. 
And in A^CD, •.• CD^CA, .'. L CAD= l CDA, L A. 
/. sum of z s BAD, CAD^swm of z s BDA, CDA, Ax. 2. 
that is, z jB^O= z BDC. 

Hence we see, referring to the original triangles, that 

z BAC= L EDF. 
\, bjrProp. 4, the triangles are equal m «S\. i:«s^^\;&. 
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Case IL When the line joining the yertices does not pass 
through BC. 




Then in lABD^ v BD^BA, /. i BAD^ l BDA, I. A- 
And in lACD, v CD'^CA, /. z C^D- z CDA, L A. 
Hence since the whole angles BAD, BDA are equal 
and parts of these CAD, CDA are equaL 
.'. the remainders BAC, BDC are equaL Ax. 3. 

Then, as in Case L, the equality of the original triangles 
may be proved. 



Cass IIL When AC and CD are in the same straight 
line. 




Then in A ABD, v BD^BA, .\ l BAD'^ l BDA, 1. A. 

that is, lBAC^lBDC, 

Then, as in Case I.^ the equality oi \i\i^ qt^^sa^ \;cvasD4V^^ 
may he proved. 
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Proposition C. Thkorf 

If two triangles have the three sides ' 
three sides of the other, each to each^ tfc/ 
in all respects, ' 





s 




> 



I 



\ 



1 

Let the three lidef 
to each, that is, AB 

Then iMid ihst 

Imagine the >e the given angle. 

A ^-BO, in TO .^^ ^^ ^^^^ ^ ^^ c. 

vertex 2>nl' '^ 

A Ms ; ar . ^y pt. I>. 



Cabs 



j(; make -4^=-4i), and join BE. 
the side remote from A, describe an 



1.1. 



fat 



I. 



W*^ Join ^^. Then ^P will bisect i BAG. 

^^sAFD,AFE, 

* . AJ^^^Fl, and -4jP is common, and FD^FB, 

.-. z DAF^ L EAF, 

* J- z i5^0 is bisected by AF, 
fjiatiSf 

gx. 1. Shew that we can prove this Proposition by means 
of prop. IV. Mid Prop. A., without applying Prop. C. 

Bx. 2. If the equilateral triangle, employed in the construo. 
tion, be described with its vertex towards the given angle • 
shew that there is one ease in which the construction will fair 
and two in which it will hold good. 

Note.— The line dividing an angle into two equal parts is 
' *he Bisector of the angjie. 
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Proposition IX Problem. 
To hutci a given angle. 




Let BAG be the given angle. 

It is required to hised i BAG, 

In AB take any pt. D, 

In AG make AE=AD, and join DX 

On DEy on the side remote from Ay describe an 
equilat. A DFE, 1. 1. 

Join AF. Then AF will bisect i BAG. 

For in as AFD, AFE^ 

V AD='AEy and AF is common, and FD^FE, 

.-. z D-42^= z J&^JP', I. a 

that is^ JL BAG is bisected by AF. 

Q. B. F. 

Ex. 1. Shew that we can prove this Proposition by means 
of Prop. IV. and Prop. A., without applying Prop. 0. 

Ex. 2. If the equilateral triangle, employed in the constnio- 
tioiiy be described with its vertex towards the given angle ; 
shew that there is one ease in which the construction will £ul, 
and two in which it will hold good. 

Note.— The line dividing an angle into two equal parte is 
called the Bisector of the anji(Le. 
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Proposition X. Problem. 
To bisect a given JmUe etra/igkt Une» 




Let AB be the given st. line. 
It is required to bisect AB, 

On AB describe an equilat. aACB. 

Bisect z ACB by the st line CD meeting AB in D ; 
then AB shall be bisected in D, 



1.1. 
L9. 



For in ab ACD, BCD, 
v AC==BC, and CD is common, and i ACD= L BCD, 

.'. AD=^BD ; I. 4. 

.*. AB is bisected in D, 

Q. E. F. 

Ex. 1. The straight line, drawn to bisect the vertical angle 
of an isosceles triangle, also bisects the base. 

Ex. 2. The straight line, drawn from the vertex of an 
isosceles triangle to bisect the base, also bisects the vertical 
angle. 

Ex. 3. Produce a given finite straight line to & ^c^vd^^^s^^cl 
that the part produced maybe on^ikVE^ oi^JaaXcaa^'^i^^^"^ 
made up of the whole and the pott pToduce^du 



22 



EUCLTiyS ELEMENTS, 



[Bo6k L 



Proposition XI. Problem. 

To draw a 8tr<Ught line at right angles to a given straight 
line from a gvoen point in (he same. 




B 



Let AB be the ^ven st line, and C a given pt in it. 
It is required to draw from C a st line ± to AB, 

Take any pt. D in -40, and in CB make CE^ CD. 
On DE describe an equilat A DFE. 

Join FC. FC shall be ± to AB. 



1.1. 



For in A s DCF, ECF, 

\' DC^CE, and CF is common, and FD=FEy 

.-. z DOF^ I ECF ; I. a 

and .-. l^'C is ± to AB. Def. 9. 

Q. K. F. 

Cor. To draw a straight line at right angles to a given 
straight line ^Cfrom one extremity, C, take any point Din 
AC, produce -40 to E, making CE=CD, and proceed as in 
the proposition. 

Ex. 1. Shew that in the diagram of Prop. ix. AF and ED 
intersect each other at right angles, and that ED is bisected 
hjAF. 

Ex. 2. If be the point in which two lines, bisecting AB 
Und AC, two sides of an equilateral triangle, at right angles, 
meet ; shew that OA, OB, 00 are all equal. 

Ex, 3. Shew that Prop. XL is a paiticvilM caafe ol'Pio^. yx.. 
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Proposition XIL Problem. 

To draw a straight line perpendicular to a given elraiglU 
line of an unlimiUd length from a given point wUhout it 




Let AB be the giyen st line of unlimited length ; C the 
given pt without it 

It ie required to draw from C ael, line ± to AB. 

Take any pt D on the other side of AB, 

With centre C and distance CD describe a catting AB 
in E and F. 

Bisect ^^in 0, and join CE, CO, CF. L 10. 

Then CO shall be x to AR 

For in Ls COE, COF, 

v EO^FOy and CO is common, and CE=CF, 

.-. iCOE^iCOF\ La 

.-. 00 is ± to AB, Def. 9. 

Q. s. F. 

Ex. 1. If the straight line were not of unlimited length, 
how might the construction £ul ? 

Ex. 2. If in a triangle the perpendicular from the vertex 
on the base bisect the base, the triangle is isosceles. 

Ex. 3. The lines drawn from the angular pointa ^1 «s^ 
equilateral triangle to the middlQ ']^o\xi\& cA \Xi<^ q^^^kjs^^ssS^^ 
are equaL 
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MiscdUmeous Exercises on Props. I. to XII. 

1. Draw a figure for Prop. ii. for the case when the given 
point A is 

{cl) below the line BO and it the right of it 
(fi) below the line BC and to the left of it 

2. Divide a given angle into four equal parts. 

3. The angles B, C, at the base of an isosceles triangle^ are 
bisected by the straight lines BD, CD, meeting in D ; shew 
that BDC is an isosceles triangle. 

4. D,E,F are points taken in the sides BC, CA, AB, of 
an equilateral triangle, so that BD=CE^AF. Shew that 
the triangle DBF is equilateral. 

6. In a given straight line find a point equidistant &om 
two given points ; 1st, on the same side of it ; 2d, on opposite 
sides of it 

6. ABG is any triangla In BA, or BA produced, find 
A point D such that BD=GD. 

7. The equal sides AB, AC,oi an isosceles triangle ABC 
are produced to points F and G, so that AF—AG. BG and 
CF are joined, and H is the point of their intersection. Prove 
that BH=CJffy and also that the angle at J. is bisected 
by AH. 

8. BAG, BDC are isosceles triangles, standing on oppo- 
site sides of the same base BG. Prove that the straight line 
from A to D bisects BC at right angles. 

9. In how many directions may the line AE be drawn in 
Prop. III. ? 

10. The two sides of a triangle being produced, if the 
angles on the other side of the base be equal, shew that the 
triangle is isosceles. 

11. ABG, ABD are two triangles on the same base AB 
and on the same side of it, the vertex of each triangle being 
outside the other. If AG=AD, shew that BG cannot =^BD. 

12. From G any point in a straight line AB, CD is drawn 
at right angles to AB, meeting a circle described with centre 
A and distance AB in D ; and from AD, AE is cut off =AG : 

hew tiiat A£B ia a right angle. 



B<K* L] PROPOSITION XIIL 2$ 

Proposition XIIL Thborex. 

Hie cmgUs which, one strcdght Ivne makes with anolher upon 
one tide of it are either two right angles, or together eguai to two 
right angles. 

Pig.L Fig.1 




Let AB make with CD upon one aide of it the z s ABC, 
ABD. 

Then must these he either two ti, L s, 

or together equal to two rt, is. 

First, if i ABC= l ABD as in Fig. 1, 

each of them is a rt. z . Def . 9. 

Secondly, if z ABC be not= z ABD, as in Fig. 2, 

from B draw BJ^ JL to CD. 1. 11. 

Then sum of z s ABC, ^J5D=sum of z s BBC, EBA, ABD, 
and sum of z s EBC, EBD^mm of z s EBC, EBA, ABD ; 
.-. sum of z s ABC, ABD^mm of z s EBC, EBD ; 

Ax.1. 
.*. sum of z s ABC, ABD=mm of a rt. z and a rt z ; 
.*. z 8 ABC, ABD are together » two rt z s. 

Q. E. D. 

Ex. Straight lines drawn connecting the opposite angular 
points of a quadrilateral figure intersect each other in 0. 
Shew that the angles at are together equal to four right 
angles. 

Note (1.) If two angles together make up a right angle, 
each is called the Comflehekt of the other. Thus, in fig. 2, 
z ABD is the complement of z ABE. 

(2.) If two angles together make up two right an^e&^ «ftf^ 
is called the Supplement of the ot\iei. 1SVs!q&,\sl\«J^ Sssgas^^ 
/ ABD IB the supplement of l ABC. 
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Proposition XIV. Theorem. 

If, id a poirU in a straight lint, tvx> other straight lines, upon 
(he opposite sides of it, make the adjacent angles together equal 
to two right angles, these two straight lines must he in one amd 
the same straight line. 




At the pt. B in the st. line AB let the st. lines BC, BD, 
on opposite sides of AB, make z s ABC, ABD together » two 
rt angles. 

Then BD must he in the same st, line toith BG. 

For if not, let BE be in the same st. line with BC, 

Then z s ABC, ABE together=two rt. i s. I. 13. 

And 1 8 ABC, ABD together = two rt. z s. Hyp. 

.% sum of z s ABC, ABE=mm of z s ABC, ABD, 

Take away firom each of these equals the z ABC ; 

then z ABE=^ z ABD, Ax. 3. 

that is, the less = the greater ; which is impossible, 

..*. BE is not in the same st. line with BC, 

Similarly it may be shewn that no other line but BD is in 
the same st line with BC, 

•*. BD is in the same st line with BC, 

Q. B. D. 

Ex. Shew the necessity of the words ihe opposite sides in 
the enunciatioD, 



Bo<* L] PROPOSITION XV, 27 



Proposition XV. Theorem. 

If two straight lines cut one CMMther, the vertically opposite 
angles must he equal. 




Let the st. lines AB, CD cut one another in the pt. E. 

Then must i AEC^ i BED and i AED^ i EEC. 
For •.• AE meets CD, 

.'. sum of z s AEG, AED =two rt. z s. I. 13. 

And •.* DE meets AB, 

,\ sum of z s BED, AED^two rt. z s ; L 13. 
.-. sum of z s AEC, AED=8xna of z s BED, AED ; 

.-. z AEG= L BED, Ax. 3. 

Similarly it may be shewn that z AED^ z BEC. 

Q. £. D. 

Corollary I. From this it is manifest, that if two straight 
lines cut one another, the four angles, which they make at the 
point of intersection, are together equal to four right angles. 

Corollary II. All the angles, made by any number of 
straight lines meeting in one point, are together equal to four 
right angles. 

Ex. 1. Shew that the bisectors of AED and BEG are in 
the same straight line. 

Ex. 2. Prove that lAED is equal to the angle between 
two straight lines drawn at right angles from E to AE and 
EG, if both lie above GD. 

Ex. 3. If AB, GD bisect eacli ot\v« m 1^ \ ^«^ ^^aa^^ *^^ 
triangles AED, BEG are equal m cXL xee^cXft. 
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Note 3. On EulcU^s definition of an Angle, 

Eadid directs us to regard an angle as the inclination of 
two straight lines to each other, which meet, but ewe not in 
the same straight line, 

Thns he does not recognise the existence of a single angle 
equal in magnitude to two right angles. 

The words printed in italics are omitted as needless, in 
Del Tin., p. 3, and that definition may be extended with 
advantage in the following terms : — 

Dbf. Let WQE be a fixed straight line, and QlP a line 
which revolves about the fixed point Q, and which at first 
coincides with QE. 




Then, when QP has reached the position represented in 
the diagram, we say that it has described the angle EQP, 

When QP has revolved so feur as to coincide with QW, 
we say that it has described an angle equal to two right 
angles. 

Hence we may obtain an easy proof of Prop. xiii. ; for what- 
ever the position of PQ may be, the angles which it makes 
with WE are together equal to two right angles. 

Again, in Prop. xv. it is evident that z AED= L BEC, 
since each has the same supplementary z AEG, 

We shall shew hereafter, p. 149, how this definition may be 
extended, so as to embrace angles greater than two right 



Book I.] PROPOSITION XVL 29 



Proposition XVT. Thboreic 

If one side of a triangle he producedy the exterior angle i$ 
greater tha/n either of the interior opposite cmgles. 




Let the side BC of A ABC be produced to D. 

Then must l AGD be greater than either L CAB or L ABO^ 

Bisect ACinB, and join BE. L 10. 

Produce BE to F, making EF^'BE, and join FO. 

Then in i^s BEA, FECj 

'/ BE==^FE, and EA ==EG, and z BEA=: L EEC, I. 16. 

/. z ECF= I EAB. 1. 4. 

Now I AGD is greater than i ECF ; Ax. 9. 

.'. I AGD is greater than i EAB, 

that is, z AGD is greater than z GAB. 

Similarly, if ^0 be produced to G^ it may be ahewn that 
z £0G^ is greater than lABG. 

and iBGG^iAGDi 1.16. 

.*. z AGD is greater than z ^B(7. 

Q. E. D. 

Ex. 1. From the same point there cannot be drawn more 
than two equal straight lines to meet a given straight line. 

Ex. 2. If, from any pointy a straight line be drawn to a 
given straight line making with it an acute and an obtuse 
angle, and if, from the same point, a perpendicular be drawn to 
the given line ; the perpendicular will Call ovi \^^ >s^^ ^ *^&^ 
acute angle. 
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Proposition XVIL Theorem. 

A'Mi two cmgles of a triangle a/re together less than two right 
angles. 




a 5 

Let ABC be any a . 

Then must any two of its is he together less than two 
rt IS, 

- Produce 50 to D. 

Then z AGD is greater than z ABC. I. 16. 

.*. z B ACD, ACB are together greater than is ABC, ACB. 

But isACDf ACB together^two rt. z s. L 13. 

.*. z sABC, ACB are together less than two rt. z s. 
Similarly it may be shewn that z s ABC, BAC and also 
that z sBAC, ACB are together less than two rt. z s. 

Q. s. D. 

Note 4 On the Sixth Fostulate, 

We learn from Prop. xvii. that if two straight lines BM 
and CN, which meet in A, are met by another straight line 
DS in ihe points 0, P, 

fD 




the angles MOP and NPO are together less than two right 
angles. 
The Sixth Postulate asserts that if a line DE meeting two 
BAf, CN makei MCP, NPO, the vwo vQX«t\Qx 
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angles on the same side of it, together less than two right 
angles, BM and CN shall meet if produced on the same side 
of DE on which are the angles MOF and NFO. 



Proposition XVIIL Thborem. 

If one side of a triangle be greater than a ieeond, the 
angle opposite the fret must he greater than that opposite the 



second. 




In A ABC, let side AC he greater than AB. 
Then must L ABC he greater than l ACB. 

From ^0 cut off AD'^AB, and join BD, I. 3. 

Then vAB^^AD, 

.'. L ADB'' I ABB, I. A* 

And *.' CD, a side of L BDC, is produced to A. 

,\ L ABB is greater than l ACB ; I. 16. 

.*. also z ABB is greater than z ACB, 

Much more is z ABC greater than z ACB. 

Q. B. D. 

Ex. Shew that if two angles of a triangle be equal, the 
sides which subtend them are equal also (EucL L 6). 
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Proposition XIX. Theorem. 

If one (mgle of a triangle he greaier Ihan a seeondy the 
iide opposite the fi/rst must he greakr than that opposite tJu 
second. 




In A ABCy let i ABC be greater than z ACB, 
Then rrvust AG he greater than AB, 

For if J. C be not greater than AB, 

AC must either =^f^ or be less than AB. 
Now AC cannot =^£, for then L a. 

z ABC would s z ACBy which is not the case. 
And AC cannot be less than AB, for then I. 18. 

Z ABC would be less than z ACB, which is not the case ; 

.*. AC IB greater than AB. 

Q. E. D. 

Ex. 1. In an obtuse-angled triangle, the greatest side is 
opposite the obtuse angle. 

Ex. 2, BCy the base of an isosceles triangle ^ C> is pro- 
duced to any point D ; shew that AD is greater than AB, 

Ex. 3. The perpendicular is the shortest straight line, which 
can be drawn from a given point to a given straight line ; and 
of others, that which is nearer to the perpendicular is less than 
the more jemota 



a- 



Book 1.1 PROPOSITION XX. 33 

Proposition XX. Theorem. 

Any two tides of a triangle a/re together greater than the 
third tide. 




Let ^BC be a a. 
Then any two of Us eidee must be together greater than 
the third side. 
Produce BA to D, making AD^AC, and join DC. 

Then v AD=^AC, 

.-. z ACD'n L ADC, that is, z BDO. 1. a. 

Now z BCD is greater than z ACD ; 

.'. z BCD is also greater than z BDC ; 

.•. BD is greater than BC. L 19. 

But BD=BA and -4D together ; 

that is, BD^BA and ^0 together ; 

.*. BA and AC together are greater than BC. 

Similarly it may be shewn that 

AB and BC together are greater than AC^ 

andJBOandO^ AB. 

Q. E. D. 

Ex. 1. Prove that any three sides of a quadrilateral figure 
are together greater than the fourth side. 

Ex. 2. Shew that any side of a triangle is greater than 
the difference between the other two sides. 

Ex. 3. Prove that the sum of the distances of any point 
from the angular points of a quadrilateral is greater than 
half the perimeter of the quadrilateral 

Ex. 4. If one side of a triangle be bisected, the sum of the 
two other sides shall be more than double of the line joining 
the vertex and the point of bisection. 
8.x. ^ 
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Proposition XXI. Theorem. 

If, from, ihe ends of the side of a triangle^ (here h$ 
drawn ttoo straight lines to a point within the triangle; 
these wiU be together less than the other tides of the triangle, 
hut will contain a greater angle* 




Let ABC be ^ A , and from 2>, a pt in the A , draw si 
lines to B and C 

Then wiU BD, DC together be less than BA, AC, 
hut L BDCwUl be greater than l BAG. 

Produce BD to meet AC in E. 

Then BA, AE are together greater than BE. I. 20. 

Add to each EC 
Then BA, AC axe together greater than BE, EC, 

Again, DE, EC are together greater than DC. I. 20. 

Add to each BD. 

Then BE, EC are together greater than BD, DC. 

And it has been shewn that BA, AC aie together greater 
HoBJi BE, EC ', 

.*. BA, AC are together greater than BD, DC 

Next, •/ z BDC is greater than z DEC, I. 16. 

and z DEC is greater than z BAC, I. 16. 

.*. z BDC is greater than z BAC. 

Q. B. D. 

Ex 1. Upon the base AB of a triangle ABC is described 
a quadrilateral figure ADEB, which is entirely within the 
triangle. Shew that the sides AC, CB of the triangle are 
together greater than the sides AD, DE, EB of the quadri- 
lateral 
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■ ■ 'ill! I ■ ■■■■^^ !■ 

Ex. 2. Shew that the sum of the straight lines, joining 
the angles of a triangle with a point within the triangle, is 
less than the perimeter of the triangle, and greater than half 
the perimeter. 

Proposition XXII. Problem. 
To make a triangle^ of which (he iides $haU he eqyud to 
three given gtraight lines, amy tiwo of lohich cure together greater 
than ihe third. 




Let Af B, C he the three given lines, any two of which 
are together greater than the third. 

It is reqwi/red to make a A having its sides '^ A, B^ C 
respectively. 

Take a st line DE of unlimited length. 
In DE make DF^A, FG=-B, and GH==>a 1. 3. 

With centre F and distance FD, describe ®DKL, 
With centre Q and distance GH, describe gHKL, 

Join FK and GK, 
Then lKFG has its sides ==-4, B, C respectively. 

For FK^FD ; Def. 13 

.-. FK^A ; 
and6?^=(?fi'; Def. 13. 

.-. GK^C', 
and FG^B ; 
.'. a A KFG has been described as reqd. q. e. v. 
Ex 1. Draw an isosceles triangle YuBb'm^ ^^ajt^ ^\. ^^ ^^s^^ 
sides double of tke ba«e. 
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Proposition XXTTI. Problem. 

At a given point in a given stradght line, to make on 
angle equal to a given angle. 



i>/ 




Let A be the given pt, BG the given line, DBF the 
given L . 

It if reqd, to make at pt A an angle b> z DEF, 
In ED, EF take any pts. D,F\wA join DF. 

In AB, produced if necessary, make AG^DE. 

In AG, produced if necessary, make AH=^EF, 

In HG, produced if necessary, make HK^FD. 

With centre A, and distance AG, describe OLM, 

With centre H, and distance J5f , describe ^LKM, 

Join AL and HL. 

Then V LA^AG, .'. LA^DE ; Ax. 1. 

and ••• HL»HK, .'. HL^FD, Ax 1. 

Then in A s LAH, DEF, 

V LA'^DE, and AH^EF, and HL^^FD ; 

/. I LAH^ L DEF. I. a 

.'. an anffle LAH has been made at pt. A as was reqd. 
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NoTB. — ^We here f(ive the proof of a theorem, necessary to 
the proof of Prop. XXTV. and applicable to several proposi- 
tions in Book III. 



Proposition D. Thsorsm. 

Every straight liruy drawn from the vertex of a triangle to 
(he base, ie Use than the greaUr of the two iides, or than either , 
if (hey he equal. 




In the A ABC, let the side AC be not less than AB^ 
Take any pt. D in BC^ and join AD. 

Then rrmst AD be less (han AC, 

For *.' AC is not less than AB ; 

.'. z ABD is not less than z ACD. L a. and 18. 
But I ADO is greater than z ABD ; I. 16. 

.*. z ^DO is greater than jlACD; 

.'.ACia greater than AB, '^ "^^^ 
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Proposition XXIV. Theorem. 

If two triangles have ttoo sides of ihe one equal to two 
sides of the other, each to ea^ih, hut the angle contained hy 
the two sides of one of them greaier than the angle contained hy 
the two sides equal to them of ihe other ; ihe hase of that which 
has the greater angle must he greater than ihe hase of the other. 





J* 

In the L^ABCyDEF, 

let AB^DE and AG=DF, 

and let z BAG be greater than z EDF, 

Then must BC he greater than EF. 

Of the two aides DE, DF let DE be not greater than DF.* 
At pt Z> in St. line ED make z EDG= z BAG, L 2a 

and make DG^AG or DF, and join EQ, GF. 

Thmv AB=>DE, and AG^DG, and z BAG=' z EDG, 

.-. BG^EG, L 4. 

Again, v DG=:DF, 

.-. z DFG^ L DGF ; I. a. 

.-. z EFG is greater than z DGF \ 
much more then z EFG is greater than z EGF ; 

/. EG is greater than EF, I. 19. 

But ^Gf=BO; 

.'. BG \a greater than EF, 

Q. E. D. 

*l%iB line was added hy Simson to obviate a defect in Enclid's 
proof. WUhonU, this condition, three distinct cases must be discussed. 
With the condition, we can prove that F must lie below EG, 

For since BF is not less than DE, and BG is drawn equal to BF, 
DO is not less than BE, 

Hence by Prop. D, any line drawn from B to meet RO is 
less than BO, and therefore BF, being equal to BO, must extend 
beyond J!?^'. 

FiKTMootber method of proving the Propoeitioii, ««ib '^. W^. 
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Proposition XXV. Theorem. 

If tvjo triangles ha/ve two sides of the one equal to tvx) sides 
of the other, ea/ik to eachy hut the base of the one greater than 
the base of the other ; the angle also, contained by the sides of 
that^hich has the greater base, must be greater than the angle 
contained by the sides equal to them of the other. 





In the A B ABC, DBF, 

let AB^DE and AQ^BF, 

and let BQ be greater than EF, 

Then must l BAC be greater than L EDF. 

For z BAC is greater than, equal to, or less than z EDF, 

Now z BAC cannot= z EDF, 

for then, by i. 4, BC would— EF ; which is not the cast. 
And z BAC cannot be less than z EDF, 
for then, by i. 24, BC would be less than EF ; which is 
not the case : 

.*. z BAC must be greater than z EDF. 

Q. E. D. 

Note. — In Prop. xxvi. Euclid includes two cases, in which 
two triangles are equal in all respects ; viz., when the following 
parts are equal in the two triangles : 

1. Two angles and the side between them. 

2. Two angles and the side opposite one of them. 

Of these we haye already proved the first case, in Prop, b, 
so that we haye only the second case left, to form the subject 
of Prop. XXVI., which we shall prove by the method of 
superposition. 

For EucUd'a proof of Prop, xxv^., aee xio. \W\\S>. 
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PRorosiTioN XXVI. Theorem. 

If two triangles have two angles of the one equal to tioo angles 
of ike other, each to eadi, and one side equal to one side, those 
sides bein^ opposite to equal angles in each; then mv^t the 
triangles be equal in all respects. 





In A 8 ABC, DEF, 
let L ABC^ L DEF, and i ACB=^ i DFE, and AB^DE. 
Thm must BC^EF, and AC=^DF, and l BAC^ l EDF, 
Suppose A DEF to be applied to A ABC, 
80 that D coincides with A, and DE falls on AB. 

Then •/ DE=AB, .-. ^ will coincide with B ; 
and •/ I DEF=^ l ABC, /. EF will fell on BC. 

Then most J'' coincide with C : for, if not, 
let F fall bebx>em B and C, at the pt. JEL, Join AH. 
Then •/ l AKB^ l DFE, I. 4. 

/. L AHB= I ACB, 

the extr. z a the intr. and opposite / , which is impossible. 

.*. F does Dot feU between B and C, 

Similarly, it may be shewn that F does not fell on BC 
produced. 

.-. F coincides with C, and .'. BC'^^EF ; 

.'. AC^DF, and l BAC= l EDF, I. 4. 

and .*. the triangles are equal in all respects. 

^ Y.. D. 
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MiscellcmMUB Exercises on Props. L to XXVI. 

1. M is the middle point of the base BO of an isosceles 
triangle ABCj and ^ is a point in ^C Shew that the 
diiference between MB and MN is less than that between 
AB and AN. 

2. ABO is a triangle, and the angle at ^ is bisected by a 
straight line which meets BO at 2> ; shew that BA is greater 
than BD^ and OA greater than OD, 

3. AB, AO are straight lines meeting in A, and D is 
a giyen point. Draw l^roogh D a straight line catting off 
equal parts from AB, AO. 

4. Draw a straight line through a giyen point, to make 
equal angles with two given straight lines which meet. 

5. A given angle BAOib bisected ; if OA be produced to 
G and the angle BAQ- bisected, the two bisecting lines are at 
right angles. 

6. Two straight lines are drawn to the base of a triangle 
firom the vertex, one bisecting the vertical angle, and the other 
bisecting the base. Prove that the latter is the greater of the 
two lines. 

7. Shew that Prop. xvu. may be proved without pro- 
ducing a side of the triangle. 

8. Shew that Prop. xvin. may be proved by means of the 
following construction : cut off AD^AB, draw AJS, bisecting 

z BAO and meeting BO in E, and join DS. 

9. Shew that Prop. zx. can be proved, without producing 
/one of the sides of the triangle, by bisecting one of the angles. 

10. Given two angles of a triangle and the side adjacent 
to them, construct the triangle. 

11. Shew that the perpendiculars, let fall on two sides 
of a triangle from any point in the 8trai^lv\» ^^\»siftr:^5£Si*^*^s^ 
angle contained hy the two e^dea, ax^ qc^qaL 
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We conclude Section I. with the proof (omitted by Euclid) 
of another case in which two triangles are equal in all 
respects. 

Proposition E. Theorem. 

If two triangles home one angle of (he one equal to one 
angle of the other, and the rides about a second angle in 
ea^h equal: then, if the third angles in each be both acute, 
both obtvM, or if one of them be a right an^gle, the triangles 
are equal in aU respects. 





In the AS ABC, BEF, let iBAC=^ lEBF, AB-^DE, 
BC^EF, and let i s ACB, BFE be both acute^ both obtuse, 
or let one of them be a right angle. 

Then must l s ABC, BEF be equal in all respects. 

For if -40 be not =BF, make AG^BF ; and join BG. 

Then in a s BAG, EBF, 

••• BA^EB, and AG=BF, and z BAG^ l EBF, 

.\ BG=EF and i AGB^ i BFE. I. 4. 

But BC^EF, and .-. BG=BC ; 

.-. lBCG^lBGC La. 

First, let i ACB and z BFE be both acute, 

then / AGB is acute, and .*. i BGC is obtuse ; I. 13. 
.*. I BCG is obtuse, which is contrary to the hypothesis. 
Next, let z uiOB and z BFE be both obtuse, 

then L AGB is obtuse, and .'. i BGC is acute ; I. 13. 
,\ I BCG 18 acute, which is contrary to tlixe \iypQlOti««a. 
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LasUj, let one of the third angles AGB^ BFE be a right 
angle. 

If I ACB be a rt z , 

then I BGC is also a rt z ; I. a. 

.*. ZB BCG, BGC together » two rt zsy which is im- 
possible. L 17. 

Again, if z DFE be a rt z , 

then z AGB is a rt z , and .*. z BGOIba rt z • L 13. 

Hence z BCG is also a rt z . 

.*. z s BCG, BGC together=two rt z s, which is impossible. 

L17. 
Hence J.C is equal to DF, 
and the as ABC, DBF are equal in all respects. 

Q. E.D. 

Cob. From the first case of this proposition we deduce 
the following important theorem : 

If two rigM-angUd triangUi hcw$ the hypotmwe and 
one side of the one equal respectively to the hypotenuse and 
one side of the other, ihe triangles a/re equal in aU respects. 

Note. In the enunciation of Prop, b, if, instead of the 
words if one of them be a right angle, we put the words both 
right angles, tUs case of the proposition would be identical 
with I. 26. 
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SECTION II. 
The Theory of Parallel Lines, 

INTRODUCTION. 

Ws have detached the Propositions, in which Euclid treats 
of Parallel lines, from those which precede and follow them in 
the First Book, in order that the student may haye a clearer 
notion of the difficulties attending this division of the subject, 
and of the way in which Euclid proposes to meet them. 

We must first explain some technical terms used in this 
Section. 

If a straight line EIP cut two other straight lines AB^ CD, 
it makes with those lines eight angles, to which particular 
names are given. 




The angles numbered 1, 4, 6, 7 are called Interior angles. 

2,3,6,8 Exterior 

The angles marked 1 and 7 are called alternate angles. 

The angles marked 4 and 6 are also called alternate angles. 

The pairs of angles 1 and 5, 2 and 6, 4 and 8, 3 and 7 are 
called corresponding angles. 

Note. From I. 13 it is clear that the angles 1, 4, 6, 7 are 
I — fcv^, egual to four right angles. 
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Proposition XXVII. Theorem. 

If a straight Une^ faUvng upon two other straight Ufu$, make 
the aUenuUe angles equal to one another; these two straight 
lines must be parallel. 




• 

Let the at line BF, falling on the at. lines AB, CD, 
make the alternate z 8 AOH, GHD equal. 

Thm mmt ABheWto CD. 

For if not, AB and Ci) will meet, if prodaced, either towards 
By D, or towards A^ C, 

Let them be produced and meet towajrds B, D in K. 

Then GHK is a a ; 

and .'. / ^O^H is greater than z GED, 1. 16. 

But z AGH'» L GED, Hyp. 

which is impossible. 

.'. ABy CD do not meet when produced towards By D. 

In like manner it may be shewn that they do not meet 
when produced towards Ay C. 

.-. AB and CD are parallel D<^^ *^^ 
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Proposition XXVIIL Theorem. 

If a straight line, falling upon two other straight lines, make 
the exterior angle equal to the interior and opposite upon the 
same side of the Une, or make the interior angles upon the samu 
side together equal to two right a/ngles; the two straight lines 
are pa/raUel to one a/nother. 




Let the st line EF, Ming on st. lines AB, CD, make 
I. z ^(7B= corresponding z GHD, or 
11. z s BGH, GHD together=.two rt. z s. 
Then, in either case, AB must he \\ to CD, 

I. ••• z EGB is given= z GHD, Hyp. 

amd z EGB is known to be« z AGH, I. 15. 

.-. lAGH^iGHD', 
and these are alternate z s ; 

.-. ^5 is II to CD. I. 27. 

II. ••• z s BGH, GHD together=two rt. z s, Hyp. 

and z s BGH, AGH together=»two rt. z s, I 13. 
.-. z s BGH, AGH together^ z s BGH, GHD together ; 

.-. z AGH=^ z GHD ; 
.-. AB is II to CD, I. 27. 

^ ■ ^« *&. t>« 
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Note 6. Oti ^ SlixQi PastulaU. 

In the place of Euclid's Sixth Postulate many modem 
writers on Geometry propose^ as more evident to tJie senses, 
the following Postulate : — 

" TvH) straight lines which cut one another cannot both he 
parallel to the same straight lineJ* 

If this be assumed^ we can prove Post 6, as a Theorem, 
thus: 

Let the line EF fidling on the lines AB, CD make the z s 
BGH, GHD together less than two rt z s. Then must AB, 
CD meet when produced towards B, D, 




For if not, suppose AB and CD to be paralleL 
Then •/ z s AGH, BGH together=two rt z s, I. 13. 

and z s GHD, BGH are together less than two rt. z s, 
.*. z AGH is greater than z GHD, 
Make z MGH= z GHD, and produce MG to N. 
Then *.* the alternate z s MGH, GHD are equal, 

.-. MN is 11 to CD. I. 27. 

Thus two lines MN, AB which cut one another are both 
parallel to CD, which is impossible. 

.*. AB and CD are not parallel 
It is also dear that they meet towards B, D, because GB 
lies between GN and HD, 
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Proposition XXIX. Theorem. 

If a straight line fall upon two parallel straight linety ii 
makes the two interior angles upon the same side together equal 
to two right angles, and also the alternate angles equal to on* 
another, and also the exterior angle equal to the interior and 
opposite upon the same side. 




Let the at line BF fall on the parallel st. lines AB, CD. 
Then must 

I. z 8 BGH, GHD together = two rt. z s. 
II. z ^(yif=altemate l GHD, 
III. I j&G^=corresponding i GHD, 

Lib BGH, GHD cannot be together less than two rt z s, 
for then AB and CD would meet if produced towards 
B and D, Post & 

which cannot be, for they are parallel. 
Nor can z s BGH, GHD be together greater than two 
rt. zs, 
for then z s AGH, GHC would be together less than 
two rt. z s, I. 13. 

and AB, CD would meet if produced towards A and C 

Post. 6 
which cannot be, for they are parallel, 
.'. z B BGH, GHD together=two rt. z s. 

II. *.• z s BGH, GHD together=two rt z s, 

and z 8 BGH, AGH together=two rt z s, I. 13. 
.-. z 8 BGH, AGH together^ z s BGH, GHD together, 
and .-. z AGH^ z GHD, Ax. 3. 

III. •.• z AGH^ L GHD, 

and z AGH-=^ z EGB, 1. 16. 

.-. z BGB^ L GHD, Ax. 1. 
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EXBBOISSS. 

1. If through a pointy equidistant from two parallel 
straight lines, two straight lines be drawn cutting the parallel 
straight lines ; they wiU intercept equal portions of those 
lines. 

2. If a straight line be drawn, bisecting one of the angles 
of Ta triangle, to meet the opposite side ; the straight lines 
drawn from the point of section, parallel to the other sides 
and terminated by those sides, will be equaL 

3. If any straiji^t line joining two parallel straight lines 
be bisected, any other straight line, drawn through the point of 
bisection to meet the two lines, will be bisected in that point. 

NoTB. One Theorem (A) is said to be the wnnwu of another 
Theorem (B), when the hypothesis in (A) is the conclusion in 
(B), and the conclusion in (A) is the hypothesis in (B). 

For example, the Theorem L A. may be stated thus': 
jETiJipotAesM. If two sides of a triangle be equal 

OoncZiUiOfk The angles opposite those sides must also be 
equal 

The conyerse of this is the Theorem I. b. Cor. : 

£|jfpot%em. If two angles of a triangle be equal 

ConcJiwum. The sides opposite those angles must also be 
equal 

The following are other instances : 

Postulate Yi. is the conyerse of 1. 17, 
L 29 is the conyerse of L 27 and 28* 



&& 
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Proposition XXX. Thborex. 

StraiglU lines vkich are jf^tralUi to the same atraiglU 
lint are parallel to ome another. 




Let the St lines AB, CD be each H to EF. 

Then muri ABbeWto CD. 

Draw the 8t line GH, catting AB, CZ), JEF in the ptB. 

Then '/ G^JJcats the U lines AB, EF, 

.-. / ulOP=altemate i PQF. L 29. 

And •/ GH cute the II lines CD, EF, 

.-. extr. z OPD=intr. / PQF ; L 29. 

.\ z AOP'= L OPD ; 

and these are alternate angles ; 

.-. JLB is D to CD. L 27. 

Q.B. D. 

The following Theorems are important They admit of 
easy proo^ and are therefore left as Exercises for the 
student. 

1. If two straight lines be parallel to two other straight 
lines, each to each, the first pair make the same angles with 
one another as the second. 

2. If two straight lines be perpendicular to two other 
straight lines, each to each, the first pair make the same angles 
with one another as the second. 
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Proposition XXXI. Probuoc 

To draw a straight Une through a given point pa/raUd 
to a given straight Une, 




JP 



Let J. be the given pt and BC the giyen at line. 
It is required to draw through A ait, line \\ to BO, 

In BC take any pt D, and join AD, 

Make / DAE^ i ABC. I. 23. 

Produce EA to F. Then EF shall be 'J to BC. 

For '.* ADf meeting EF and BC^ makes the alternate 
angles equals that is, i EAD^ l ADC^ 

.-. EF is II to BC. I. 27. 

.'. a St. line has been drawn through A \\ to BC. 

Q. E. F. 

Ex 1. From a given point draw a straight line, to make 
an angle with a given straight line that shall be equal to 
a given angle. 

Ex. 2. Through a given point A draw a straight line 
ABC, meeting two parallel straight lines in B and C^ so that 
BC may be equal to a given straight line. 
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Proposition XXXTL Theorem. 

If a iide of any triangle be produced, (he exterior angU 
i$ equal to the tufo interior and opposite angles, and Uu 
three interior angles of every triangle are together equal to 
two right angles. 




Let ABO be a A , and let one of its sides^ BC, be pro- 
dooed toD. 

ThenwiU 
L I ACD^ L B ABC, BAG together. 
II. z 8 ABC, BAC, ACB together ^two rt is. 

From C di&w CE ^ to AB. 1.31. 

Then L •.• BD meets the lis JSC, AB, 

/. extr. z ECD^iatr. l ABC. I. 29. 

And -.* ^C meets the lis EC, AB, 

.'. L uiC[E=alteniate l BAC. 1 29. 

.-. L 8 ECBj ACE together^ z s ABC, BAC together ; 

.-. z ACB^ L s ABC, BAC together. 

And IL ••• z s ABC, BAC together^ z ACD, 
to each of these equals add z ACB ; 
then z 8 ABC, BAC, ACB together=» z s ACB, ACB together, 
/. z 8 ABC, BAC, ACB together«two rt z s. L la 

Q. B.D. 

Ex. 1. In an acute-angled triangle, any two angles are 
greater than the third. 

Ex 2. The straight line, which bisects the external rertical 
nD£^ of an laoBoeleB triangle is parallel to t\i« \na^ 
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Ex. 3. If the side BC of the triangle ABQ be produced to 
J>, and AE be drawn bisecting the angle BAC and meeting 
BQ in j^; shew that the angles ABD^ ACD are together 
double of the angle AED. 

Ex. 4. If the straight lines bisecting the angles at the base 
of an isosceles triangle be produced to meet ; shew that they 
will contain an angle equal to an exterior angle at the base oi 
the triangle. 

Ex. 5. If the straight line bisecting the external angle of a 
triangle be parallel to the base; prove that the triangle is 
isosceles. 

The following Corollaries to Prop. 32 were first given in 
Simson's Edition of Euclid. 

Cob. 1. TU tfvm, of the interior angles of <my rectilinear 
flgwrt together withfow right cmgles is equal to ttoiu as many 
right angles as ihefigwre has sides. 




Let ABODE be any rectilinear figure. 

Take any pt J^ within the figure, and from F draw the 

St lines FA, FB, FC, FD, FE to the angular pts. of the figure 

Then there are formed as many zs as the figure has 
sides. 

The three z s in each of these A s together=stwo rt z s. 

,\aM the z s in these as together = twice as many right 
z s as there are A s, that is, twice as many right z s as the 
figure has sides. 

Now angles of all the As= z s at ^, B, 0, D, E and i. s 
at J^, 

that is, = z 8 of the figure and z s at ^, 
and .*. = z s of the figure and four rt. z s. L 15. Got, Q« 

.*. z s of the figure and four tt. L a=tsdcfe «a xassas:^ ^i^». »-^ 
as the £gaie has aides. 
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Cor. 2. Tkt exterior angles of any convex rectiUnMur figwn, 
made by prodttdng each of its sides in succession, am io^dksr 
equal to fov/r right angles. 

Eyeiy interior angle, as ABd and its adjacent eztorior 
angle, as ABD, together are = two rt. ii a. 




.'. all the intr. z s together with all the extr. i s 
= twice as many rt. z s as the figare has sides. 

But all the intr. z s together with fonr rt z a 
■stwice as many rt. z s as the figure has sides. 

,\ all the intr. z s together with all the extr. z s 
»all the intr. z s together with fonr rt z s. 
.'. all the extr. z 8= fonr rt. z s. 
Note. The latter of these corollaries refers only to coiwex 
figures, that is, figures in which eyery interior ang^e is less 
than two right angles. When a figure contains an angle greater 




than two right angles, as the angle marked by the dotted line 
in the diagram, this is called a reflex angle. See p. 149. 

Ex. 1. The exterior angles of a quadrilateral made by pro- 
ducing the sides successiyely are together equal to the interior 
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Ex. 2. ProYe that the interior angles of a hexagon are equal 
to eight right angles. 

Ex. 3. Shew that the angle of an equiangular pentagon is \ 
of a right angle. 

Ex. 4. How many sides has the rectilinear figure, the sum 
of whose interior angles is double that of its exterior angles ? 

Ex. 5. How many sides has an equiangular polygon, four 
of whose angles are together equal to seven right angles ? 



Proposition XXXTIL Theorem. 

ThA strcnght lines which jom (he odremitieB of two equal and 
parallel straight UneSy towards the same parts, are also them- 
selves equal and parallel. 




O 

Let the equal and |] st. lines AB, CD be joined towards the 
same parts by the st Unes AC, BD, 

Then must AC and BD be equal and II. 

Join BC. 
Then •.• ^5 is 11 to CD, 

.-. z -4B0=»altemate i DCB. I. 29. 

Then in A s ABC, BCD, 
•.• AB^CD, and BC is common, and z ABC^ L DCB, 

.'. AC^BD, and z ACB== z DBC I. 4. 

Then •/ BC, meeting AC and BD, 

makes the alternate z s ACB, DBC equal, 
.-. J(7ifl 11 to BD. 
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MiseeUaneoiu Exercises on Sections L and H, 

1. If two exterior angles of a triangle be Inaected bj 
straight lines which meet in ; prove that the perpendicalan 
from on the sides, or the sides produced, of the triangle aze 
equal. 

2. Trisect a right angle. 

3. The bisectors of the three an^^es of a triangle meet in 
one point. 

4. The perpendiculars to the three sides of a triangle dmwn 
from the middle points of the sides meet in one point. 

6. The angle between the bisector of the angle BAO of the 
triangle ABC and the perpendicular from A on BO^ is equal 
to half the difference between the angles at B and C 

6. If the straight line AD bisect the angle at J. of the 
triangle ABC^ and BDE be drawn perpendicular to JJD, and 
meeting AC^ ot AC produced, in E\ shew that BD is equal 
toD^. 

7. Divide a right-angled triangle into two isosceles tri- 
angles. 

8. AB^ CD are two given straight lines. Through a point 
E between them draw a straight line GEH, such that the in- 
tercepted portion GH shall be bisected in E. 

9. The vertical angle of a triangle OFQ is a rights acate^ 
or obtuse angle, according as OB, the line bisecting PQ, Is 
equal to, greater or less than the half of PQ. 

10. Shew by means of Ex. 9 how to draw a perpen- 
dicular to a given straight line from its extremity without pro- 
ducing it. 
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SECTION III. 



On the Equality of Rectilinear Figures in respect of Area, 



Thb amoant of space enclosed bj a Ilgaie is called the 
Area of that figure. 

Eadid calls two figures egwd when they enclose the same 
amount of space. They may be dissimilar in shape, bat if the 
areas contained witiiin the boundaries of the figures be the 
same, then he calls the figures eqwiX, He regards a triangle, 
for example, as a figure haying sides and anjrles and area, and 
he prores in this section that two triangles may have equality 
of area, though the sides and angles of each may be unequal 

Coincidence of their boundaries is a test of the equality of 
all geometrical magnitudes^ as we explained in Note l, 
page 14. 

In the case of lines and angles it is the only test : in the 
case of figww it is a Uit^ hv/t no^ iht only test; m we shall 
shew in this Section. 

The sign », standing between the symbols denoting two 
Jigv/reSf must be read is equal in area to. 

Before we proceed to proye the Propositions included in 
this Section, we must complete the list of Definitions required 
in Book L, continuing the numbers prefixed to the definitions 
in page 6. 
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DKFiNinoNa 

XXVIL A Parallelogram is a 
foor-sided figure whose opposite 
sides are paralleL 



For brevity we often designate a parallelogram by two 
letters only, which mark opposite angles. Thus we call the 
figure in the margin the parallelogram AQ, 




XXVIIL A Rectangle is a pai^ 
allelogram, having one of its angles 
a right angle. 



Hence by I. 29, aXl the angles of a rectangle are right 
angles. 



XXIX. A Rhombus is a par- 
allelogram, having its sides equal. 



XXX. A Square is a paral- 
lelogram, having its sides equal 
and one of its angles a right 
angle. 



Hence, by I. 29, aJd the angles of a square are right 
angles. 



XXXI. A Trapezium is a 
four-sided figure of which two 
sides only are paralleL 




XXX IL A Diagonal of a four-sided figure is the straight 
joining two of the opposite angular pom^a. 
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XXXIII. The Altitude of a Parallelogram is the perpen- 
dicular distance of one of its sides from the side opposite, 
regarded as the Base. 

The altitude of a triangle is the perpendicular distance of 
one of its angular points from the side opposite, regarded as 
the base. 

Thus if ABCD be a parallelogram, and AE a perpendicular 
let fall from A to CD, AE is the altitude of the parallelogram, 
and also of the triangle ACD. 




If a perpendicular be let fell from B to DC produced, meet- 
ing DC in J', jBJ' is the altitude of the parallelogram. 

Exercises. 
Prove the following theorems : 

1. The diagonals of a square make with each of the sides 
an angle equal to half a right angle. 

2. If two straight lines bisect each other, the lines joining 
their extremities will form a parallelogram. 

3. Straight lines bisecting two adjacent angles of a paral- 
lelogram intersect at right angles. 

4. If the straight lines joining two opposite angular points 
of a parallelogram bisect the angles, the parallelogram is a 
rhombus. 

5. If the opposite angles of a quadrilateral be equal, the 
quadrilateral is a parallelogram. 

6. If two opposite sides of a quadrilateral figure be equal to 
one another, and the two remaining sides be also equal to one 
another, the figure is a parallelogram. 

7. If one angle of a rhombus be equal to two-thirds of two 
right angles, the diagonal drawn troxo. MJoaX. vssjgaSsst ^'s^jc^* 
divides the rhombus into two eqm\atec«X tnasi^^^. 
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Proposition XXXIV. Theorem. 

The opposite sides and omgles of a paraUelogram are equal to 
one another, and the diagonal bisects it. 




a D 

Let ABBCh^ a EJ, and £(7a diagonal of the O. 
Thm must AB=DC and AC^DB, 
and L BAQ^ i CDB, and z ABD^^ L ACD 
and lABC^lBCB. 

For •.• uijB is II to CD, and BC meets them, 

/. z -4 jBC= alternate i DCB ; I. 29. 

and V AC is || to BD, and BC meets them, 

.'. z -iCB^altemate z DBC. I. 29. 

Then in A s ^BC, DCB, 

••• z ABC= z DCB, and z w4CB= z DBC, 

and BC is common, a side adjacent to the equal z s in each ; 
.-. AB=^DC, and AC=DB, and z BAC=^ z CDB, 

and lABC=^ lDCB, I. r 

Also •.• z ^BC= z DCB, and z i)BC= z .4CB, 

.-. z s ^jBC, DBC together= z s DCB, ^CB together, 

that is, z i4BD= z ACD. 

Q. £. D. 

Ex. 1. Shew that the diagonals of a parallelogram bisect 
each other. 

Ex. 2. Shew that the diagonals of a rectangle are equal. 
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PnoposiTioir XXXV. Theorem. 

ParaUdofframs on the same base and between (he eame 
paraUeU cure eqtud. 




Let the £7s ABCD, EBCF be on the same base BC 
and between the same ||s AF, BC, 

Then must O ABCD^CJ EBCF. 
Case I. If ADy EF have no point common to bothy 
Then in the a s FDC^ EAB, 

V extr. z FDC'mmtr. L EAB, L 29. 

and intr. z DEC = extr. L AEB, I. 29. 

and DC^AB, I. 34. 

.-. lEDC'^ lEAB. L 26. 

Now O ABCD with A ZDC^figure ABCF ; 
and O EBCF with A EAB=^^ffae ABCF ; 
.•. O ABCD with a FDC-^CJ EBCF with A ^JL5 ; 
.-. O ABCB^CJ EBCF. 

Case IL If the sides ^2>, ^^ oirerlap one another. 




the same metbod o{ pxooi a^^*^* 
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Case III. If the sides opposite to BQ be tenniiiated in 
the same point D, 




3 a 

the same method of proof is applicable, 
but it is easier to reason thus : 
Each of the £7s is double of A BJ>G\ I. 34. 

.-. O ABCB^CJ DBCF. 

Q. S. D. 

Proposition XXXVL Thsobsic. 

Parallelograms on eqwd bases, a/nd hdvoem the same 
parallels, are equal to one another, 

D E 




BO Fa' 

Let the Os ABCD, EFGH be on equal bases BC, FG, 
and between the same i|s AH, BG, 

Thm must EJ ABCD^HJ EFGH. 
Join BE, CH 
Then •.• BC=FG, Hyp. 

and EH^FG ; I. 34. 

.\BC=EH; 
andBCiaitoEH Hyp. 

.-. ^5 is II to Of? ; I. 33. 

.*. EBCH is a parallelogram. 
Now O EBCH= CJABCD, I. 35. 

'.* they are on the same base BC and between the same ||8 ; 

and O EBCH^CJEFGH, I. 35. 

'.* they are on the same base EH and between the same ||s ; 

.-. d ABCD^EJ EFGH. 
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Proposition XXXVII. Thbobeic 

Triangles upon ike samt hose, and between (he same 
parallels, are equal to one another. 




Let A s ABCf BBC be on the same base BO and between 
the same ||s AD, BC. 

Then rmist A ABC^ lDBC. 

From B draw BE {| to CLi to meet BA produced in E. 
From C draw CF J to BB to meet AB produced in F, 

Then EBOA and FCBB are parallelograms, 

and £7 EBCA =0 FCBB, I. 36. 

*/ they are on the same base and between the same ||s. 

Now A ABC is half of £7 EBCA, I. 34- 

and A BBC is half of O FCBB ; I. 34. 

. •. A ABC=^ A BBC. Ax. 7. 

Q. E. D. 

Ex. 1. If P be a point in a side AB of a parallelogmm 
ABCB, and FC, PB be joined, the triangles FAB, FBC are 
together equal to the triangle FBC. 

Ex. 2. Two straight lines AB, CB intersect in E, and the 
triangle AEC is equal to the triangle BEB. Shew that BC 
is parallel to AB. 

Ex. 3. K ^, ^ be points in one, and C, B points In 
another of two parallel straight lines, and th& \x&k& A1^^^^ 
intersect in E, then the trianglea AEC, BED «t^ ^njyaiu 



64 EUCLWS ELEMENTS. [Bmde I 



Proposition XXXVIII. Theorem. 

2Vtan^^ lipon tqyal bates, and between the same paraJUUf 
are equal to one a/nother. 




Let AB ABCy DEF be on equal bases^ BQ EF, and 
between the same ||8 BF, AD, 

Then must A ABC^ lBEF, 

From B draw BG il to di to meet BA produced in Q, 

From F draw JP^fl to ED to meet AD produced in M. 

Then CG and J^^ are parallelogramB, and they are equal, 

*.' they are on equal bases jB(7, EF, and between the same 
Is BF, GH. L 36. 

Now £iABC is half of O CG, 

and AD^^ishalfofO^^; 

.-. lABO^ lDEF. Ax. 7. 

Q. E. D. 

Ex. 1. Shew that a straight line, drawn from the vertex 
of a triangle to bisect the base, divides the triangle into two 
equal parts. 

Ex. 2. If the triangles in the Proposition are not towards 
the same parts, shew that the straight Une, joining the yertices 
of the triangles, is bisected by the line containing the bases. 

Ex. 3. In the equal sides AB, AC of an isosceles triangle 
ABC points D, ^ are taken such that BD^AE. Shew that 
A0 triangles CBD, ABE are equal 
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Proposition XXXIX. Theorbm. 

I 

"Eq^ud triangles upon the same base, and upon the tame side 
of it, are between the same parailels. 




Let the equal A s ABO, DBG be on the same baie JBC, and 
on the same side of it. 

Join AD. 

Then must AD he f| to BG. 

For if not, throu^rh A draw AG \\ to BG, so as to meet BD, 
or BD produced, in G, and join GG. 

Then *.* A s ABG, GBG are on the same base and between 
the same \&, 

.-. A ABG^ A GBG. L 37. 

But A ABG-^ A DBG ; Hyp. 

.'.lGBG^lDBG, 
the lessnthe greater, which is impossible ; 
.*. AG is not R to BG. 
In the same way it may be shewn that no other line passing 
through :^ but .ID is H to jBC; 

.-. -4D is D to BG. 

Q. E. D. 

Ex. 1. AD is parallel to BG', AG, BD meet in ^; JBC is 
produced to P so that the triangle FEB is equal to the 
triangle AJBG : shew that FD is parallel to AG. 

Ex. 2. If of the four triangles into which the diagonals 
divide a quadrilateral, two opposite ones are equal, the quad- 
rilateral has two opposite sides paialieL 
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Fbofosition XL. Theorem. 

Equal triangles vjpon equal hoses, in the same itraigJU Une, 
and towards (he same parts, are between the same paraUeU. 




Let the equal as ABC, DEF be on equal bases BC, EF 
in the same st. line jB^ and towards the same parts. 

Join JJ). 
Then must AB he Q to BF. 

For if not, through A draw ^0 B to BF, so as to meet ED, 
or ED produced, in 0, and join OF, 

Then A ABC'* A OEF, *.* they are on equal bases and 

between the same ||& L 38. 

But A ABC^ A DEF ; Hyp. 

.-. lOEF^ lDEF, 
the less B the greater, which is impossible. 
/. AG is not D to BF. 

In the same way it may be shewn that no other line passing 
through A but AD is fl to BF, 

.% ulD is D to BI. 

Q. B. D. 

Ex. 1. If the triangles be not towards the same parts, shew 
that the straight line joining the yertices of the triangles is 
bisected by the line containing the bases. 

Ex. 2. The straight line, joining the points of bisection of 
two sides of a triangle, is parallel to the base. 

Ex. 3. The straight lines, joining the middle points of the 
sides of a triangle* divide it into four equal triangles. 
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Proposition XLL Theorem. 

If a parcdlelogram and a triangle he upon the same hose, and 
between the same parallels, the pa/raiUlogram is double of the 
triangle. 




Let the O ABCD and the a J^fCbe on the same base BO 
and between the same ||8 AE^ BC, 

Then must CJ ABCD he double of l EBC. 

Join A C. 

Then lABC^ l^EBC, v they are on the same base and 
between the same lis ; I. 37. 

and O ABCD is double of A ABC, V JLC is a diagonal of 
ABCD ; L 34. 

.-. O ABCD is double of A BBC. 

Q. E. D. 

Ex. 1. If from a pointy without a parallelogram, there be 
drawn two straight lines to the extremities of the two opposite 
sides, between which, when produced, the point does not He, 
the difiference of the triangles thus formed is equal to half the 
parallelogram. 

Ex. 2. The two triangles, formed by drawing straight lines 
from any point within a parallelogram to the extremities of 
its opposite sides, are together half of the parallelogram. 
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Proposition XLII. Problem. 

To describe a fo/rallelogra/m that shall be equal to a given 
triangle, and have one of its angles equal to a given angle. 




O 

Let ABQ be the given a , and D the giren l . 
It is required to describe a O eqv^ai to A ABC, having one 
of its is^ iD, 

4 

Bisect BC in E and join AE, L 10. 

At E make z CEF^ iD. L 23. 

Draw AFG \\ to BC, and from draw CG i| to EF. 
Then FECG is a parallelogram. 

Now lAEB^lAEC, 
'.' they are on equal bases and between the same Qs. I. 38. 

.-. A ABC is double of L AEG. 
But O FECG is double of L AEC, 

V they are on same base and between same Qs. L 41. 

.-. O FECG^ A ABC ; Ax. 6. 

and £J FECG has one of its z s, CEF=^ l D. 
.*. O FECG has been described as was reqd. 

Q. K. P. 

Ex. 1. Describe a triangle, which shall be equal to a given 
parallelogram, and hare one of its angles equal to a given 
rectilineal angle. 

Ex. 2. Construct a parallelogram, equal to a giren triangle, 
and such that the sum of its sides shall be equal to the sum 
of the sides of the triangle. 

Ex. 3. The perimeter of an isosceles triangle is greater than 
the perimeter of a rectangle, which is of the same altitude 
~^^ and egnal to, the given triangle. 
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Proposition XUIL Theorem. 

Tht complements of the pardUdogramSf which are about 
the diam>eter of any pa/raUelogramf are equal to one a/nother. 




Let ABCD be a O, of whicli BD is a diagonal, and 
EG, HK the Os about BD, that is, through which BD 
passes, 

and *AF, FC the other Os, which make up the whole 
figure ABCD, 

and which are .'. called the Complements. 
Then must complement AF= complement FC. 

For •.• BD is a diagonal of O -40, 

.-. A ABD-^ A CDB ; I. 34. 

and •.• BF is a diagonal of O HK, 

.-. A HBF=^ lKFB ; L 34. 

and ••• M> is a diagonal of O EO^ 

.% A ^^i)= A (JDJ'. I. 34. 

Hence sum of as HBF, EFD^^svmi of as KFB, GDF. 

Take these equals from A s ABD, CDB respectively, 

then remaining CJ -4 J*= remaining CJ FC, Ax. 3. 

Q. E. D. . 

Ex. 1. If through a point 0, within a parallelogram 
ABCD, two straight lines are drawn parallel to the sides, 
and the parallelograms OB, CD are equal ; the point is 
in the diagonal AG, 

Ex. 2, ABCD is a parallelogram, AMN a straight line 
meeting the sides BC CD (one of them being ptodwssA ^ 
M, N, Shew that the triangle MBN \& wa^^aiLXft^'^^Jc^asK.^^ 

MDO. 
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Proposition XLIV. Problem. 

To a given ttrwight line to apply a pa/raUdograni^ whick 
thaU be equal to a given triangle, and ha/ve one of ite anglee 
equal to a given angle. 




■a £ 

Let AB he the given st. line, C the given A, D th« 
given I . 

It is required to apply to AB a O = A and ha/oing one 
of its 18— iD. 

Make a Oa A C, and having one of its angles = 1 2), I. 42. 

and suppose it to be removed to snch a position that one of 
the sides containing this angle is in the same st line with AB, 
and let the O be denoted by BEFG. 

Produce FG to jff, draw AH. || to BG or EF, and join BE. 

Then •.' FH meets the ||s AB, EF, 

.-. sum of z 8 ABFy HFE^two rt. z s ; I. 29. 

.'. sum of z s BHGy HFE is less than two rt z s ; 

.*. HB, FE will meet if produced towards B, E. Post. 6. 

Let them meet in K. 

Through K draw KLfitoEA or FH, 

and produce HA, GB to meet KL in the pts. L, M, 

Then HJKL is a O, and HK is its diagonal ; 

and AGy ME are Os about HKy 

,\ complement JBi= complement BFy I. 43. 

.-. OBZ= aC. 

Also the O JBX has one of its z s, ABM= z EBG, and 
.'. equal to z D. 



Book I.] PROPOSITION XLV, 71 



Proposition XLV. Problem. 

To describe a paralldogramiy which thaU he equal to a 
given rectilinear Jigure, and have one of its angles equal to a 
given angle. 




Let ABCB be the given rectil. figure, and E the given l . 

It is required to describe a O ~ to ABCD, hamng one 

ofUsis^iE, 

Join AG. 

Describe a O FOHK= A ABC, having z FKH= l E. 

1.42. 
To GH apply a O aHML= A CDA, having z GHM^ l E. 

1.44. 
Then FKML is the O reqd. 
For V I GHMmd L 2^'^JT are each = lE\ 

.'. iGHM^iFKHy 
.-. sum of z 8 GHM, GHK=-aum of z s FKH, GHK 

=two rt. z s ; I. 29. 

.". KHM is a st. line. I. 14. 

Again, •.• HG meets the ||s FG^ KM, 

L FGH= L GHM, 
.% sum of z 8 FGH, LGH=Bum of z s GHM, LGH 

=two rt. z 8 ; I. 29. 

.-. FGL is a St. line. I. 14. 

Then •.• Z^ is II to HG, and BTC? is to LM 

.-. KFiaWto LM ; I. 30. 

and KM has been shewn to be || to FL, 

,\ FKML ifl a parallelogram, 
and •.• FJE[== A ABC, and GM= A CDA, 

.-. ^M- whole rectiL fig. ABCD, 
and O FM has one of its z s, FKM== z ^. 
In the same way a O may be conatiuatfcd. w^asJiLXft ^ ^B^^3cl 
rectil. %. of my number of sides, and. \kai^\x\!^ wift tJlS^s^^flasfes^ 
equal to A given angle. <^ ^b« "« * 
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1. Ir one diagonal of a quadrilateral bisect the other, it 
divides the quadrilateral into two equal triangles. 

2. If from any point in the diagonal, or the diagonal pro- 
duced, of a parallelogram, straight lines be drawn to the 
opposite angles, they will cut off equal triangles. 

3. In a trapezium the straight line, joining the middle 
points of the parallel sides, bisects the trapezium. 

4. The diagonals AC^ BD of a parallelogram intersect in 
0, and P Ib a point within the triangle AOB ; prove that the 
difference of the triangles AFB^ CFD is equal to the sum of 
the triangles AFC, BPD. 

5. If either diagonal of a parallelogram be equal to a 
side of the figure, the other diagonal shall be greater than 
any side of the figure. 

6. If through the angles of a parallelogram four straight 
lines be drawn parallel to its diagonals, another parallelogram 
will be formed, the area of which will be double that of the 
original parallelogranL 

7. If two triangles have two sides respectiyely equal and 
the included angles supplemental, the triangles are equaL 

8. Bisect a {^yen triangle by a straight line drawn from 
a given point in one of the sides. 

9. If the base of a triangle ABC be produced to a point 
D such that BD is equal to ABy and if straight lines be drawn 
fix>m A and Dto E, the middle point of BC ; prove that the 
triangle ADE is equal to the triangle ABC. 

10. Prove that a pair of the diagonals of the parallelograms, 
which are about the diameter of any parallelogram, are parallel 
'^' eadi otter. 
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Proposition XLVI. Problem. 
To describe a squoAre wpon a gvoen strcvight line, 





Let ^B be the given si litld/ 
II is required to describe a squa/re on AB, 
From A draw AC ± to AB. 

In AC make AD^AB. 
Through D draw DE || to AB, 
Through B draw BE l| to AD, 
Then AE is a parallelogram, 
and.-. AB^ED, and AD^BE. 
B\xiAB=AD; 

.-. AB, BE, ED, i>u4 are all equal ; 

.*. AE IB equilateral 

And z BAD is a right angle. 

.', AE iatk square, 

and it is described on AB, 



I. 11. Cor. 

1.31. 
1.31. 

1.34. 



Def. XXX. 



Q. E. F. 



Ex. 1. Shew how to construct a rectangle whose sides are 
equal to two given straight lines. 

Ex. 2. Shew that the squares on equal straight lines are 
equal 

Ex. 3. Shew that equal squares must be on equal straight 
lines. 

Note. The theorems in Ex. a and ^ wc^ wewsqscl^ V5^^».^^ 
in rfie proof oi Prop. XLViii. 
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Proposition XLVII. Theorem. 

In any right-angled triangle the square which is described an 
the side subtending the . right angle is equal to the squa/res 
described on the sides which contain the right wngte* 




Let ABC be a right-angled A , having the rt. z BAC, 
Then must sq. on BC= sum ofsqq, on BA, AC. 
On JBC, CA, AB descr. the sqq. BDECy CKHA, AGFB. 
Through A draw AL \\ to BD or CE, and join AD, FC. 
Then •/ z BAC and z BAG are both rt. z s, 

.*. CAG is a St. line ; L 14. 

and •.• z BAC and z CAH are both rt. z s ; 

.'. BAH is a st. line. I. 14. 

Now '.• z DBC=^ z FBA, each being a rt z , 
adding to each z ABC, we have 

z ^J?i)= z FBC, Ax. 2. 

Then in A s ABD, FBC, 

V AB=FB, and BD^BC, and z ^.BD=: z FBCy 

.-. lABD^lFBC. 1.4. 

Now O JBL is double of A ABDy on same base BD and 

between same || s ^.Z, JBD, I. 41. 

and sq. BG is double of L FBC, on same base FB and be- 

8ame||s-F.B, (?C; .1.41. 

.-. O BL =8q. BO. 



Book L] PROPOSITION XLVIL 75 

Similarly, by joining AEy BK it may be shewn that 

O CL=sq. AK. 

Now sq. on JBC— sum of HJ BLmd CJ CLj 

i-Bom of sq. BG and sq. AK^ 

i-sum of sqq. on BA and AC, 

Q. B. D. 

Ex. 1. Prove that the square, described upon the diagonal 
of any given square, is equal to twice the given square. 

Ex. 2. Find a line, the square on which shall be equal to 
the sum of the squares on three given straight lines. 

Ex. 3. If one angle of a triangle be equal to the sum of 
the other two, and one of the sides containing this angle being 
divided into four equal parts, the other contains three of those 
parts ; the remaining side of the triangle contains five such 
parts. 

Ex. 4. The triangles ABC, DBF, having the angles ACB, 
DJfE right angles, have also the sides AB, AC equal to DE, 
DFy each to each ; shew that the triangles are equal in every 
respect. 

NoTB. This Theorem has been already deduced as a Co- 
rollary from Prop. E, page 43. 

Ex. 5. Divide a given straight line into two parts, so that 
the square on one part shall be double of the square on the 
other. 

Ex. 6. If from one of the acute angles of a right-angled 
triangle a line be drawn to the opposite side, the squares on 
that side and on the line so drawn are together equal to the 
sum of the squares on the segment adjacent to the right angle 
and on the hypotenuse. 

Ex. 7. In any triangle, if a line be drawn from the vertex at 
right angles to the base, the difference between the squares on 
the sides is equal to the difference between. \>!cl^ ^^n^^ax^i^ csclS^^ 
i^gmenis of the base. 
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Proposition XLVIII. Theorem. 

If the square described upon one of Ihe tides of a triangle h 
equal to ihe squares described upon the other two tides of it^UtA 
angle contained by those sides is a right angle. 




O 

Let the sq. on BC, a side of A ABC^ be equal to the sum of 
ihe sqq. on ABy AG, 

Then must l BACbe a rt, angle. 

From pt. A draw ADi.io AC, I. 11. 

Make AD=AB, and join DC, 

Then vAD^AB, 

.', sq. on AD=aq, on AB ; L 46, Ex. 2. 

add to each sq. on AC, 

then sum of sqq. on AD, -4C=sum of sqq. on ABy AC. 

But '.' L DAC is a rt. angle, 

.*. sq. on D(7=sum of sqq. on AD, AC; 1. 47. 

and, by hypothesis, 

sq. on 5(7= sum of sqq. on AB, AC ; 
,'. sq. on DC=Bq. on BC; 

.', DO=BC, I. 46, Ex. 3. 

Thenin As^J^a^DC; 

*.• AB=sAD, and ACia common, and BC^DC, 

.'. /.BAC^ /.DAC; I. a 

and z DAC is a rt. angle, by construction ; 
.'. z BAC is a rt. angle. 
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INTRODUCTORY REMARKS. 

The geometrical figure with which we are chiefly concerned 
in this book is the Bectangle. A rectangle is said to be con- 
tadned hy any two of its adjacent sides. 

Thus if ABCD be a rectangle, it is said to be contained "by 
AB^ AD, or by any other pair of adjacent sides. 




We shall use the abbreviation red, AB, AD to express the 
words " the rectangle contained by AB, AD," 

We shall make frequent use of a Theorem (employed, but not 
demonstrated, by Euclid) which may be thus stated and proved . 

Proposition A. Theorem. 

If the adjacent sides of one rectangle he equal to the adjacent 
sides of another rectangle, ea4ih to each, the rectangles a/re equal 
in area. 
Let ABCD, EFGH be two rectangles : 

and let AB'^EF and BC-«FG. 
4 BE H 




B C V a 

Then must rect, ABCD^rect. JBFQH. 

For if the rect. EFGH be applied to the rect ABCD, so 
that EF coincides with AB, 

then FG will fall on BG, V l EFG^ l ABC, 

and G will coincide with 0, '.• BC^FG, 

Similarly it may be shewn that "H. will coincide with D, 

,\ rect. EFGH coincides with and is therefore equal to re<it.. 
ABCD, c^^^» 
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Proposition L Theorem. , 

If there he two straight lines, one of which is divided iiUo 
any nwmher of parts, the rectangle contained by the two ttraighi 
lines is equal to the rectangles cotitained by the wndivided hnu 
and the severed parts of the divided line. 




Let AB and CD be two given st. lines, 
and let CD be divided into any parts in E, F. 

Then must red. AB, CD=svm of rect AB, CE and red. 
AB, EF and red. AB, FD. 

From C draw CG ± to CD, and in CG make CH^AB. 
Through H draw HM \\ to CD. L 31. 

Through E, F, and D draw EK, FL, DM\\ to CH. 
Then EK and FL, being each=CH, are esich=AB. 

Now CM'=sum of CK and EL and FM. 
And CM=rect AB, CD, '.• CH^AB, 

CK=Tect. AB, CE, v CH=AB, 

EL=Tect. AB, EF, •.• EK=AB, 

FM^rect AB, FD, V FL=-AB ; 

.-. rect AB, CD = sum of rect. AB, CE and rect AB, EF 
and rect. AB, FD. 

Q. B. D. 

Ex. If two straight lines be each divided into any number 
of parts, the rectangle contained by the two lines is equal to 
the rectangles contained by all the parts of the one taken 
separately with all the parts of the other. 
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Proposition IL Theorem. 

If a straight line he divided into any two parts, the rectangles 
contained by the whole and each of the paais are together equal 
to the square on the whole line. 



Let the st line AB be divided into any two parts in (X 

Then must 

sq, on AB=svm of red. AB, AC and red. AB, CR 

On AB describe the sq. ADEB. I. 46. 

Through C draw CF |i to AD. I. 31. 

Then AE^mm of AF and CE. 
Now ^^ is the sq. on AB, 

AF^rect AB, AC, V AD^AB, 
CE^rect AB, CB, V BE=AB, 
.', sqi on ^B»sum cf rect. AB, AC and rect AB, CB. 

Q. S. p. 

Ex. The square on a straight line is equal to four times th« 
square on half the line. 
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Proposition III. Theorem. 

If a straight line he divided into any two parts, ike recta/ngh 
contained by the whole and one of the parts is equal to the red- 
angle contained by the two parts together with the square on ih$ 
aforesaid part. 




Let the st. line AB be divided into any two parts in O. 

Then must 

red. AB, CB^sum ofrect AC, CB and sq. on CB, 

On CB describe the sq. CDEB, I. 46. 

From A draw AF || to CD, meeting ED produced in F, . 

Then -4^=8um of AD and CE. 
Now u4^=rect. AB, CB, v BE^CB, 
AD^rect. AC, CB, v CD^CB, 
CE^sq, on CB, 
/. rect. AB, CJ5«sum of rect. AC, CB and sq. on CB. 

Q. B. D. 

Note. When a straight line is cut in a point, the distances 
of the point of section from the ends of the line are called the 
segments of the line. 

If a line AB be divided in C, 
AC and CB are called the iiUemal segments of AB. 

If a line AC\>q produced to B, 
AB and CB are called the exU/mal segments of AC, 
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Proposition IV. Theorem. 

If a stra/ight line he divided into any two partSf the squa/rt 
on the whole line is equal to Ike squa/res on the two pa/rts together 
with twice the rectangle contained by the pa/rti, 

A a B 



Let the st. line AB be divided into any two parts in C. 
Then must 
sq, on AB—sum ofsqq, on AC, CB and twice rect. AC, CB. 

On AB describe the sq. ADEB, I. 46. 

From AD cut off AH = CB. Then HD=AC, 

Draw CG || to AD, and HK \\ to AB, meeting CG in F. 

Then •." BK^AH, .*. BK== CB, Ax. i. 

.-. BK, KF, FC, CB are all equal ; and KBCiatk rt. i ; 

.-. CK is the sq. on CB, Def. xxx. 

Also HG=Bq. on AC, v HF and ED each=ulC. 

Now AE^Bvaa of HG, CK, AF, FE, 

AE^'sq, on AB, 



and 



HG=aq. on AC, 
CK:=sq. on CB, 
AF^iect AC, CB, 
FE^^iect AC, CB, 



CF=CB, 
FG^ACa,ndFK^CB. 



.'. sq. on AB=iBxim. of sqq. on AC, CB and twice rect. AC, CB, 

Q. E. D. 

Ex. In a triangle, whose vertical angle is a right angle, a 
straight line is drawn from the vertex perpendicular to the 
base. Shew that the rectangle, contained b^ ^Sxa ^^^gHi««)^ ^"^ 
the base, is equal to the square on tikie petp^Tii^vsvsi^x. 

AX. • 
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Proposition V. Thborbm. 

If a straight line be divided into two equal parts and tdio 
into Udo unequal parts, the rectangle contavned by the unequal 
parts, together with the square on the line between the points oj 
section, is equal to the square on half the line. 




Let the st. line AB be divided equally in C and unequally 
inD. 

Then must 

rect AD, DB together with sq. on CD=^sq, on CB. 

On CB describe the sq. CEFB, L 46. 

Draw DG |I to CE, and from it cut oflf DH^DB. I. 31. 

J>Tfiw HLKlto A]J,fijA AKlUi DH. » 1.31. 



Then rect. i)J'=rect. AL, 
AIbo Z(7=sq. on CD, 



V BF^AC, and BD=CL, 
V LH=CD, and HG^CD. 



Then rect. AD, DB together with sq. on CD 
—AH together with LG 
sBum of AL and CH and LG 
= sum of DF and CH and LG 
^CF 
»sq. on CB, 



Q. B. D. 
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Proposition VI. Theorem. 

If a straight line be bisected and produced to any point, the 
rectangle contained by the whole Une thus produced and the paH 
of it produced, together with the square on haJlf the line hiteeted, 
is equal to the squa/re on the straight line which is made up of 
(he half and the paH produced. 



£. 



JEi ■ J 



JS 



2r 



JTIB* 



Let the st. line AB be bisected in C and produced to D. 

Then must 

rect AD, DB together mth sq, on CB'^sq, on CD, 



On CD describe the sq. CEFD, 


1.46. 


Draw BG to CE, and cut oflf BH^BD. 


1.31. 


Through H draw KLM \\ to AD 


1.31. 


Through A draw AK \ to CE. 




Now *.' BG=^ CD and BH^BD ; 




.\EG=^CB\ 


Ax. 3. 


/. rect. ilfO'Bsrect AL, 


IT. A. 


Then rect AD, DB together with sq. on CB 




« sum oi AM and £0 




e: sum of AL and CM and LG 




*ssuni of MG and CM and LG 




^CF 




i-sq. on CD, 





<^."«*»Ti» 
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Note. We here give the proof of an important theorem, 
which is usually placed as a corollary to Proposition Y. 



Proposition B. Theorem. 

Tki difference between the squa/res on any two ttraight linei 
IS equal to the rectangle contained by the sum and difference of 
those lines. 




Let ACf CD be two st. lines, of which uiO is the greateri 
and let them be placed so as to form one st. line AD. 

Produce AD to JB, making CB=AC. 

Then AD=ih.e sum of the lines AC, CD, 

and DB=ih,e difference of the lines AC, CD. 

Then must difference between sqq. on AC, CD^red. AD, DB. 

On OB describe the sq. CEFB. I. 46. 

Draw DG \\ to CE, and from it cut off DH^DB. I. 31. 

Draw HLK \\ to AD, and AK \\ to DH, L 31. 

Then rect. i>^=rect. AL, vBF=AC, and BD^CL. 

Also XG=sq. on CD, v LH= CD, and HG^ CD. 

Then difference between sqq. on AC, CD 

= difference between sqq. on CB, CD 

=sumof Ofl'andDi^ 

«=sum of CH and AL 

^AH 

=rect. AD, DH 

=rect. AD, DB. 

Q. E. D. 

Ex. Shew that Propositions Y. and YI. might be deduced 
^ T this I^posildon. 
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Proposition VII. Theorem. 

If a straight line be divided into any ttoo parts, the 
squares on the whole line and on one of the parts are equal 
to twice the rectangle contained by the whole and that part 
together with the squa/re on the other part 



g— * 



Let AB be dmded into any two parts in (X 
Hun must 
sqq, on AB, BC'^ twice rect. AB, BC together with sq, on AC. 
On AB describe the sq. ABEB, I. 46. 

From AD cut off AH^ CB, 

Draw CF \\ to AD and HQK 11 to AB, I. 31. 

Then S-P=sq. on AC, and CK^w\. on CB. 

Then sqq. on AB, jBC=sum of AE and CK 

=8um of AK, HF, QE and CK 
=sum of AK, HF and CE. 

Now ^JT-rect. AB, BC, '.• BK^BC ; 
CJ&=rect. AB, BC, v BE^AB ; 
JEF=sq. on AC. 

/. sqq. on AB, £0= twice rect AB, BC together with sq. on ^ C 

Q. E. Dl 

Ex. If straight lines be drawn from Q U> B and from G 
to D, shew that BGD \& a stiaigbt \\ive. 
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Propositiok VIII. Tbbokbm. 
If a g(rtt^ft( litit 6e diiM^ into any two parti, four 
Uintt the rectaJtgle contained by the uikoU line and one of the 
part*, together vrith the iqwire <m the otha- part, it egwU to 
tht square on the straight line which ii made v.p of the whoU 
and Aefiritpasi. 



JT cLk 3 



1.31. 
1.31. 



S JL F 



Let the at line AB 'be diTided into onj two paita in C. 

Produce ABtaD,aotiiit BD-BC. 
Then mint /our Hmei rect. AB, BO together mth tq. on 
AO~iq. on AD. 

On AD describe the sq. AEFD. I. 4e. 

¥iomAEc\xtoS AM aadatX weh-CB. 
Thnngh C, B draw CS, BL j] to AE. 
Through M, X draw MQKN, XFRO \\ to AD. 
Now ■.■ XE=AO, and XP=AC, .: XH-«i. or 
Also AG=MP=FL=RF, 
and GK=GR=BN~KO ; 
.'. wim of these ei^t rectangles 

= foni tunes the sum of AQ, CK 
=fonr times AK 
—four times rect. AB, BC. 
nien four times lect AB, BC and sq. on AC 
^sum ol the eight rectenglea uid ZH 
—ASI'D 
^aq. cm AD. 
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Pbopositiok IX. Thboreic 

If a gtraight line be divided into two equal, and aUo into 
tvDo unequal parts, the squares on the two unequal parts are 
together double of the squa^re on half (he line and of Hif 
square on the line between the points of section. 




Let AB be divided equally in C and nneqoallj in D. 

Thenwust 
9vm of sqq, on AD, DB^^tunce smn ofsqq, on AC, CD* 

Draw CE^AC at rt z s to AB, and join EA, EB. 
Draw DF at rt z s to AB, meeting EB in F, 
Draw FGatrt is to EC, and join AF. 

Then •.• i ACE is a rt. z , 
.*. smn of z 8 AEC, EAC'^a rt z ; 
and •/ z AEC= z EAC, 
.'. lAEC^hsMsLTt. z. 
So also z BEC and z EEC are eachshalf a rt z . 

Hence z AEF is a rt. z . 
Also,*.* z C?^^ is half a rt. z , and z^fG^isart. z 
.*. z^^Gishalfart z ; 
.*. z EFG= z GEF, and .'. EG=GF, 
So also z BFD is half a rt. z , and BD^DF. 



1.32. 

I. A. 



I. B. Cor, 



Now sum of sqq. on AD, DB 

«=sq. on AD together with sq. on DF 
«sq. on AF I. 47. 

s=8q. on AE together with sq. on EF I. 47. 

=sqq. on AC, EC together with sqq. on EG^ GF 1. ^ . 
=' twice aq, on AG together wit\i Iwicft %c\j ou C^t"? 
^ twice sq, on -4(7 together wit\i tmcfc ^c\. otl CI>. 
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Proposition X. Theorem. 

If a straight line be bisected and produced to any point, 
the square on the whole line thus produced and (he square on 
(he part of it produced are together double of (he square on 
half the line bisected and of the square on the line tnade up 
of the half and the part produced. 




Let the st. line AB be bisected in C and produced to D. 

Then must 

ium of sqq. on AD, BD^ twice sum of sqq, on AC, CD, 

Draw CE± to AB, and make CE^AC, 
Join EAy EB and draw EF \\ to AD and DF to CE. 
Then •/ z s FEB, EFD are together less than two rt. i s, 
/. EB and FD will meet if produced towards JB, D 
in some pt. G, 

Join AG, 

Then ".• i ACE is a rt. z , 
.'. I s EAC, AEC together=a rt. i , 

and ••• I EAC= L AEC, 1. a. 

.-. iAEC=half&Tt, I. 
So also z s EEC, EBC each=half a rt. z . 
.'. z AEB is a rt. z . 

Also z DBG, which= z EBC, is half a rt z , 
and .'. z BGD is half a rt. z ; 

.-. BD^DG. I. a Cor. 

Again, •.• z FGE=ha]f a rt. z , and z EFG is art. z , I. 34. 
.-. z ^j;Gf=half a rt. z , and EF^FG, I. b. Cor. 
Then sum of sqq. on AD, DB 

=8um of sqq. on AD, DG 

=sq. on AG I. 47. 

=sq. on AE together with sq. on EG I. 47. 

=sq(j. on AC, EC together with sqq. on EF, FG I. 47. 

= twice sq. on -40 together with twice sq. on EF 

^ twice sq, on AC together with twice s(\. oii CD, <^ i&. d. 
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Proposition XI. Probleic 

To divide a given straight line into tvx) pa/rts, so that the rect- 
angle contained by the whole and one of the parts shall be equal 
to the square on the other part. 




146. 
I. 10. 

1.46. 



Let AB be the given st. line. 

On AB descr. the sq. ADCB. 

Bisect AD in ^ and join EB. 
Produce DA to F, making EF^EB, 

On AF descr. the sq. AFOH. 

Then AB is divided in H so that rect. AB, BH^sq, on AH, 

Produce GH to K. 

Then •.• DA is bisected in E and produced to F^ 
.*. rect. DFy FA together with sq. on AE 
=sq. on EF 

«sq. on EB, v EB=EF, 
sssum of sqq. on AB, AE, 

Take from each the square on AE. 

Then rect. DF, FA^aq, on AB, 

Now J?*Jr=rect DF, FA, v FG^FA, 

.-. FK^AC, 

Take from each the common part AK, 

Then FH^HC; 

that is, sq. on AH^^rect AB, BH, •.• BC=^AB, 

Thus AB is divided in ^ as was reqd. 

Q. s. F. 
Ex. Shew that the squares on the whole line and one of the 
parts are equal to three times the sqaaxe ou W^ Q>OcL«t "^^daX^ 



II. 6. 
1.47. 

Ax. 3. 
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Proposition XII. Theoreic. 

In 6btu86-angled tricmgleSy if a perpendicular he drawn from 
eiiher of the a^cute angles to the opposite side produced, the squao'e 
on the side subtending the obtuse angle is greater than (he squares 
on the sides containing the obtuse angU, by twice the rectangle 
eorUadned by the side, upon which, when produced, the perpendi- 
eular falls, and the straight line intercepted without the triangle 
between the perpendicular and the obtuse angle. 




Let ABO be an obtuse-angled A, baying lACB obtuse. 

From A draw AD ± to BC produced. 
Then fMist sq. on AB be greater than sum of sqq, on BC^ 
CA by twice red. BC, CD. 

For since BD is diyided into two parts in C, 

sq. on BD^som of sqq. on BC, CD, and twice rect BC, CD, 

IL4. 
Add to each sq. on DA : then 

sum of sqq. on BD, D^asum of sqq. on BC, CD, DA and 

twice rect. BC, CD. 

Now sqq. on BD, DA^^(\, on AB, L 47. 

and sqq. on CD, DA^^q. on CA ; I. 47. 

.'. sq. on -4J5s=sum of sqq. on BC, CA and twice rect BC, CD, 

.*. sq. on AB is greater than sum of sqq. on BC^ CA bj 

twice rect. BC, CD. 

Q. B. D. 

Ex. The squares on the diagonals of a trapezium are 
together equal to the squares on its two «\dL^'&, ^^Yii^^ ^aee not 
,. parallel, and twice the rectangle contaxofi^'N^l ^^ ^^^'^\sl^ 
^n parallel 
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Pbofositiok XIII. Theorem. 

In every triangk, the tguare on the tide subtending any of 
the cbCuU angles is less than the squares on the sides containing 
that angle, by twice the rectangle contained by either of these sides 
and the straight line intercepted between the perpendicular, let 
/all upon it from the opposite angle, and the acute angle. 



Fia 1. 



FiaS. 





3 C 

Let ABC be any a , haTing the z ABC acute. 
From A draw AD ± to BC or BC produced. 
Then must sq, on AC be less than the sum of sqq, on AB, 
BC, by twice recL BC, BD. 

For in Fig. I BC is divided into two parts in D, 

and in Fig. 2 BD is divided into two parts in C ; 

.*. in both cases 

sum of sqq. on BC, JS2>»sum of twice rect BC, BD and 

sq. on CD. II. 7. 

Add to each the sq. on DA, then 

sum of sqq. on BC, BD, DA^som of twice rect. BC, BD 
and sqq. on CD, DA ; 

.*. sum of sqq. on BC, AB^^yyxn of twice rect BC, BD and 
sq. on AC\ I. 47. 

.'. sq. on ^0 is less than sum of sqq. on AB, BC by twice 
rect BC, BD. 

The case, in which the perpendicular AD coincides with AC, 
needs no proof, 

Q. K D. 

Ex. Prove that the sum of the squares on any two sides of 
a triangle is equal to twice the sum oi tikie i&c^'dx^ Q\i\^s^ "^^ 
base and on the line joining the y ertical an^'a V\>()a. ^^ \si\\^^ 
point of the base^ 
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Proposition XIV. Problem. 

To describe a square that shall be equal to a given rectilinear 
figure. 





Let A be the ^ven recti! figure. 
It is reqd, to describe a square that shall— A. 

Describe the rectangular O BCDE—A. I. 45. 
Then if BE^ED the O BCDE is a square, 
and what was reqd. is done. 

But if BE be not= -KD, produce BE to -F, so that EF=^ED. 
Bisect BF in G ; and with centre G and distance OB, 
describe the semicircle BHF, 
Produce DE to H and join GH, 

Then, •.• BF is divided equally in G and unequally in J^, 
.*. rect. BEf EF together with sq. on GE 

=sq. on GF IL 6. 

=sq. on GH 

=sum of sqq. on EH, GE. I. 47. 
Take from each the square on GE. 

Then rect BE, EF =b(i. on EH. 
But rect. BE, EF=BD, v EF=ED ; 
.-. sq. on EH=BD ; 
.'. sq. on EH=Tect]L figure -4. 

Q. K F. 

Ex. Shew how to describe a rectangle equal to a given 
square, and having one of its sides equal to a given straight 



/.'. 



'e. 
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M%icdlan€ou$ Exercises on Book IL 

1. In a triangle^ whose vertical angle is a right angle, a 
straight line is drawn from the vertex perpendicular to the 
iNiBe ; shew that the sqoare on either of the sides adjacent to 
the right angle is equal to the rectangle contained by the 
JMse and the segment of it adjacent to that side. 

2. The squares on the diagonals of a parallelogram are to- 
gether equal to the squares on the four sides. 

3. If ABCD be any rectangle, and any point either 
within or without the rectangle, shew that the sum of the 
squares on OA^ 00 is equal to the sum of the squares on OB, 
OD. 

4. If either diagonal of a parallelogram be equal to one of 
the sides about the opposite angle of the figure, the square on 
it shall be less than the square on the other diameter, by twioe 
the square on the other side about that opposite angle. 

5. Produce a given straight line AB to 0, so that the rect- 
an^e, contained by the sum and difference otAB and AC^ may 
M equal to a given square. 

6. Shew that the sum of the squares on the diagonals of any 
quadrilateral is less than the sum of the squares on the four 
sides, by four times the square on the line joining the middle 
points of the diagonals. 

7. If the square on one perpendicular from the vertex of a 
triangle is equal to the rectangle, contained by the segments 
of the base, the vertical angle is a right angle. 

8. Produce a given straight line so that the rectangle con- 
tained by the whole line thus produced and another given 

. straight line may be equal to the square on the produced 
part. 

9. ABO is a triangle right-angled at ^ ; in the hypote- 
nuse two points D, E are taken such that BD^BA and 
CE^CA ; shew that the square on DE ]& equal to twice the 
rectangle contained by BE^ OD. 
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10. In any quadrilateral tlid squares on tlie diagonals are 
together equal to twice the sum of the squares on the straight 
lines joining the middle points of opposite sides. 

11. If straight lines be drawn firom each angle of a triangle 
to bisect the opposite sides, four times the sum of the squares 
on these lines is equal to three times the sum of the squares on 
the sides of the triangle. 

12. GJ) is drawn perpendicular to ABy a side of the triangle 
ABQy in which AQ^AB. Shew that the square on QD is 
equal to the square on BJ) together with twioe the rectangle 

13. If in any triangle BAO a line AT) be drawn bisecting 
BG in D, shew that the sum of the squares on AB^ AQ\a 
equal to twice the sum of the squares on AD^ BD, • 

14. If ABC be an equilateral triangle, and AD, BE be 
perpendiculars to the opposite sides intersecting in J^ ; shew 
that the square on AB is equal to three times the square on 
AF. 

15. Divide a given straight line into two partSi so that 
the rectangle contained by them shall be equal to the square 
described upon a straight line, which is less than half the line 
divided. 
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Note 6. — On ikt MeancfiamefU of AreoM. 

To meoiure a Magnitade, we fix upon lome magnitade of the 
same kind to serFe as a standard or unit; and then any 
magnitade of that kind is measured bj the number of times it 
contains this onit^ and this number is called the Mbasubb of 
tlie quantity. 

Suppose^ for instance, we wish to measure a straight line 
AK We take another straight line EF for our standard. 



and then we say 

if AB contain EF three times, the measure of AB is 3, 

if four 4, 

if z X. 

Next suppose we wish to measure two straight lines AB, 
CD by the same standard EF. 

11 AB contain EF m times 
and CD n times, 

where m and n stand for numbers, whole or fractional, we say 
that AB and CD are eommensv/rahle. 

But it may happen that we may be able to find a standard 
line EFy such that it is contained an exact number of times in 
AB ; and yet there is no number, whole or fractional, which 
will express the number of times EF is contained in CD. 

In such a case, where no unit-line can be found, such that it 
is contained an exact number of times in each of two lines 
AB, CD, these two lines are called incommensurable. 

In the processes of Geometry we constantly meet with 
incommensurable magnitudes. Thus the side and diagonal of 
a square are incommensnrables ; and bo ax^ >ik<b ^2k3&s&ib\«& ^3^ 
circumference o£& drde. 
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Next, Bup)>ose two lines AB, AC to be at right angles to 
each other and to be commeneunible, ho that AB contaiiu four 
times a certain unit of linear measuxetnent, which is contained 

by AO three times. 



Divide AB, AC into four and three eqnal parts respectively, 
and draw lines through the points of division parallel to AC, 
AB reepectively ; then the rectangle ACDB is divided into a 
number of equal squares, each constructed on a line equal to 
the unit of linear measurement. 

If one of these squares be taken as the unit of area, tiie 
meoivre of the area of the rectangle A CDB will be the number 
of these squares. 

Now this number will evidently be the same as that obtuned 
by multiplying the meaBure of AB by the measure of AC; 
that is, the measure of AB being 4 and the measoie of ACS, 
the measure of ACDB is 4 X 3 or 12. (Algebra, Art. 38.) 

And generaUy, if the measures of two adjacent sides of a 
rectangle, supposed to be commenBurable, be a and b, then the 
measure of the rectangle will be ai. (Algebra, AiL 39.) 

If all lines were commensorable, then, whatever might be the 
length of two adjacent sides of a rectangle, we might select the 
unit of length, so that the measures of the two sides should be 
whole numbers ; and then we might apply the processes of 
Algebra to eatablish many Propositions in Geometry by simpler 
methods than those adopted by Euclid. 

Take, for example, the theorem in Book ii. Prop, iv. 

If all lines were commensurable we might proceed thus : — 
Let the measure of AO be x, 

of CB ... y. 

Then the meaauie of AB is x-i-y- 
Abir (a; + !/)'=a? + T|*+2iK, 

-'uei pivrai the theorem. 
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Bat^ inasmuch as all lines aie not oommensorable, we have 
in Geometry to treat of mo^miduiM and not of fMnuurui 
thai 18, wlien we use the symbol A to represent a line (as 
in I. 22X A stands for the line itself and not, as in Algebra, 
for the number of units of length contained by the line. 

The method, adopted by Euclid in Book IL to explain the 
relations between the rectangles contained by certain lines, is 
more exact than any method founded upon Algebraical prin- 
ciples can be ; because his method applies not merely to the 
case in which the sides of a rectangle are commensurable, but 
also to the case in which they are incommensurable. 

The student is now in a position to understand tha practical 
application of the theory of Equivalence of Areas, of which 
the foundation is the 36th lYoposition of Book L We shall 
give a fxm examples of the use made of this theory in Men- 
suxation* 



Atwl of a Parallelogram. 

The area of a parallelogram ABCD is equal to the area 
of the rectangle ABEF on the same base AB and between 
the same parallels AB^ FC. 




Now BIB is the altitude of the parallelogram ABCD if 
AB be taken as the base. 
Hence area oiCJ ABCD^retA. AB, BE. 
If then the measure of the base be denoted by 6, 

and altitude h, 

the measure of the area of the O will be denoted by hK 
That 10, when the base and altitude axe ooixim«D&xvn>^^^> 
meaeare ofarea^meaaure of base into measos^ ^ «\^^^;a^^« 
9i K 7 
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Area of a Triangle. 

If firom one of the angular points ^ of a triangle ABC 
perpendicular AD be drawn to BC, Fig. 1, or to ^Oproduo 
Fig. 2, 



Fio. 1. 





S J) JB O J> 

and i^ in both cases, a parallelogiam ABCE be complet 
of which AB, BC me adjacent sides, 

area of A^BC»half of area of O^U^O^. 
Now if the measure of BC be b, 

and AD... h, 

measnre of area of CJ ABCE is 5^ ; 

•*. measore of area of lABC is —• 

Area of a Ehonibtu. 

Let ABCD be the ^ven rhombus. 

Draw the diagonals AC and BD, cutting one another in 0. 




It is easfy to prove that AC and BD bisect each other 
ri^t angles. 
Then if the measure of AC be x, 

and BD ,,.y, 

measure of area of rhombus =» twice measure of A ACD^ 

»*twioe^ 

a- 
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Arta of a TrapexirMn, 

Let ABCD be the given tarapeziam, haying the sides AB^ 
CD parallel 

Diaw AB at right angles to CD. 




Produce DC to F, making CF'^AB. 

Join AlF, catting BC in 0. 

Then in as ^0£, COF, 

V L BAO^ L CFO, and i AOB= i FOC, and AB^^CF; 

.'. lCOF-=^ lAOB. 136. 

Hence tnpeadum ABCD™ lADF, 

Now sappose the measures of AB, CD, AE to be m, n, j? 
lespectiTely ; 

/. measure of 2>^=m+n, v CF^AR 

Then measure of area of trapezium 

^i (measure of DF X measure of AE) 

That is, the measure of the area of a trapezium is found by 
multiplying half the measure of thesamoi Vki^'^'«x:^^i\^<!s^ 
by the measure of the perpendicdiax di^\aa\fiA X^X^^^"^ '^^ 
parallel aides. 
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-4rea of an Irregular Polygon, 

There are three methods of finding the area of an irregular 
polygon, which we shall here briefly notice. 

I. The polygon may be divided into triangles, and the 
area of each of these triangles be found separately. 

3 




Thus the area of the irregular polygon ABODE is equal 
to the sum of the areas of the triangles ABE, EBD, DBG, 

II. The polygon may he converted into a single triangle 
of equal a/rea. 

If ABODE be a pentagon, we can convert it into an 
equivalent quadrilateral by the following process : 




-a. ^^ ^ 

Join BD and draw OF parallel to BD, meeting ED pro- 
duced in F, and join BF. 
Then will quadrilateral ^jB2^jGf= pentagon ABODE, 
For lBDF^ lBOD, on same base BD and between 
same parallels. 

If, then, ^m the pentagon we remove lBOD^ and add 
A BDI' to the remainder, we obtain a c\y3i«Afi^\«tsl5L A.'M'R 
eauivalent to the pentagon A BCDE, 
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The quadrilateral may then, by a similar process, be con- 
verted into an equiyalent triangle, and thus a polygon of any 
number of sides may be gradually converted into an equiya- 
l^t triangle. 

The area of this triangle may then be found. 

ni. The third method is chiefly employed in practice by 
Soryeyors. 




Let ABCDEFG be an irregular polygon. 

Draw AE, the longest diagonal, and drop perpendiculars 
on AE firom the other angular points of the polygon. 

The polygon is thus divided into figures which are either 
right-angled triangles, rectangles, or trapeziums ; and the areas 
of each of these figures may be readily calculated. 
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Note 7. On Prqjectiom, 



The projection of a point B, on a straight line of unlimited 
length AE, is the point M at the foot of the perpendicular 
dropped from B on AB. 

The projection of a strcdght Une BC, on a straight line of 
unlimited length AB, is MN, — ^the part of AB intercepted 
between perpendiculars drawn from B and C, 

When two lines, as AB and AB, form an angle^ the pro- 
jection of AB on AB is AM. 




■^ 



We might employ the term projection with advantage to 
shorten and make clearer the enunciations of Props, xii. and 
XIII. of Book IL 

Thus the enunciation of Prop. xii. might be : — 

^^ In oblique-angled triangles, the square on the side sub- 
tending the obtuse angle is greater than the squares on the 
sides containing that angle, by twice the rectangle contained 
by one of these sides and the projection of the other on it.** 

The enunciation of Prop. xiii. might be altered in a similar 
manner. 
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N0TB8. OnLod. 

Sappoee we have to detennine the poBition of a point, 
which is equidistant from the extiemitieB of a given stnight 
hne^a 

There is an infinite number of points satisfying this con- 
ditioD, for the vertex of any isosceles trianglei deseiibed on 
BC as its base, is equidistant from B and 0. 




Let ABO be 09M of the isosceles triangles described on 
BC. 

If BO be bisected in D, MN, a perpendicular to BC 
dmwn throu^ D, will pass tluough A, 

It is easy to shew that any point in MN, or MN produced 
in either direction^ is equidistant from B and C, 

It may also be proved that no point out of MN is equi- 
distant from B and C. 

The line MN is called the Locus of all the points, infinite 
in Qumber^ which are equidistant from B and 0. 

Det. In plane Creometry Locus is the name given to a 
lin^ stnught or curved, all of wlio&e ^^mXA ^A^a&^ ^^ ^»l^ssa^. 
geometncal condition (or have a conmiOTL ^ftc^^^Nsi^-k ^^ *^ 
exclmion of all other points. 
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Next, suppose we have to determine the position of a point, 
which is equidistant from three giyen points A^ B, C, not in 
the same straight line. 




If we join A and B, we know that all points equidistant 
from A and jB lie in the line FD, which bisects AB at right 
angles. 

If we join B and (7, we know that all points equidistant 
from B and C lie in the line QE, which bisects BC at right 
angles. 

Hence 0, the point of intersection of PD and QE, is the 
only point equidistant from A, B and C, 

PD is the Locus of points equidistant from A and B, 
QE B&ndC, 

and the Intersection of these Loci determines the pointy 

which is equidistant from A, B and C. 

Exa/mples of Lod. 
Find the loci of 

(1) Points at a given distance from a given point. 

(2) Points at a given distance from a given straight line. 

(3) The middle points of straight lines drawn from a 
given point to a given straight line. 

(4) Points equidistant from the arms of an angle. 
{3) Points equidiatant from a given circle. 

(^ Points equally distant from two s>tm^\i "^Misa -^XimScl 
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NoTB 9. On (fte yitXhodi* employed in Hu ioluUon of 

FrobUms, 

In the solution of Geometrical Exercises, certain methods 
may be applied with snecess to particalar classes of questions. 

We propose to make a few remarks on these methods, so far 
as they are applicable to "the first two books of Euclid's 
Elements. 

The Method of Syniheni. 

In the EzerdseSy attached to the Propositions in the pre- * 
ceding pages^ the oonstmction of the diagram, necessary for the 
solution of each question, has usually been iiilly described, or 
sufficiently suggested. 

The student has in most cases been required simply to 
apply the geometrical &ct» proved in the Propositbn preceding 
the exer(nse,'in order to azrive at the conclusion demanded in 
the question. 

This way of proceeding is called Synthesis (oi^ca-ir ■■com- 
position), because in it we proceed by a regular chain of reason- 
ing from what is given to what is eought. This being the 
method employed by Euclid throughout t^e Elements, we have 
no need to exemplify it here. 

The Method of Analyeie, 

The solution of many Problems is rendered more easy by 
tuppoiing ihs problem solved and iJu diagram constructed. 
It is then often possible to observe relations between lines, 
angles and figures in the diagram, which are suggestive of the 
steps by which the necessary construction might have been 
effected. 

This is called the Method of Analysis (av^Xvo-ir a resolution). 
It is a method of discovering truth by reasoniug concerning 
thingp unknown or propositions merely supposed, as if the one 
were given or the other were really true. The process can 
best be explained by the followiug example. 

Oar£nt example of the Analytical pioce&a «SQsiSL\^^^^^>^ 
Propodtion afBudid'a First Book. 
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Ex. 1. To drcm a stradgkt line through a given point pcmdUl 
to a given stra/ight line. 

Let A be the giyen pointy and BC be the given straight line. 

Suppose the problem to be efifected| and EF to be the 
straight line required. 




Now we know that any straight line AD drawn firom A to 
meet BC makes equal angles with BF and BC, (l 29.) 

This is a fact from which we can work backward, and arrive 
at the steps necessary for the solution of the problem ; thus : 

Take any point D in BC, join AD, make z EAD^ l ADC, 
and produce EA to Fi then EF must be parallel to BC. 

Ex. 2. To inscribe i/n a tricmgle a rhombue, hcmmg one of its 
angles covneident vnth a/n angle of the triangle. 

Let ABC be the given triangle. 

Suppose the problem to be effected^ and DBFE to be the 
rhombus. 




Then if J^5 be joined, z DBE= l FBE, 

This is a fiEtct from which we can work backward, and deduce 
the necessary construction ; thus : 

Bisect z ABG by the straight line BE, meeting ACytlE, 
Dr&w HD and EF parallel to BC au^ AB les^c^vr^ . 
Then DBFE \b the rhombus tequvred. (,^^ ^^. ^> > ^"^^ 
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Ex. 3. To determine the point in a given etra/ight line, ai 
vikUh straight lines, drawn from two given points, on ihe samiA 
side of ihe given line, make equal angles vfiih iL 

Let CD be the given line, and A and B the given points. 
Suppose the problem to be effected, and P to be the point 
required. 




We then reason thus : 

If BF were produced to some point A', 

L CPA', being- z BPD, wiU be- z APO. 
Again, if PA' be made equal to PA, 

A A' will be bisected by CP at right angles. 

This is a fact from which we can work backward, and find 
the steps necessary for the solution of the problem ; thus : 

Prom A draw -40 ± to CD, 
Produce AO to A', making OA'=OA. 
Join BA', cuttiDg CD in P. 
Then P is the point required. 

Note 10. On Symmetry, 

The problem, which we have just been considering, suggests 
the following remarks : 

If two points, A and A\ be so situated with respect to a 
straight line CD, that CD bisects at right angles the straight 
line joiniDg A and A\ then A and A' are said to be symmetrical 
with regard to CD. 

The importance of symmetrical relationa, «a ^a^^^Vx'^ ^'^ 
metboda for the solution of probleiaa, conuoX. \» iv^.^ ^"^"^ 
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to a learner, who is onacqaainted with the properties of the 
circle. The following example, howeyer, will illustrate this 
part of the subject sufficiently for our purpose at present 

^vnS, « 'pwn^ in a giwfi^ stradght Une, tuch thait the wm of Us 
ddstaaices from two faced pomts on the same side of the line is a 
minimwny that is, less than the svm of the distances of cmy other 
point in the line from the fixed points. 

Taking the diagram of the last example, suppose CD to be 
the given line, and A, B the given points. 

Now if A and A' be symmetrical with respect to 02), we 
know that every point in CD is equally distant from A and A\ 
(See Note 8, p. 103.) 

Hence the sum of the distances of any point in CD from A 
and B is equal to the sum of the distances of that pc»nt from 
A' and B. 

But the sum of the distances of a point in CD from A' and 
B vi the least possible when it lies in the straight line joining 
A' and B. 

Hence the point P, determined as in the last example, is the 
point required. 

Note. Propositions nc, x., xi., xii. of Book I. give good 
examples of symmetrical constructions. 



Note 11, BucMs Froof of 2. 6. 

The angles at the hose of an isosceles triangle a/re equal to one 
another ; and if the equal sides he produced, the angles upon the 
other side of the hose shall he equal. 

Let ABC he an isosceles A, having AB^^ 40 

Produce AB, AC to DaxidE. 

Thm must L ABG^ l ACB, 

■^ and L DBC= l EOB. 
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In BD take any pt F, 

From AE cut off AG^AF. 
Join I'C and GB. 




Then in £iB AFC, AGB, 

'.' FA^GA, and AG=-AB, and z FAC=^ l GAB, 
.'. FC=GB, and i AFC^ l AGB, and l ACF^ l ABG, 



Again, •/ AF=AG, 

of which the parts AB, ACaie equal, 
.*. remainder £^» remainder CG, 

Then in L^BFC, CGB, 
V BF^CG, and FC=GB, and z J5i^(7=r z CGB, 
.'. L FBC^ L GCB, and i BCF^ i CBG, ' 

Now it has been proved that i ACF^ i ABG, 
of which the parts i BCF and z CBG are equal ; 

.'. remaining z uiOJB= remaining z -45(7. 

Also it has been proved that z P£0« z. GCB, 
^^^ ^> z i>50« z ECB. 



1.4. 



Ax. 3. 



L4. 



Ax. 8. 



^.. ^. ^. 
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Note 12. Eudi^s Froof of L 6. 

If two angUi of a triangle be equal to one another^ the 
tidee aleOf wKkh iubtend the equal anglee, ehaU he equal to 
one another. 




In A ABO let L ACB^ i ABO, 
Then imuI AB^^^AO, 
For if not, AB is either greater or less than AO, 
Suppose AB to be greater thanv^CX 
From AB cut off BB^AO, and join BO. 
Then in as BBCy ACB, 
V BB^AO, and BO is common, and z BBOc^ L AOB, 

.\ LBBC^t^AOB; L 4. 

that is, the less » the greater ; which is absurd. 
/. AB is not greater than AO, 
Similarly it may be shewn that AB is not less than AO; 

/. AB^AO. 

0.8. D. 

Note 13. EucU^e Froof of 1. 7. 

Upon the eame base and on the same eide of it, there 
cannot he two trianglee that have their eidee which are ter^ 
rrUnaJted in one extrevmty of the hose equal to one another, 
and their eidee which are terminated in the other extremity 
of the han equal aleo. 

If it be possible, on the same base AB, and on the same 
Aide of it, let there be two A s ACB, ABB, such that AO^^AB, 
And also JBC^BD. 
Join CD. 
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JHIzBt^ when the vertex of each of the ^8 is ovUid^ the 
other A (Fig. 1.) ; 

Fio.p. Fio. 1 





1.5. 



.\ L ACD^ I ADa 

Bat z ACD 18 greater than i BCD ; 

.*. L ADC is greater than i BCD ; 

much more is i BDC greater than i BCD. 

Again, ••• BC^BD, 

.-. z BDC= I BCD, 

that is, I BDC is both equal to a^d greater than i BCD ; 
which is absurd. 

Secondly, when the vertex D of one of the as fidls wUhin 
the other A (Fig. 2) ; 

Produce ^Cand AD to J^ and ^ 

Then •.• AC=AD. 

.-. I ECD^ L FDC. L 6. 

But z JTCD is greater than z jBOD ; 

.'. z ^2>0 is greater than z £0i) ; 
much more is z £2>(7 greater than i BCD, 
Again, •.• BC^BD, 

.-. z jB2)C= z BCD ; 
that is, z BDC is both equal to and greater than z jBCD ; 
which is absurd. 

Lastly^ when the vertex D of one of tb& L% ia3^ ^\\. ^ 
Bide BO of the other, it is plain tlaal BC wA Bl> ^aaccaR^ 
^ be equal ^^«^\^* 



112 £VCUD'S £LEJf£X7S. iBnta L * IL 



If fvo t r i mf fag Jkopr fwo ada of (fcc oac Ofvcl to two 
Miia of At oAer^ mek to omdk^ tami k*vt Ukanm ffcnr bases 
ejVfoI, A* ciifif wkiA u eomimimei hf &£ tao sida of tiu 
om€ BisiC &• «jMiI Id At mmfle comtmmgi if Ai too «Mk* o/ 
ttcoOcr. 





Let Uie sidn of the iis XBC. P£F be cqnlyMck toeM^ 
tint K. AB^DB, AC^DF wad BC-=^EF. 

Tim mma z BAC^ i BDF. 



Appfythe AjLBC to the i^DEF. 

80 tint ptBisoiipt.J?,aBdBCoii IZIF. 
Tben ".• BC^EF, 

.•.Cwffl coincide whliP, 
and BC win coincide with JEF. 



nen ^B and ^CTmQst coincide witli DBwbADF. 

Vat d AB woA AC hftTe a differait positioD, as GEy OF, 
tlien upon the same base and upon the aame side of it there 
ean be two as, whidi haTe their sides whidi are tenninated in 
one exlr e iniij of the boae equal, and thdr sides whidi are ter- 
iniiimtrd in the other ertnsnity <rf the base also equal : whidi 
is Impossible. L 7. 

.-. since baae BC cmnddes with base EF, 

AB most ooindde with DB, and .4C with DF; 

.'. z BACamadsA with and is eqpaii \ft l£I>¥. 
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Note 16. -4no<i«r Tmof of L 24. 

In the A 8 ABC, DEF, let AB^^BE and AQ^BFy and 
let L BAG be greater than l EDF. 
Hun must BC be greater than EF. 





Apply the A DBF to the lABC 
80 that DE coincides with AB. 

Then *.* z ^2>^ is less than z BAG, 
D^ will &11 between BA and AG, 

and F will fidl on, or above, or 6«Zot<;, jB(7. 

L If -F&Uon^O, 
£^ is less than J?(7 ; 
.-. £F is less than fa 

IL UFMiahoveBG, 

BF, FA together are less than 

BG, GA, 
BXkdFA^GA; 

.*.jB^ is less than jBC; 

.'. EF is less than BG. 





UL UFtBiUhehwBG, 
let AF cut BG in 0. 



Then BO, OF together are greater than BF, I. 20. 

and Oa AO AG; I. 20. 

.\BG,AF. f^, -40 together, 

and AF^AGy 
.\ BCia greater than BF \ 
and . •. EF' ia less than BC. ^ ^•^' 

AM, 8 
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Note 16. Eudid^s Proof of I. 26. 

If tfoo triangles have two angles of the one equal to two angles 
of the other, each to each, and one side equal to one side, 
viz., either the sides adjacent to the equal angles, or the sides 
opposite to equal angles in each ; then shall the other sides be 
equal, each to each ; and also the third angle of the one to the 
third angle of the other. 





IT 3" 

In A s ABC, DEF, 
Let I ABC = L DEF, and i ACB = i DFE; 
and first. 
Let the sides adjacent to the equal z s in each be equal, 

that is, let BC=^EF. 
Then must AB^DE, and AC^DF, and i BAG =» i EDF. 

For if AB be not^DE, one of them must be the greater. 
Let AB be the greater, and make GB=DE, and join GC. 

Then in A s GBC, DEF, 
V GB=DE, and BC=EF, and i GBC = i DEF, 

,\ L GCB-=^ i. DFE, 14. 

But I ACB= L DFE by hypothesis ; 

.-. L GCB^ L ACB ; 
that is, the less &= the greater, which is impossible. 
.*. AB is not greater than DE, 

In the same way it may be shewn that AB is not less than 

DE\ 

.-. AB^DE, 

Then in As ABC, DEF, 

'.'AB=^DE, and BC=EF, and l ABC=- lD^I?, 

.; AC==nF, and l BAC^ l EDF. ^. ^« 
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JTex^ let the Bides which are opposite to equal angles in each 
triangle be equal, viz., AB=DE. 

TKen mvst AC^DF, and BC'^EF, and i BAG = l EDF. 





For if BC be not^s^jP, let BC be the greater, and make 
BH=^EF, and join AH. 

Then in A s ABH, DEF, 

V AB^DE, and BH=EF, and i ABH= l DEF, 

.-. z AHB= L JDFE, L 4. 

Bat I ACB = I DFEy by hypothesis, 

.-. L AHB = ^ ACB ; 
that is, the exterior z of A AHC is equal to the interior and 
opposite z ACB, which is impossible. 

.*. BC is not greater than EF, 

In the same way it may be shewn that BC is not less than 

EF; 

.-. BC=EF. 

Then in i^s ABC, DEF, 

V AB^DE, and BC^EF, and i ABC= l DEF, 

.\ AC=DF, and z BAC= l EDF. I. 4 



Q. B. D. 
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IfiioeCcM M wit ^BervwGf oi» Boob J. omA II» 

1. J^ and CD are eqoal statdght linesy biseetiiig one anoiher 
at right aoj^ea. Shew that ACBD is a sqiiaie. 

2. From a pcnnt in the side of a parallelognni draw a line 
dividing the parallelogram into two equal parts. 

3. Draw through a p<nn^ tying between two fines tbat 
intersect, a line terminated hj tJie given linesy snd bisected in 
the given points 

4. Thesqoaieon thehypotennseaf anisoscdes ri^it-an^ed 
trisngle is eqoal to foor times the sqoare on the perpendicular 
from the right an^ on the hypotennse. 

6. Describe a rfaombnsy which shall be equal to a g^ven 
triangle, and have each of its sides equal to one side of the 
trian^ 

6. Shew bow to describe a square, when the differanoe 
between the lengUis of a diagonal and a side is ^ven. 

7. Two rings slide on two straight fines, which intersect at 
right an^es in a point 0, and are connected by an inextensible 
string passing round a peg fixed at that pcnntb Shew that the 
rings win be nearest to each other when they are equidistant 
from 0. 

8. ABCD is a parallelogram, whose diagonals AC^ BD in- 
tersect in ; shew that if the parallelograms AOBPy DOGQ 
be completed, the straight line joining P and Q passes through 
0. 

9. ABCD, EBCF are two parallelograms on the same base 
B(7, and so situated that CF passes through A. nScask DF, 
and produce it to meet BE produced in Ki join FB, and 
prove that the triangle FAB equab the triangle FEK* 

10. The alternate sides of a polygon are produced to meet ; 
shew that aU the angles'at their points of intersection together 
with four right angles are equal to aU the interior angles of 
tbepofygaxL 

IL Shew tbat the perimeter of a rec^aii^<& \& «\:«v^ ^g^n^tot 
^hma tbat of the equBie equal to ibe TectoBiiigy<^ 
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\%, Shew that the opposite sides of an equiangular hexagon 
are parallely though they be not equal ; and that any two sides 
that aie adjacent aie together eqtud to the two which are 
paraUeL 

13. If two equal straight lines intersect eaeh other anywhere 
at light angles, shew that the area of the quadrilateral formed 
by joining their extremities is inrariable, and equal to one-half 
the square on either line. 

14. Two triangles AQB, ADB are construoted on the same 
nde of the same base AB. Shew that if AO'^BD and 
AD'^BO, then CD is parallel to .iJB ; but if AC'^BO and 
Al>*^BDf then CD is perpendicular to AB, 

15. AB is the hypotenuse of a right-angled triangle ABC: 
find a point D in iLB, such that DB may be equal to the pei^ 
pendicular from D on AC, 

16. Find the locus of the rertioes of triangles of equal area 
on the same base. 

17. Shew that the perimeter of an isosceles triangle is less 
than that of any triangle of equal area on the same base. 

18b If each of the equal angles of an isosceles triangle be 
equal to one-fourth the rertical angle, and from one of ^em a 
perpendicular be drawn to the base, meeting the opposite side 
produced, then will the part produced, the perpendicular, and 
the remaining side, form an equilateral triangle. 

19. If a straight line terminated by the sides of a triangle 
be bisected, shew that no other line terminated by the same 
two sides can be bisected in the same point. 

20. From a giyen point draw to two parallel straight lines 
two equal straight lines at right angles to each other. 

21. Oiren the lengths of the two diagonals of a rhombus, con- 
struct it. 

22. ABCD is a quadrilateral figure : construct a triangle 
whose base shall be in the line AB, such that its altitude shall 
be equal to a giren line, and its area equal to that of the 
quadrilateraL 

23. If ABC be a triangle in which is a right angle, 
shew how to dnw a straight line paxsbilel \o «i \gcq«^^^3KiSi£ci^k 

line, aoaa to he terminated by OA ond OB «sA\sanc^i^^s^ 
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24. If ABO be a triangle, in which is a right angle, and 
DE be drawn firom a point J) in AO at right angles to AB^ 
prore that the rectangles AB^ AE and AC, AD are equal 

25. A line is drawn bisecting parallelograni ABCD, and 
meeting AD, BOmEmdF: shew that the triangles EBF, 
CED are eqnaL 

26. Upon the hypotennse BO and the sides OA, AB of a 
right-angled triangle ABO, squares BDEO, AF and AG are 
described : shew that the squares on DG and EF are together 
equal to fire times the square on BO. 

27. If from the rertical angle of a triangle three straight 
lines be drawn, one bisecting the angle, the second bisecting 
the base, and the third perpendicular to the base, shew that 
the first lies, both in position and magnitude, between the 
other two. 

28. If ABO be a triangle, whose angle ^ is a right angle, 
and BEf CF be drawn bisecting the opposite sides respectirely, 
shew that four times the sum of the squares on BE and OF is 
equal to five times the square on BO, 

29. Let ACB, ADB be two right-angled triangles having 
a common hypotenuse AB, Join CD and on CD produced 
both ways draw perpendiculars AE, BF, Shew that the sum 
of the squares on OE and CF is equal to the sum of the squares 
on DE and DF, 

30. In the base AO of a triangle take any point D : bisect 
ADy DO, AB, BO at the points E, F, G, JET respectively. 
Shew that EG is equal and parallel to FS, 

31. If AD be drawn from the vertex of an isosceles triangle 
ABO to a point D in the base, shew that the rectangle BD, DO 
is equal to the difference between the squares on AB and AD, 

32. If in the sides of a square four points be taken at equal 
distances from the four angular points taken in order, the 
figure contained by the straight lines, which join them, shall 
also be a square. 

SS, If perpen^culam AP, BQ, OB be drawn from the 
MJ^Jar points of a triangle .ABO upon ^<& «uiea^ ^^^'v VS&aSd 
kr will bisect the angles of the triang^Le PQK 
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34. If of the four triangles, into which the disgonali divide 
a quadrilateral, anj two opposite ones are equal, the qnadrilA- 
teml Is a trapeiiam. 

39. ABCD, AECF are two parallelograms, EA, AD being 
in a straight line. Let FO, drawn parallel to AC^ meet BA 
produced in G* Then the triangle ABE equals the triangle 
ADG. 

38. From AC, the diagonal of a square ABCD, out off AB 
equal to one-fourth of AC, and join BB^ DE. Shew that the 
figure BADE is equal to twice the square on AE. 

37. If J^Obe a triangle, with the angles at Band (7 each 
doable of the angle at A, prore that the square on ^B ii 
equal to the square on BO together with the rectangle AB, 
BC 

38. If two sides of a quadrilateral be parallel, the triangle 
contained by either of the other sides and the two straight 
lines drawn from its extremities to the middle point of the 
opposite side is half the quadrilateral 

89. If two opposite angles of a quadrilateral be right angles, 
the angles subtended by either side at the two opposite angular 
points will be equal 

40. If the sides of a triangle taken in order be produced to 
twice their original lengths, and the outer extremities be 
Joined, the triangle so formed will be seren times the original 
triangle. 

41. If one of the acute angles of a right-angled isosceles 
triangle be bisected, the opposite side will be divided by the 
bisecting line into two parts, such that the square on one will 
be double of the square on the other. 

42. ABO is a triangle, right-angled at B, and BD is drawn 
perpendicular to the base, and is produced to E until ECB is 
a ri^iht angle ; prove that the square on BO Ib equal to the sum 
of the rectangles AD, DO and BD, DE. 

48. Shew that the sum of the squares on two lines is greater 
than twice the rectangle contained by the ^«&« 

44, In any triangle the sum of the aqviaxe^ on VSck^ %\!«£isj!c^k 
UneB, dnwn torn the angles to the middVe ^vdXa ^"^ ^^ 
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oppoBte ado^ k equal to flme-fijaida cC Ike flon of the 
■gmwi on the adei of the trimgifi, 

45. If n^ mmLber of pealklogzami be eomtnicted baring 
their ndea of gmn length, ihew that Ihe aom of the aqoaies 
on the diagonak of eadi win be the aame. 

46L .lB(a>iiaiig^it<ae^paiaIMngnaii,andAgiidoQble 
q£ BC; on AB an eqnihtfral triangle it conafancted; ahew 
tJMt iti aw wffl be laa than that of the pafalMngnan, 

47. A point it taken within a fziaa^ ABC; andi thai the 
ang^ BOC, COA, AOB aie eqoal ; prove that the aqoaies on 
BCf CAf AB aie together eqnal to the rpctangbn wmtained by 
OB, OC; OC, OA; OAj OB; and twice the amn of the 
aqoarca on OA, OB, OC. 

4& In anj qoadiibtenl the aqoazea on the fiagonak to- 
gBther eqoal foor times the aom of the aqoarca on the lina 
joimng the middk points <tf opposite sides. 

49. If a stoi^ line be dtrided into three psiti^ the aqnare 
on the whole line k eqoal to the som 61 the sqoares on the parts 
together with twice the rectan^ contained by eadi two of the 
parts. 

50l Giyen one side of a rectangle whidi k eqoal in ana to a 
^en sqoaie, find the other side. 

5L AB^ AC tan the two eqoal sides of an iaoeodestriang^ ; 
from Bf BD k drawn perpendicokr to AC, meetang it in D ; 
shew that the sqoaze on BD k greater than the sqoaie on CD 
by twice the rectang^ AD, CD. 

55L Assoming that in any trian|^ ABC, the fines drawn 
from the angolar points, to the middle points of the opposite 
sides meet in a point G, shew that three times the som of the 
sqoares on AG, BG, CG k eqoal to the som of the sqaares 
on BC, CA, AR 



BOOK III. 



Postulate. 

A FOivT is within, or without, a circle, according as its 
fiiftfff^^ from the centre is less, or greater than, the radios of 
theciide. 

Dxr. L A straight line, as PQ, drawn so as to cat a drcle 
ABOJDf is called a Sigakt. 




That sach a line can only meet the drcnmferenoe in two 
points maj be shewn thus : 

Some point within the circle is the centre ; let this be 0. 
Join OA. Then (Ex. 1, i. 16) we can draw one, and only one, 
straight line fron^ 0, to meet the straight line PQ, sudi that 
it shall be eqoal to OA. Let this line be OC, Then A and 
C are the only points in PQ, which axe on \)[i<^ ^cksoxdI^^^^^^ 
of the drcle, 

B. X. II. 
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Def. U. The portion ^(7 of the secant PQ» intercepted by 
the circle, is called a Chord. 

Def. III. The two portions, into which a chord divides 
the circumference, as ABG and ADC, are called Arcs. 




Def. IV. The two figures into which a chord divides the circle, 
as ABC and ADQy that is, the figures, of which the boun- 
daries are respectively the arc ABC and the chord -4(7, and 
the arc ADG and the chord JLC, are called Segments of the 
circle. 

Def. V. The figure AOCD, whose boundaries are two radii 
and the arc intercepted by them, is called a Sector. 

Def. VI. A circle is said to be described about a rectilinear 
figure, when the circumference passes through each of the 
angular points of the figure. 




' nd the Bgare is said to be inscribed m V>Dkft ca^^. 



m.] 



pj^oros/r/o.v /, 



la; 



Pbofobittos L Thborex . 
Tlu lime^ wkiA hitetit a t^ard of a circU at right angUs^ 




Let JBCbethes^Ten 0. 

Lei tlie st line C£ bisect the chord AB at rt anglei in IX 

» 

T%m 0^ centre o/ ft« mud lie in CE. 

For if not, let 0, a pt. oat of CE, be the centre ; 
and join OA, OD, OB. 

Then, in as ODA, ODB, 
\' AD « BD, and DO is common, and OA^OB\ 

.-. I ODA = I ODB ; I. c. 

and .-. I ODB is a right i . L Defl 9 

Bat L CDB is a right i , by constraction ; 

.*. z ODB » z CDB, which is impossible ; 

.*. is not the centre. 

Thas it may be shewn that no point, oat of CE, can be the 
centre, and .*. the centre mast lie in CE, 

Cor, J[f the chord CB be bisedei in P, Uvea E >* ^ «x^Vt^ 
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VwOfOBTKfS U. 



^ Jta^ Umt, mkiik puu Oum, wmM fiU «ilit» Ou 




Lei^aadBlieaiijtmplLmtfaeOeecClkBe ABCi 

Them wf fftc it Ihm ABfM wiOtm A* e. 

Hike aDj pt D in the fine AR 

FindOtfaeeentie<tftfae 3. HL 1, Cm: 

Join 0^, OA OK 
Thtsk *.* z OJLB = L ORS^ L a. 

and z QDB is gmter than z OXB; L 16. 

.*. z ODB is greater than z OfiLl ; 
and /. OB if greater than OD. L 19. 

.% the diitanee of D from O k les than the ndins of the 0y 
and .'. D fiea within the ©. Port. 

Jlod the Mme maj be diewn of aDj other pi. in AR 
/. AB fiea entirdj within the ©. 
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Pbopobitiok III. Thborem. 

If a ttraight Une, drawn (hrough the centre of a eirde, bisect 
a chord of the circle, which does not pass through the centre, it 
fMut cfUitat right angles : and conversely , if itcutU at right 
angles f it must bisect it. 




In the ABC, let the chord AB, which does not pass 
through the centre 0, be bisected in ^ by the diameter CD. 

Then must CD be ^ to AB. 

Join OA, OB. 
Then in a s AEO, BED, 
V AE'^BE, and EG IB common, and OA^OB^ 



I. a 
L Def: 9. 



/. L OEA^ I OEB. 
Hence OE is x to AB^ 
that is, OD is X to AB. 

Next let CD be X to AB. 

Then must CD bisect AB. 

For '.* OA^OB, and OE is common, 
in the right-angled A s AEO, BEO, 

.\ AE^BE^ 
that is, CD bisects AB. 

Ex. 1. ^ew that, if CD does not cut AB at right angles, 
it cannot bisect it 

Ex. 2. A line^ which bisects two parallel chords in a circle^ 
is also peipeDdicalar to them. 

Ex. 3. Through a given point within a c\id"fc, -^VvSa.'^ x^i^ 
tiie centre, draw a chord which shall be "biae^^UidL m>i)DS>X.\««& 



I. B. Cor. p. 43. 

Q. S. D. 
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Proposition IV. Thborem. 

If in a circle two chords, which do not both pass ih/nyagh the 
centre, cut one another, they do not bisect each other. 




Let the chords AB, CD, which do not' both pass through the 
centre^ cut one another, in the pt. ^, in the © ACBD. 

Then AB, CD do not bisect each other. 

If one of them pass through the centre, it is plainly not 
bisected by the other, which does not pass through the centre. 

But if neither pass through the centre, let, if it be possible, 
AE^EB and CE^ED ; find the centre 0, and join OE. 

Then *.* OE, passing through the centre, bisects AB, 

.-. z OEA is a rt. z . III. 3. 

And *.* OE, passing through the centre, bisects CD, 

.\ I DEC is a rt. z ; m. 3. 

.% z OEA=i 0^(7, which is impossible ; 
.*. AB, CD do not bisect each other. q. e. D. 

Ex. 1. Shew that the locus of the points of bisection of all 
parallel chords of a circle is a straight line. 

Ex. 2. Shew that no parallelogram, except those which are 
rvctanguhr, can be inscribed in a circle. 



m.] PROPOSITION V. 127 



Proposition Y. Theorem. 
If (too mdu ciiX one another, tJiey cannot hone the same centre. 




If it be possible, let be the common centre of the 0s 
ABC, ADC, which cat one another in the pts. A and C. 

Join OA, and draw OEF meeting the 08 in ^ and F, 
Then -.* is the centre of © ABC, 

.\OE=OAi I.Def. 13. 

and '•* is the centre of © ABC, 

/. OF=OA ; I. Def. 13. 

.*. 0E= OF, which is impossible ; 
•'. is not the common centre. 

Q. E. D. 

Ex. Two circles, whose centres are A and B, intersect in 
C ; through C two chords DCE, FCG are drawn equally in- 
clined to AB and terminated by the circles : prove that DE 
and FG are equal 

Note. Circles which have the same centre are called dm- 
centric 



128 EUCLID'S ELEMENTS. [Book in. 

Note 1. On the Contact of Owdes, 

Dbf. VII. Circles are said to touch each other, which meet 
but do not cut each other. 

One circle is said to touch another intemcdly, when one 
point of the circumference of the former lies on, and no point 
without, the circumference of the other. 

Hence for internal contact one circle must be smaller than 
the other. 

Two circles are said to touch extemallyy when one point of 
the circumference of the one lies on, and no point within the 
circumference of the other. 

N,B. No restriction is placed by these definitions on the 
number of points of contact, and it is not till we reach Prop. 
XIII. that we prove that there can be hut one point of contcicL 
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Proposition VI. Theorem. 

If one cvrde Umch cmother intemdUy, they cannot heme the 
scuneeenh'e. 




Let © ADE touch ABC internally, 

and let ^ be a point of contact 
Then some point E in the Oce ADE lies toithin ABC, 

Def. 7. 
If it be possible, let be the common centre of the two s. 
Join OA, and draw DEC, meeting the Oces in E and 0. 
Then •/ is the the centre of ABC, 

r.OA^OG; I. Def. 13. 

and '.' is the centre of ADE, 

.\OA=OE, I. Def. 13. 

Hence OE^^OC, which is impossible ; 

.*. is not the common centre of the two s. 

Q. E. D. 



10 
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Proposition VII. Theorem. 

If from any point wiihin a circle, which is not the centre, 
straight lines be drawn to the circumference, the greatest of ihesC' 
lin^s is ikaJt which pa>sses ih/rough the centre. 




Let ABC be a 0, of which is the centre. 

From F, any pt. within the © , draw the st. line PA, pass- 
ing through and meeting the Oce in ^. 

Then must PA he greaier than any other st, line, 
d/r awn from P to the Oce, 

¥oT let PB be any other st. line, drawn from P to meet the 
Oce in B, and join BO, 

Then •.• AO^BO, 

.\ ^P=sum of BO and OP. 

But the sum of BO and OP is greater than BP, L 20. 

and .*. AP is greater than BP, q. e. d. 

Ex. 1. If AP be produced to meet the circumference in 
D, shew that PD is less than any other straight line that can 
be drawn from P to the circumference. 

Ex. 2. Shew that PB continually decreases, as B passes 
Iroin A to D, 

-Er. 3, Shew that two 8traaglit^eB,\i\x^TLQ\.VJsafc^^^(5os^ 
" equal, can be drawn from P to tVie ckcvxxQSfitcii^^ 
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Proposition VIII. Thsoreic. 

If from any paint without a circle itrcnght lines be drawn to 
ihe cirewmferenee, the least of these lines is (hat which^ when pro- 
duced, passes through (he centre, and (he greaiest is that which 
fosses through the centre. 




Let ABC be a 0, of which is the centre. 
From P any pt. outside the 0^ draw the st line PAOC, 
Meeting the Oce in ^ and 0. 

Then must PA be less, and PC greater, than any other st, line 

dra/wnfrom P to the Oce. 

For let PB be any other st. line drawn from P to meet the 
Oce in JB, and join BO. 
Then •.' sum of PB and BO is greater than OP, L 20- 

.'. sum of PB and BO is greater than sum oi AP and AO. 

But-BO=^0; 

.'. PJBis greater than AP, 
Again *.' PB is less than the sum of PO, OB, 
:, PB is less than the sum of PO, OC ; 
.-. PB is less than PC, 

Ex. 1. Shew that PB continually increases as B passes 
from ^ to 0. 

Ex. 2. Shew that from P two straight lines, but not three, 
that shall be equal, can be drawn to the circumference. 

Note. From Props, vii. and viii. we deduce the follo^va% 
CoTollaxy, which we shall use in tbe piooi oi'Ptcr^^. "xx» ^sA^aax. 
Cob. If a point he taken, wiikiu or mtliout a cwd«., ^1 oX 
gira/iglU lines drawn from it to like circawf ereYvca, iT^e. ^twj^**^ 
^Ai^ which meets the circumference after pcLSsiug.iKxougK 1>^ ^ 



L20. 



Q. E. D. 
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Proposition IX. Theorem. 

If a point be taken within a circle, from wkich iherefaU more 
ihan two equal straight lines to the drcfwmferencey thai point is 
ihe centre of the drcU, 




Let be a pt. in the ABC from which more than two st. 
lines OA, OB, OC, drawn to the Oce, are equal 

Then must he the cerUre ofthe®. 

Join AB, BC, and draw OD, OH A. to AB, BC. 
Then •/ OA = OB, and OD is commoiiy 
in the right-angled A s AOD, BOD, 

.'. AD=DB ; L B- Cor. p. 43. 

.*. the centre of the © is in DO. UL 1. 

Similarly it may be shown that 

the centre of the is EG ; 

.*. is the centre of the 0. 

, (^ B. D. 
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Proposition X. Theoreh. 

Two cvrdes cannot home more than two points common to 
hoihf without coinciding entirely. 




If it be possible, let ABC and ADE be two b which have 
more than two pts. in common, as A, B, C. 

Join AB, BC. 

Then *.* AB is a chord of each circle, 

.'. the centre of each circle lies in the straight line, which 
bisects AB at right angles ; III. 1. 

and *.' BG is a chord of each circle, 

.*. the centre of each circle lies in the straight line, which 
bisects BC at right angles. III. 1. 

.*. the centre of each circle is the point, in which the two 
straight lines, which bisect AB and BC at right angles, meet. 

.'. the ©s ABC, ADE have a common centre, which is 
impossible ; III. 5 and 6. 

.*. two ©s cannot have more than two pts. common to both. 

Q. B. D. 

Note. We here insert two Propositions, EucL iii. 25 and 
IV. 5, which axe closely connected wil\i ^"wst^ioa \, ^scl^3- ^ 
thh book. The learner should compaiem\5a. >3mSi ^ii«tfs«\.^ 
the subject the note on Lod, p. 103. 
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Proposition A. Problem. (Eucl. iii. 25.) 

An cure of a circle being given, to complete ike circle of which 
it 18 a part. 




Let ABC be the given ara 

It is reqwked to complete the of which ABC is a part 

Take B, any pt. in arc ABC, and join AB, BC, 

From D and E, the middle pts. of AB and BC, 

draw DO, EO, ± s to AB, BC, meeting in 0. 

Then '.* AB is to be a chord of the ©^ 

.*. centre of the lies in DO ; IIL 1. 

and *.' BC is to be a chord of the 0, 

.*. centre of the lies in EO. III. 1. 

Hence is the centre of the of which ABC is an arc, 
and if a be described, with centre and radius OA, this 
will be the required. 

Q. E. F. 
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Propositiom K Problkm. (EucL iy. 5.) 
To describe a circle about a given triangle. 




Let ABC be the given L . 

ItU required to describe a abouiiihe A. 

From D and E;ihe middle pts. of AB and AC, draw DO, 
SO, X B to AB, ^C> and let them meet in 0. 

Then *.* AB is to be a chord of the 0, 

.*. centre of the lies in DO, III. 1. 

And '.* AC 18 to be a chord of the 0, 

.'. centre of the lies in EO. III. 1. 

Hence is the centre of the which can be described 
abont the a , and if a be described with centre and radius 
OA, this will be the required. 

Q. E. F. 

Ex. 1. If BAC be a right angle, shew that will coincide 
with the middle point of BC 

Ex, 2. If BAG be an obtuse angle, ^\ie^ ^Ofc^aJ^ O ^^cC^ ^s2S 
on the side of BC remote from A. 
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Proposition XI. Theorem. 

If one circle touch another internally at any point, the 
centre of the interior circle must lie in thai radius of the 
oUier circle which passes through that point of contact. 




Let the © ADE touch the © ABC internally, and let A be 
a pt. of contact. 

Find the centre of © ABC, and join OA, 

Then must the centre of © ADE lie in the radius OA. 

For if not, let P be the centre of © ADE, 

Join OF, and produce it to meet the Oces in i> and B, 

Then '.' P is the centre of © ADE, and from are drawn 
to the Oce of ADE the st. lines OA, OD, of which OD passes 
through P, 

.'. OD is greater than OA. III. 8, Cor. 

But OA = OB; 

,', OD is greater than OB, 

which is impossible. 

.'. the centre of © ADE is not out of the radius OA. 

.*. it lies in OA, 
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Proposition XIL Theorem. 



Ij tvH) circles touch one another extemaUy aJt any point, (he 
^Taight line joining the centre of one with that point of contact 
nitut when produced pass through the centre of the other. 




Let ABC touch © ADE externally at the pt A. 
Let be the centre of © ABC, 
Join OAy and produce it to E. 

Then must the centre of © ADE lie in AE, 

For if not, let P be the centre of © ADE, 

Join OP meeting the ©s in 5, D ; and join AP. 
Then vOB= OAy 
and PD^APy 
,\ OB and PD together=0^ and AP together ; 
.'. OP is not less than OA and AP together. 
But OP is less than OA and AP together, I. 20. 

which is impossible ; 

.'. the centre of © ADE cannot lie out of AE. 

Q. E. D. 

Ex. Three circles touch one another externally, whose 
cBDtres are A, B, C, Shew that the dVScteii'Cfc \i^\»^%K^ .^^ 
nnd Ada half as great as the diffexeiice "Vi^^^^ca. ^<i ^assss^^^ss^ 
>ftbe circlea, whose centres are B and C. 
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Proposition XIJI. Thborkm. 

(hu drde cannot touch another at utore points than am 
whether it touch it internally or externally. 

YrxA let the j4D^ toudi the ABC tntemaUy at pt ^ 
Then ihere etui be no other point ofconiaeL 




Take the centre of ABG 
Then P, the centre of ADE, lies in OA. UL 11 

Take any pt. j& in the Qce of the AJDE, and join OE. 

Then *.' from 0, a pt. within or without the ADE, tw 
lines OAf OE are drawn to the Qce, of which OA passe 
throngh the centre Fy 

.'. OA IB greater than OEy UL 8, Coi 

and /. j& is a point toithin the ABC. Posi 

Similarly it may be shewn that every pt of the Qce of th 
© ADEy except A, lies toithin the ABG ; 

.% A ia the odIj point at wVm^ ^<& (s)^TCk»eXK 
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Next, let the ©8 ABG^ ADE touch externally at the pt. A, 
Then there can be no other point of contact. 




Take the centre of the ABO. 

Then Py the centre of the ADE, lies in OA produced. 

IIL12. 

Take any pt. D in the Qce otike ® ADE, and join OD, 

Then '.* from 0, a pt. without the ADE, two lines OA, 

OD are drawn to tiie o<^) 0^ which OA when produced passes 

throu^ the centre P, 

.*. OD is greater than OA ; III. 8. 

.*. D is a point without the ABC, Post. 

Similarly, it may be shewn that every pt. of the Qce of 
ADE, except A, lies without the ABC ; 

.'. ^ is the only point at which the s meet. 

Q. E. D. 

Dbp. VIII. The DISTANCE of a chord from the centre is 
measured by the length of the perpendicular drawn from the 
centre to the chord. 
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Proposition XTV. Theoreic. 

Hqnal chords in a circle a/re equally distant from the centre 
and conversely y those which a/re equally distant from the centri 
are equal to one another. 




Let the chords AB, CD in the ABDC be equal 

Then must AB and CD be equally distant from the centre O 

Draw OP and OQ ± to ^5 and CD ; and join AO, CO. 
Then P and § are the middle pts. of AB and CD : III. 3 

and •/ AB=^CD, /. AP=CQ, 
Then •/ AP=CQ, and AO=CO, 
in the right-angled as AOPy COQ, 

,'. OP=OQ; Le. Cor. p. 43. 

and .'. AB and CD are equally distant from 0. Del 8. 

Next, let AB and CD be equally distant from 0. 

Thm must AB=CD, 

For V OF=OQ, and AO=CO, 
in the right-angled as AOF^ COQ, 

,\AP=CQ, I. E.Cor. 

md ,', AB=CD, 

Q, E. D. 

Ex. In a circle, whose diameter is 10 inches, a chord i£ 
dnwn, which is 8 inches long, li anoVXiet ^iJasstd. \ife dtawn^ a1 
a distance of 3 inches firom tie centre, ^e^ ^\ifeV>aEt V\»Sa ^n^ 
^^ not to the formeT. 
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Proposition XV. Theorem. 

THa diameter is the greatest chord in a circle^ and of all others 
thai which is nearer to the centre is always greater than one 
*nor6 remote; and the greakr is nearer to the cenire than the 
less. 




Let AB be a diameter of the qABDC, whose centre is 0, 
and let CD be any other chord, not a diameter, in the'©, 
nearer to the centre than the chord EF. 

Then must AB be greater than CD, and CD greater than EF, 
Draw OPy 0Q± to CD and EF ; and join OC, OD, OE, 

Then •. • ^0= CO, and 05= OD^ I. Def. J3. 
.-. 4jB=8um of CO and OjD, 
and .*. AB is greater than CD. I. 20. 

Again, *.* CD is nearer to the centre than EF, 

.-. OP is less than OQ, Def. 8. 

Now %• sq. on 00= sq. on OE, 
,\ sum of sqq. on OP, PC = sum of sqq on OQ, QE. I. 47. 
But sq. on OP is less than sq. on OQ ; 
.*. sq. on PC is greater than sq. on QE ; 
.'. PC is greater than QE ; 
and .*. CD is greater than EF, 
Next, let CD be greater than EF, 
Then must CD he neajrer to tlie ceTitre \liau "EE » 
For •.• CD is greater \3iaTi EE^ 
.*. PC is greater tiiaxi QE. 
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Now the sum of sqq. on OP, P(7=suin of sqq. on OQ, QE. 
But sq. on PC is greater than sq. on QE ; 
.*. sq. on OP is less than sq. on OQ ; 
.-. OP is less than OQ ; ' 
and .*. CD ia nearer to tfa^ centre than EF, 

Q, E. D. 

Ex. 1. Draw a chord of given length in a given circle, which 
shall be bisected by a given chord. 

Ex. 2. If two isosceles triangles be of equal altitude, and 
the sides of one be equal to the sides of the other, shew that 
their bases must be equal 

Ex. 3. Any two chords of a circle, which cut a diameter in 
the same point and at equal angles, are equal to one another. 

Def. IX. A straight line %$ said to be a Tangent to, or to 
touch, a Gvrde, when it meets cmd, being produced, does not cut 
the circle. 

From this definition it follows that the tangent meets the 
circle in one point only, for if it met the circle in two points 
it would cut the circle, since the line joining two points in the 
circumference is, being produced, a secant. (IIL 2.) 

Def. X. If from any point in a circle a Hne be drawn at 
right angles to the tangent at that point, the line is called a 
Normal to the circle at that point. 

Def. XL A rectilinear figure is said to be described about a 
circle, when each side of the figure touches the circle. 




AMd the circle is said to be inscribed m >i>aa ^^^. 
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Proposition XVL Theorem. 

T\yt straight line draum (U right angles to the diameter of a 
MUyfrcm the extremity ofit^isa taaigent to the circU. 




Let ABC be a 0y of which the centre is 0, and the diameter 
AOB. 

Through B draw DE at right angles to AOB. L 11. 

Then must DE he a tangent to the®. 

Take any point P in DE, and join OP, 

Then, •.• z OBP is a right angle, 

.*. z OPB is less than a right angle, I. 17. 

and .*. OP is greater than OB, I. 19. 

Hence P is a point without the © ABC, Post. 

In the same way it may be shewn that every point in DEj 
or DE produced in either direction, except tie point J5, lies 
without the © ; 



.*. DE is a tangent to the © . 



Def. 9. 



^"EK^i. 
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Proposition XVII. Problem. 

To drcm a straight line from a given point, either with 
or ON the cvrcvmference, which shall touch a given circle. 




Let A be the given pt., without the BCD. 
Take the centre of © BCD, and join OA. 
Bisect OA in JS, and with centre E and radius BO desc 
% © ABODy cutting the given © in jB and D. 

Jovn ABf AD. These are tangents to the 0) BCD. 

join jBO, be. 

TOien •.• OE-=BE, .\ l OBE^ l BOE ; ] 

.-. z ^J57jB= twice z OjB^ ; I. 

and •.• AE=BE, .*. z ^jB^= z J5^^ ; ] 

.-. z 0^5 = twice z ABE ; I. 

.-. sum ofzs AEB, OEB=twicQ sum ofzs OBE, A 

that is, two right angles = twice z OjB^ ; 

.*. z OjB^ is a right angle, 
and .*. AB is a tangent to the © BCD. Ill 
Similarly it may be shewn that AD is a tangent to © £ 
Next, let the given pt. be on the Qce of the © , as jB. 
Then, if BA be drawn J_ to the radius OB, 

BA is a tangent to the © at B. lU 

Q. E. 

Ex. 1. Shew that the two tangents, drawn from a point 7 
out the circumference to a circle, are equal 

Ex. 2.1f& quadrilateral ABCD "be de&cf^^ ^Jow\l «. ci 
Bhew that the sum of AB and CD is ec^sX Vi ^i5tta ^vrca. q 
and BD, 
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Pboposition XYIII. Theorkk. 

If a straight line touch a cirde, the straight line drawn from 
^ centre to the point of contact rnvst be perpendicular to the 
UneUmching thecirde. 




Let the st. line DE touch the © ABC in the pt. C. 
Find the centre, and join 00. 

Then nvust OCbei.to DE. 

For if it he not, draw OBF± to DE, meeting the Oce in B. 

Then •/ z OFC is a rt. angle, 

•*. z OCF is less than a rt angle, I. 17. 

and .'. OC is greater than OF. I. 19. 

But 00= 0J5, 

.'. OB is greater than OF, which is impossible ; 

.'. OF is not X to DE, and in the same way it may be 
shewn that no other line drawn from 0, but 00, is x to DE ; 

.-. 00 is X to D-&. 

Q. E. D. 

Ex. If two straight lines intersect, the centres of all circles 
touched by both lines lie in two lines at right angles to each 
other. 

NoTJB. Prop, xviii. might be stated t\ms •.— AU xoAs^ o^ a 
c^v^ are normals to the circle at the poinU loKere tKfe'y WAeX ^^^va 
circumference, 

11 
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Pbopositioh yiY. Thboreie. 

If a gtraight line tov>eh a circU, and from the point of eonr 
UuA a gtraight line be drawn ai right angles to the touching line, 
the centre of the circle must be in that line. 




Let the st line DE touch the ABC at the pt. C, and 
from Olet CA he drawnxto D^. 

Then miLst the centre of (he® be in CA, 

For if not, let J" be the centre, and join FC, 

Then *.* DCE touches the 0, and FC is drawn from centre 
to pt of contact, 

.-. JL FCE is a rt. angle. IIL 18. 

But I ACE is a rt angle. 

.*. L FCE = L ACE, which is impossible. 

In the same way it may be shewn that no pt out of CA 
can be the centre of the ; 

.'. the centre of the lies in CA, 

Q.B. D. 

Ex. Two concentric circles being described, if a chord of 
the greater touch the less, the parts of the chord^ intercepted 
between the two circles, are equal. 

•N'oTE. Prop, XIX. might "be stated Vtoa\— IBrow^ iMynMiy.VA 
a circle passes th/rcmgh the centre. 
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Proposition XX. Thsorem. 

TKe angle ai the centre of a circle is double of the angle ai the 
circwmfertncey tuhtended by the eame are. 

Let ABC be a ©, the centre, 
BC any aic, A any pt. in the Oce. 

Then muet iBOC^ twice l BA C. 

FiiBt^ rappoee to be in one of the lines containing the 
lBAC. 




Then •/ OA = 0(7, 

.'. L OCA ^ I GAG ', 

.•• sum of z 8 OCil, OulO«twicez GAG, 

But I BOG = Bum of z s OCA, GAG, 

.'. I BOG ==^ twice I GAG. 

that is, z BOG - twice z BAG. 



I. A. 



1.32. 
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Next, suppose to be within (fig 1), or without (fig. 2) the 
lBAG. 




Join AO^ and produce it to meet the Oce in D. 

Then, as in the first case, 

L COB = twice I CAD, 

and z 50D » twice z BAD ; 

/., fig. 1, sum of z s COD, BOD = twice sum of z s CAD, 
BAD, 

that is, z BOC = twice z BAC. 

And, fig. 2, difference of z s COD, BOD = twice difference 
of z s CAD, BAD, that is, z BOC = twice z BAC. 

Q.B. D. 

Ex. 1. The centre of the circle CBBD is on the circum- 
ference of ABD, If from any point A the lines ABC and 
AED be drawn to cut the circles, the chord BE is parallel to 
CD. 

Ex. 2. From any point in a straight line, touching a circle, 

a straight line is drawn through the centre, and is terminated 

bjr the dretunference ; the angle between these two straight 

lines IB bisected by a straight line, 'wlQic\i VeAat&^cXs^ VIicl^ ^XxA^^^ht 

JIae joining their extremities. ^Yiew l\iaA» ^Jaa «si^^'\ifc\i«%«a. 

'^last two linea is half a right angle. 
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Note % On Flat and Reflex Angles. 

We have already explained (Note 3, Book L, p. 28) how 
Eaclid*s definitioii of an angle may be extended with advan- 
tage, 80 as to include the conception of an angle equal to two 
right ang^ : and we now proceed to shew how the Definition 
given in that Note may be extended, so as to embrace angles 
greater than two right angles. 




rs 



Let WQ be a straight line, and QE its continuation. 

Then, by the Definition, the angle made by WQ and QE, 
which we propose to call a Flat Angle, is equal to two right 
angles. 

Now suppose QP to be a straight line, which revolves about 
the fixed point Q, and which at first coincides with QE, 

When QP, revolving &om right to left, coincides with QW, 
it has described an angle equal to two right angles. 

When QP has continued its revolution, so as to come into 
the position indicated in the diagram, it has described an 
angle ^QP, indicated by the dotted line, greater than two 
right angles, and this we call a Reflex Angle. 

To assist the learner, we shall mark these angles with dotted 
lines in the diagrams. 

Admitting the existence of angles, equal to and greater than 
two right angles, the Proposition last proved may be extended, 
as we now proceed to shew. 
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Proposition C. Theorem. 

The angle, not less than two right a/ngles, at the centre of a 
circle is dovMe of (he angle at the circumference, subtended by 
(he same a/rc 



Flg.1. 



Pig. 2. 





In the ACBD, let the angles A OB (not less than two 
right angles) at the centre, and ADB at the circomferenoe, be 
subtended by the same arc ACB, 

Thm must i AOB^twice i ADB. 
Join DOy and produce it to meet the bxq ACBin C, 

Then \ ' L ^00= twice L ADO, III. 20. 

and z BOG= twice i BDO, HI. 20. 

.•. sum of z s AOCf BOC^twice sum of z s ADO, BDO, 
that is, z ^0£= twice z JLDB. 

Q. B. D. 

Note. In fig. 1, z AOB is drawn a flat angle, 
and in fig. 2,jlA0B is drawn a refiex angle. 

Def, XIL The angle in a segmenl ^ ^^ «si\^e ocmtained by 
two straight linea dra¥m from any pomt m VJaa «2Cft Vi ^^ ^J^-- 
—^iUea of the chord. 
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Proposition XXL Thxorxil 

TkA angUt in the same degmmt of a circle are equal to one 
anolher. 



Fig.1. 




Let BACf BDC be angles in the same segment BADC, 

Then mud iBAC-i BD C. 
Fmstf when segment BADC is greater than a semicircle. 

From 0, the centre, draw OB, 00. (Fig. 1.) 
Then, •/ 1 BOC^^twice l BAG, III. 20. 

and L BOC^twice z BDC, UL 20. 

.\iBAC= I BDC, 
Next, when segment BADC is less than a semicircle, 

Let E be the pt. of intersection of AC, DB, (Fi^r. 2.) 
Then •.• i ABE=^ l DCE, by the first case, 

and z BEA=^ l CED, I. 15. 

.-. L EAB^ L EDO, L 32. 

that is, L BAC^ i BDC, q. e. d. 

Ex. 1. Shew that, by assuming the possibility of an angle 
being greater than two right angles, both the cases of this 
, proposition may be included in one. 

Ex. 2. AB, AC are chords of a circle, D, E the middle 
points of their arcs. If DE be joined, shew that it will cut 
ofF equal parts from AB, AC, 

Ex, 3. If two straight lines, wbose eiiXTCcas^L^KfiS^ wfc \sv "^^ 
cmmmference of a, circle, cut one axiot\ieT, \3aft XjnsNa^^^ \sswbw 
tyJoiniDg their extremities ar^ eq^DdanRoAai \jci «w3si ^VJost. 
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Proposition XXTT. Thborkv. 

THa opposite angles of any qwidrilaieral figure, inscribed iik 
a circle, are together equal to two right angles. 




Let ABGB be a quadrilateral fig. inscribed in a . 

Then must each padr of its opposite is be together equal to 

two rt. L 8. 

Draw the diagonals AC, BD. 

Then '.* z ADB= l AGB, in the same s^ment, III. 21. 

and I BDC= l BAG, in the same segment ; III. 21. 

.'. sum of z s ABB, BDG=sam of z s AGB, BAG ; 

that is, z ADG=^sam of z s AGB, BAG. 

Add to each z ABO. 

Thenzs ADG, ABG together=sum ofzs AGB, BAG, 
ABG', 

and .'. z s ADG, ABG togethera=two right z s. I. 32. 

Similariy, it may be shewn, 

that z s BAD, BGD together = two right z s. 

Q. E. D. 

NoTR — Another method of proving tlna ptopQSL\ioia.Sa ^^x^ 
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Szi L If one dde of a qoadrilatenl figure inaoribed in a 
<!>ide be piodaoed, the exterior angle is equal to the opposite 
*Q^ of the qnadrilateraL 

Ex. 2. If the sides AB^ DO of a quadrilateral inscribed in 
ft circle be produced to meet in E^ then the triangles EBOf 
^AD will be equiangular. 

£z. 3. Shew that a circle cannot be described about a 
rhombus. 

Ex. 4 The lines, bisecting any angle of a quadrilateral figure 
inscribed in a circle and the opposite exterior angle, meet in 
^^ drcnmf erenoe of the circle. 

Ex. 5. AB^ a diord of a circle, is the base of an isosceles 
triangle, whose yertex is without the circle, and whose 
Qqual sides meet the circle in D, ^ : shew that CD is equal 
toCE. 

Ex. 6. If in any quadrilateral the opposite angles be to- 
l^ther equal to two right angles, a drde may be described 
about that quadrilateral 

Propositions xxm. and xxiv., not being required in the 
method adopted for proving the subsequent Impositions in 
this book, aie removed to the Appendix. Proposition 
has been aheady proyedi 



Notes, (h^ ih€ MeOiod of SuiperpoiiHony a» applUA 

to Circlea, 

In Props. xxvL xxvu. xxviii. xxix we prove certain 
relations existing between chords, arcs, and an^es in equal 
circles. As we shall employ the Method of Superposition, we 
must state the principles which lendec thia x(^l\i<(A «!^^- 
eMe^ as a test of equality, in the case ol ^igsteA'^ir^ wrc^i)tAlt 
ifoandariea. 
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Def. XIII. E<$aal circles ewe those, of uiiieh ike rcidii are 
equal. 





For suppose ABC, A'BC to be drdes, of wMch the radii 
are equal 

Then if © A'B'CT be applied to © ABC, so that CX, the 
centre of A'BfC, coincides with 0, the centre of ABC, it is 
evident that any pa/rticular point A^ in the Qce of the former 
must coincide with some point J. in Q^ of the latter, because 
of the equality of the radii O^A' and OA. 

Hence Qce A'B!C must coincide with Qoe ABC, 
that is, © A'B!C-^ qABC 

Further, when we have applied the circle A'B^O to the 
circle ABC, so that the centres coincide, we may imagine ABC 
to remain fixed, while A'BfC revolves round the oonmion 
centre. Hence we may suppose any particular point B^ in the 
circumference of A'BfC to be made to coincide with any par- 
ticular point B in the circumference of ABC, 

Again, any radius OA' of the circle A'BfC may be made to 
coincide with any radius OA of the circle ABC, 

Also, if A'Bf and AB be equal arcs, they may be made to 
coincide. 

Again, every diameter of a circle divides the circle into 
equal segments. 

For let -405 be a diameter of the 
circle ACBD, of which is the centre. 
Suppose the segment ACB to be ap- 
plied to the segment ADB, so as to 
keep AB a common boundary : then 
the arc ACB mast coincide with tlie 
ore ADB, because every point, in 
«c4 is eqnaHj distant from 0. 
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Pboposition XXVL Theoreh. 

In equal cirdesj the arcs, which tvhtend equal angles, whether 
they heaJtthe centres arailKe circumferences, mtut he equal. 





Let ABC, DBF be eqaal circles, and let i s BGG, EHF at 
their centres, and i s BAG, EDF at their Qc^^, be equal 

Then must arc BKG^arc ELF. 

For, if © ^£0 be applied to DEF, 
80 that O coincides with H, and GB &Jk on HE, 

then, ••• GB=HE, /. B will coincide with E. 
And V z BGG^ l EHF, .-. GG wm ML on HF ; 

and •.• GG=HF, /. C will coincide with F. 
Then •/ B coincides with E and G with F, 
.*. arc ^ITO wiU coincide with and be equal to arc ELF. 

Q. E. D. 

Cor. Sector BGGK is equal to sector EHFL. 

NoTB. This and the three following Propositions are, and 
will henaa^r he assumed to be, true ioi ttie %ame, wtd^ ^a.^<^ 
as for eqtud circles. 
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Proposition XXVII. Theorem. 

In e^^ucU circles, the cmgles, which a/re subtended by equal arcs, 
whether they a/re at the cent/res or at the cvrcumferencesy must be 
equal. 





Let ABC, UEF be equal circles, and let z s BGC, EHF at 
their centres, and z s BAC, EDF at their Qces, be subtended 
by equal arcs BKC, ELF. 

Then must L BGG^ l EHF, and lBAC^ L EDF. 

For, if © ABC be applied to © DEF, 
so that G coincides with H, and GB falls on HE, 
then *.• GB=HE, ,\ B will coincide with E ; 
and •.* arc BKC=si,tc ELF, .*. C will coincide with F. 
Hence, GC will coincide with HF. 
Then •.• BG coincides with EH, and GC with HF, 

.*. z BGC will coincide with and be equal to z EHF. 
Again, '.• z BAC=h&U of z BGC, IIL 20. 

and z EDF^haU of z ^HF, III. 20. 

.-. z ^-4C= z ^DF. I. Ax. 7. 

Q. B. D. 

Ex. 1. If, in a circle, ABj CD be two arcs of given magni- 
tude, and AC, BD be joined to meet in E, shew that the angle 
AEB is invariable. 

Ex. 2. The straight lines joining the extremities of the 
chords of two equal arcs of the same circle, towards the same 
parts, are parallel to each other. 

■Ejc 3. If two equal chords, in a ^ven cyt^'^, cq\» Qi\ft wv.- 
^iher, the segments of the one shall "be ecvvv«X \ft VJaa ^^gcftecL\& 
'i; each to each. 
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Proposition XXVIIL Theorem. 

In equal circles, the arc*, which are subtended by equal 
ckordsj m/ust he equal, the greater to the greater, and the less to 
theless. 





Xiet ABC, DEF be equal circles, and BC, EF equal chords, 
sabtending the major arcs BAG, EDF, 

and the minor arcs BGG, EHF. 

Then mugt arc BAC=>a/rc EDF, and arc BGC=^ arc EHF. 

Take the ceiji^tres K, L, and join KB, KC, LE, LF, 
Then v KB^LE, and KC=LF, and BC^EF, 

.'. L BKG « I ELF. I. a 

Hence, if ABG be applied to © DEF, 
so that K coincides with L, and KB flails on LE, 
then •/ z BKG =» a ELF, /. JE^(7 will fall on iuP ; 
and '/ KG = LF, .\ G will coincide with F. 
Then •/ B coincides with E, and G with F, 
.*. arc BAG will coincide with and be equal to arc EDF, 
and arc 500. EHF. 

Q. E. D. 

Ex. 1. I^ in a drcle ABGD, the arc AB be equal to the 
arc DG, AD must be parallel to BG. 

Ex 2. If a straight line, drawn firom A the middle point 
of an arc BG, touch the circle^ shew that it is parallel to the 
chord BG. 

Ex, 3. If two dkorda of a circle intet&^cXt «X» fv^^ ^s^'t^sswi 
the portioDs of the circumference taken ^XVieTaaXi^-^ «t^ Xw^^^" 
eqaal to half the circumference. 
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Proposition XXTX. Theorem. 

In equal circleSy the chords, which tvbtmd equal curcSy must 
he equal. 





Let ABC, DBF be equal circles, and let BO, EF be chords 
subtending the equal arcs BGC, EHF. 

Then must chard BC= chord EF, 

Take the centres K, L, 

Then, if © ABO be applied to © DBF, 

so that K coincides with X, and B with E, 

and arc BGC falls on arc EHF, 

••• arc BGC=aiG EHF, /. C will coincide with F. 

Then *.' B coincides with E and C with F, 

•*• chord BG must coincide with and be equal to chord EF, 

Q. B. D. 

Ex. 1. The two straight lines in a circle, which join the 
extremities of two parallel chords, are equal to one another. 

-Sac £. If three equal chords of a c\ic\%, cvjA. ona ^aao'Cii^^Na. 
^^ fUiiae point, within the circle, tlMil pom\. \b ^Saa wote^. 
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NoTS 4. On (%« SynifiMfrieaZ jTropariief of ikt OircU with 

regard to iU diameter. 

The brief remarks on Symmetry in pp. 107, 108 may now 
be extended in the following way : 

A figvre is said to be symmetrical with regard to a line, 
when eyery perpendicular to the line meets the figure at 
points which are equidistant firom the line. 

Henoe a Circle is Symmetrical with regard to its Diameter, 
because the diameter biuett every chord, to which it is per- 
pendicular. 




Further, suppose AB to be a diameter of the oirde 
ACBDy ai which is the centre, and CD to be a chord 
perpendicular to AB, 

Then, if lines be drawn as in the diagram, we know that 
.if bisects 

(1.) Ttte chord CD, III. 1. 

(2.) The arcs CAD andiOBA III* 26. 

(3.) The angles CAD, COD, CBD, and the reflex 
anglo DOC. I. 4. 

Also, chord CB = chord DB, L 4. 

and chord JLO= chord AD. I. 4. 

These Symmetrical relations should b^ cax^inSS;:^ ^^^t^v^^ 
beGooBe they are often suggestiye oi mel\iO^ iot V^^ ^xS^;)^^^ 
ofprohlemB, 
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Let XSCIk ike pvn 
A If fwwii to KmC Ac «c JUKI 



JaiB^C;aE^lBeci«kBC!kaid^CiBl>. L la 

via fft« «vc ^IBCk UMMmJL 

JoiaJLl^JKl 

Then, in Ai JLDH; €2)12; 

Bd DB B oonoiMs, 1^ z JU)B «- z Ca>J9; 

.-. BA^BC L 4. 

Bot^ in tiie nme ciide,the ara» wkic^ are »l i * * i Mld[ by 
eqoil dicHdi^ are eqoa!, tke graiter to tke greater and tlie 
lestotiieleB; IIL S8. 

and V fiD, if prodoeedy ii a diamrtwy 

A eadi of tbe aics BA, jBC; is les dan a aonciid^ 

and .\ are BA^vk BC 

Tfam tbe are .IBC is liisectod in B. 

Q.X.F. 

Ex. lit from aigr pant in the djametfr of a aendciide, 
tiiere be dmwn two stnig^ lines to the dreumfoenoe^ one 
to the b meeH at of the ataansSssBSDa^ mi tihft ^stiber tt ri^t 
magfem to the duaneUr, the aqaam on tSbn^ \nm ^%b«& vc^ 
^tyni^&fir dknhfe of the sqajoe on the TaiSaiB 
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Proposition XXXL Theorem. 

/ft a ctreltf, ikt angle in a semicircle is a right angle ; and 
Ae angle in a segmmt greater ihan a semicirde is less than a 
right angle ; and the angle in a segment less than a sem>icircle 
ii gnater than a right angle. 




Let ABC be a 0, its centre, and BC a diameter. 

Draw ACy dividing the into the segments ABC, ADC. 

Join BA, AD, DC, AG. 

Then must the i in the semicirde BAC be a rt, i , and l in 
seginent ABC, greater than a semicircle, less than art, i, and L 
in segment ADC, less than a semicircle, greater than art, L. 

First, ••• BO=-AO, .\ l BA0=^ l ABO ; I. a. 

/. I COul -twice L BAG ; I. 32. 

and ••• CG^AG, .'. i CAO^ l ACG ; La. 

.-. L jBOJL=twice l CAO ; I. 32. 

.*. sum of z s CGA, f 0^1= twice sum of z s BAG, CAG, that 
is, two rigjht angles»twice z BAC, 

.*. z BAC is a right angle. 

Next, •.• z BAC is a rt. z , 

.*. z ABC is less than a rt. z . L 17. 

Lastly, *.* sum of z s ABC, ADC = two rt z s, IIL 22. 

and z ABC is less than a rt. z , 

.'. z ADC is greater tlioa a i\i. L • c^. ^e^^'Si. 

NoTB.—For a sunpler proof see page Vlft. 

12 
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Ex. 1. If a drde be described <mi the ndins of Myyjher drde 
as duuneter, any straight line, drawn from the pointy where 
they meet^ to the oater circomfeience, is bisected by the in- 
terior one. 

Ex. 2. If a straight line be drawn to toach a drde, and be 
parallel to a diord, the point of contact will be the middle 
point of the arc cat off by the chord. 

Ex. 3b I^ from any point without a cirde, lines be drawn 
toadung it, the angles contained by the tangents is doable of 
the angle contained by the line joining the points of contact^ 
and the diameter drawn throng^ one of them. 

Ex. 4. The yertical angle of any obliqae-an^ed trian^ 
inscribed in a drde is greater or less than a ri^t an^e, by the 
an^ contained by the base and the diameter drawn from the 
extremity of the base. 

Ex. 5. I^ from the extremities of any diam^er of a given 
drde, perpendicolars be drawn to any diord of the drde that 
is not paralld to the diameter, the less perpendicular shall be 
equal to that s^;ment of the greater, whidi is contained between 
the drcomference and the chord. 

Ex. 6. If two drdes cat one another, and from either point 
of intersection diameters be drawn, the extremities of these 
diameters and the other point of intersection lie in the same 
straight line. 

Ex. 7. Draw a straight Hne catting two concentric drdes, 
so that the part of it which is intercepted by the circamference 
of the greater may be t¥dce the part intercepted by the circamr 
ference of the less. 

Ex. 8. Describe a square equal to the difference of two given 
squares. 

Ex. 9. If from the point in which a number of drdes touch 
each other, a straight line be drawn catting all the drdes, shew 
ihat the lines, which join the pom\& oi \xi\i«»»c^3^ssii 5sl ^adi 
€drcle with its centre^ will all be paxs2li^ 
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Proposition XXXIL Theorem. 

If a ttraight line touch a cvrde, and from the point of contact 
a gtraight tins be drawn cutting the circle^ the angles made by 
this line with the line touching the circle must be equal to the 
angleSy tohich are in the alternate segments of the circle. 




Let the st line AB touch the CDEF in F. 
Draw the chord FD, dividing the into segments FCD, FED. 
Then must l BFB^ l in segment FCD, 
and L DFA — lin segment FED. 
From F draw the chord FCi. to AB, 

Then J^O is a diameter of the . III. 19. 

Take any pt j& in the arc FED, and join FE, ED, DC. 
Then *.' FDC is a semicircle, .*. i FDC is a rt. z ; III. 31. 
.-. sum of z s FGD, CFD==& rt. z . I. 32. 

Also, sum of z s DFB, CFD^& rt z . 
/. sum of z B DFB, CFD=^mm of z s FCD, CFD, 
and .-. z DFB^ z FGD, 
that is, z DFB= z in segment FCD, 

Again, *.' CDEF is a quadrilateral fig. inscribed in a , 

.-. sum of z s FED, FCD=iwo rt. z s. III. 22. 

Also, sum of z s DFA, DFB—Xwo rt. z s. 1. 13. 

.-. sum of z s DFA, DFB=mm of z s FED, FCD ; 
and z DFB has been proved = z FCD ; 

.\lDFA^lFED, 
that is, z DFA=^ z in segment FED. 

Ex. The chord joining the pointa oi oou\jm:^» c>1 \'Ma^'^ ^^s&^ 
gentB 18 a diameter. 
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Proposition XXXIII. Problem. 
On a gwm straight line to describe a segment of a circle 
capable of containing an angle equai to a given angle. 





Let AB be the given st. line, and C the ^ven i , 
It is required to describe on AB a segment of a Q which 
shall contain a/ni =^ i C. 

At pt. A in St. line AB make i BAD=^ L C. I. 23. 

Draw AEi. to AB, and bisect AB in ¥. 

From ¥ draw FQ^\xi AB, meeting AB in Q, 

Then in AS AGF, BGF ; 

V AF^BFy and FG is common, and i AFG^ i BFG ; 

.\GA=GB. L4. 

With G as centre and GA as radius describe a ABH, 

Then will AHB be the segment reqd. 
For *.* AD is± to AE, a line passing through the centre, 

.'. AD is a tangent to the ABH. III. 16. 

And '.* the chord AB is drawn from the pt of contact A, 
.-. z jB^D= I in segment AHB, IIL 32. 

that is, the segment AHB contains an z = z (7, 
and it is described on AB, as was reqd. 

Q. E. F. 

Ex 1. Two circles intersect in A, and through A is drawn 
a straight line meeting the circles again in P, Q, Prove that 
the angle between the tangents at P and Q is «qual to the 
an^Je between the tangents at A. 
Sx, 2, From two given points on. tY^e Ba-xofe «Aft ^1 ^ ^tesw^ 
line, given in position, draw two attaint \m^^Vta.Oa.^Ds^^^^ 
tain a given angle, and be terminated ia tV^ft ©NCo.\a\ft. 
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Proposition XXXIV. Problem. 

To citi off a segment from a given circle, capable of con- 
tairUng an angle equal to a gvoen angU. 





Let ABC be the given , and D the given z . 

It is reqvA/red to cut off from © ABC a segment capable of 
containiTig an i =^ l D, 

Draw the st. line EBF to touch the circle at B. 

At B make l FBC = z D. 

Then *.* the chord BC is drawn from the pt. of contact B, 

.-. z FBC = z in segment BAC, III. 32. 

that is, the segment BAG contains an z = z 2) ; 
and .'. a segment has been cut off from the 0, as was reqd. 

Q. E. F. 

Ex. 1. If two circles touch internally at a point, any straight 
line passing through the point will divide the circles into seg- 
ments, capable of containing equal angles. 

Ex. 2. Given a side of a triangle, its vertical angle, and the 
radius of the circumscribing circle : construct the triangle. 

JSx. 3. Given the base, vertical ang\e, ?cadL\)«i<^ ^w^^iSwssiSas^ 
from the extremity of the base on t\i© oig^o&\\fc ^^^'Sk \ <5«05^s»-^ 
the trioDgle, 
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Proposition XXXV. Theorem. 
If two chords in a cvrcle cut one another, the reetcmgle eomr 
tamed by the segments of one of them, is equal to the rectangle 
contained by the segments of the other.^ 




Let the chords AC, BD in the © ABCD intersect in the pt. P. 

Thm must red. AP, PG=rect, BP, PD. 

From 0, the centre, draw OM, ON ± s to JLO, BD, 

and join OA, OB, OP. 

Then *.* ^C is divided equally in M and unequally in P, 

.', rect. AP, PC wiUi sq. on ikfP=sq. on AM, IL 6. 

Adding to each the sq. on MO, 

rect. AP, PC with sqq. on MP, MO— aqq. on AM, MO ; 

.*. rect. AP, PG with sq. on OP=sq. on OA, L 47. 
In the same way it may be shewn that 

rect. BP, PD with sq. on OP =sq. on OB, 
Then '.* sq. on 0-4 =sq. on OB, 
.-. rect. AP, PC with sq. on OP=rect. BP, PD with sq, 
on OP; 

.-. rect. AP, PO=rect. BP, PD, q. b. d. 

Ex. 1. A and B are fixed points, and two drcles are 
described passing through them ; PCQ, P'CQf are chords of 
these circles intersecting in 0, a point in AB ; shew that the 
rectangle CP, CQ is equal to the rectangle CP', C(/. 
Ex. 2, If through any point in. t\ie coTomon chord of two 
circles, which intersect one anotlieT, VSaetft \» to?«ra. «k^ Nw^ 
otJter chords, one in each circle, tlievt io\a wfe^-aaSasa^&aaL^ 
lie in the circamference of a circle. 
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Proposition XXXVI. Theorem. 

If, from any point withovi a cirde, two straight lines 
he dravm, one of which cuts the circle, and the other touches 
it; the rectangle contained by the whole line which cuts the 
wrde^ and the part of it ioithotU the eircle, fMut be equal to 
(he square on (he line which Umches iU 




Let D be any pt. without the ABC, 

and let the st. lines DBA, DC be drawn to cut and touch the . 

Then m/uet rect, AD, DB=sq, on DC, 

From 0, the centre, draw DM bisecting AB in M, 

and join OB, OC, OD. 
Then *.' AB is bisected in M and produced to D, 
/. rect. AD, DB with sq. on MB=sq. on MD. II. 6. 
Adding to each the sq. on MO, 
rect. AD, DB with sqq. on MB, ikfO=sqq. on MD, MO, 
Now the angles at M and (7 are rt. z s ; III. 3 and 18. 
.*. rect. AD, DB with sq. on 05=sq. on OD ; 
.'. rect. AD, DB with sq. on 05= sqq. on OC, DC, I. 47. 
And sq. on OjB=sq. on 0(7; 
.*. rect. AD, DJB=sq. on DC, Q. k d. 

Ex. 1. Two circles intersect in A and B ; shew that AE 
produced bisects their common tangent. 

Bx, 2. If the circle, inscribed in a tmn^e AEC,\kqj3c^^^*^ 
"?, the drclea described about ABD, ACD ^wiSX ViovxsScL^ijSQ.^^* 
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Proposition XXXYII. THBOBxaL 

Jf , frofm a point vrithoiU a cvrde, (here he drawn two straight 
lines, one of which cuts (he circle, and the other meets it ; if 
the rectangle contained hy the whole line which cuts the dreUy 
amd (he paH of it without (he circle, be equal to the square on 
the Une which meets it, (he Ime which m>eets must touch the dreU. 




Let ^ be a pt. without the BCD, of which is the centre. 
From A let two st. lines ACD, AB be drawn, of which 
AGD cuts the © and AB meets it. 

Then if rect, DA, AC=8q, on AB, AB must touch (he 0. 

Draw AE touching the in ^, and join OB, OA, OE, 

Then *.* ACD cuts the 0, and AE touches it, 

.'. rect. DA, ulO=sq. on AE» lEL 36. 

But rect. DA, AC=aq, on AB ; Hyp. 

.% sq. on J.jB=sq. on AE ; 
.-. AB=AE. 
Then in the A s OAB, OAE, 
'.' OB^OE, and OA is common, and AB—AEy 



.'. L ABO = L AEO, 
But L AEO is a rt. z ; 
.*. L ABO is a rt. z . 
Now BO, if produced, is a diameter of the ; 

.*. AB touches the . 



I. a 
HL 18. 



III. 16. 



<^ E. D. 

Ex, If two circles cat each other, and from. «a^ '^^Y0L\»VQ.^'5i 
sirsiii^bt line produced, which joroB ^eii m\«w»c^vsiss^ \s«<i 
r be drawn, one to each circle, tliey a'iaaSV.'Vie wsjaslX. 
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Mi&MaPMfAU Exereiiei on Book TIL 

L The flegmentSy into which a drde is cat by any i traight 
line, contain angles, whose difference is equal to the inclination 
to each other of the straight lines touching the circle at the ex- 
tremities of the straight line which divides the circle. 

2. If from, the point in which a number of circles touch each 
other, a straight line be drawn cutting all the drdes, shew 
that the lines which join the points of intersection in each circle 
with its centre will be all parallel 

3. From a point Q in a circle, QN is drawn perpendicular to 
a chord FP', and QM perpendicular to the tangent at F : shew 
that the triangles NQP^ QPM are equiangular. 

4. If a circle be described round the triangle ABC, and a 
straight line be drawn bisecting the angle BAG and cutting 
the circle in D, shew that the angle DCB will equal half the 
angle BAG. 

6, One angle of a quadrilateral figure inscribed in a drde is 
a right angle, and from the centre of the circle perpendiculars 
are drawn to the sides, shew that the sum of their squares is 
equal to twice the square of the radius. 

6. AB is the diameter of a semicircle, D and E any two 
points on its circumference. Shew that if the chords joining 
A and B with D and E, either way, intersect in F and G, the 
tangents at D and E meet in the middle point of the line FG, 
and that FG produced is at right angles to AB, 

7. If a straight line in a circle not passing through the centre 
be bisected by another and this by a third and so on, prove that 
the points of bisection continually approach the centre of the 
circle. 

8. If a circle be described passing through the opposite 
angles of a parallelogram, and cutting the four sides, and the 
points of intersection be joined so as to form a hexagon, the 
straight lines thus drawn shall be parallel to each other* 

9. If two drdes touch each otlieT exXAxnsi^^ «sA ^kj ""^kss^ 
eirde tondi both, prove that the diffeTeiu5» ol VSc^ft ^asiwssjtf**. « 



lyo EUCLID S ELEMENTS. [Book in. 

the centre of the third circle from the centres of the other two 
is invariable. 

10. Draw two concentric circles, snch that those chords of 
the outer circle, which touch the inner, may equal its diameter. 

11. If the sides of a quadrilateral inscribed in a circle be 
bisected and the middle points of adjacent sides joined, the 
circles described about the triangles thus formed are all equal 
and all touch the original circle. 

12. Draw a tangent to a circle which shall be parallel to a 
given finite straight line. 

13. Describe a circle, which shall have a given radius, and 
its centre in a given straight line, and shall also touch anothez 
straight line, inclined at a given angle to the former. 

14. Find a point in the diameter produced of a given circle^ 
from which, if a tangent be drawn to the circle, it shall be 
equal to a given straight line. 

15. Two equal circles intersect in the points Ay B, and 
through B a straight line CBM is drawn cutting them again in 
(7, M*. Shew that if with centre C and radius BM a circle be 
described, it will cut the circle ABC in a point L such that arc 
AL^aic AB. 

Shew also that LB is the tangent at B. 

16. AB is any chord and AC& tangent to a circle at A ; 
GDE a line cutting the circle in D and E and parallel to AB, 
Shew that the triangle ACD is equiangular to the triangle 
EAB. 

17. Two equal circles cut one another in the points A, B ; 
BC is a chord equal to AB ; shew that JL(7 is a tangent to the 
other circle. 

18. In any two circles, which cut one another, the straight 
line joining the extremities of any two parallel radii cuts the 
liDejoinmg the centres in the same point. 

19. A,B axe two points ; wiih cenfecft B ^'e»cr&» ^ ^\s^^^ 
such that its tangent from A shall \)© eqjxaX V> %i ©n^t\.>^<W 
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90* If perpendicolan be dropped from the angnlar points of 
a tAuMf^ on the opposite sides, shew that the sum of the 
sqnaies on the sides of the triangle is equal to twice the sum of 
the rectangles, contained by the perpendiculars and that part of 
each intercepted between the angles of the triangles and the 
point of intersection of the perpendiculars. 

2L When two circles intersect, their common chord bisects 
their conmion tangent. 

22. Two drdes intersect in A and B, Two points C and D 
are taken on one of the circles ; CA^ CB meet the other circle 
in B, Fy and DA, DB meet it in G^ H: shew that FG is 
paiallel to EH, and FH to EG. 

23. A and B are fixed points, and two circles are described 
passmg through them ; CP, CF are drawn from a point C on 
AB produced, to touch the circles in P, P'; shew that 
CF^CF'. 

24 From each angular point of a triangle a perpendicular is 
let &U upon the opposite side ; prove that the rectangles con- 
tained by the segments, into which each perpendicular is divided 
by the point of intersection of the three, are equal to each other. 

25. If from a point without a circle two equal straight lines 
be drawn to the circumference and produced, shew that they 
wiU be at the same distance from the centre. 

26. Let 0, (X be the centres of two circles which cut each 
other in Jl, A\ Let B, P' be two points, taken one on each 
circumference. Let 0, (7 be the centres of the circles BAB', 
3A'Bf, Then prove that the angle QBO is equal to the angle 
OA'a. 

27. The common chord of two circles is produced to any 
point P ; FA touches one of the circles in A ; FBG is any 
chord of the other : shew that the circle which passes through 
A, Bf C touches the circle to which FA is a tangent. 

28. Given the base of a triangle, tYie -v^tVAceiX. «ai^^^ ^isA ''^^ 
leagtb of the line drawn from the -vertex \/c> \3!DL'ftTEcA»S^ft^^SJ^»^ 
the base : construct the tnangjle. 
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29. If a circle be described about the triangle ABQ^ and a 
straight line be drawn bisecting the angle BAG and catting 
the circle in 2), shew that the angle BCB will be eqnal to half 
the angle BAG. 

30. If the line AD bisect the angle A in the triangle ABG^ 
and BD be drawn without the triangle making an angle with 
BG equal to half the angle BAG^ shew that a circle may be 
described about ABGD, 

31. Two equal circles intersect va A^B\ PQT perpendicular 
to AB meets it in Tand the circles in P, Q, AP^ BQ meet in 
B ; AQ, BPinS; prove that the angle BTS is bisected hj 
TP. 

32. If the angle, contained by any side of a quadrilateral and 
the adjacent side produced, be equal to the opposite angle of 
the quadrilateral, prore that any side of the quadrilateral will 
subtend equal angles at the opposite angles of the qnadrilateraL 

33. If DE be drawn parallel to the base BG of a triangle 
ABG, prove that the circles described about the triangles ABG 
and ADE have a common tangent at A. 

34. Describe a square equal to the difference of two given 
squares. 

35. If tangents be drawn to a circle from any point without 
it, and a third line be drawn between the point and the centre 
of the circle, touching the circle, the perimeter of the triangle 
formed by the three tangents will be the same for all positions 
of the third point of contact 

36. If on the sides of any triangle as chords, drdes be de- 
scribed, of which the segments external to the triangle contain 
angles respectively equal to the angles of a given triangle, those 
circles will intersect in a point. 

37. Prove that if ABG be a triangle inscribed in a circle, 
such that BA^BG, and A A' be drawn paraUel to BGy meeting 
the circle again in JL', and A'B be joined cutting J. in Ey BA 
touches the circle described about tiie triangle AEA\ 

38. Describe a circle, cutting ihie Bidea oi «k \^^ek\i«nfQ!»«k^«o 
that Its circamferenoe may be divided aJb ^^ '^\fi^& ^ Vs^et- 
feciiozi into eight equal arcs. 
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39. A 18 the extremity of the diameter of a circle, any 
point in the diameter. The chord which is bisected at sub- 
tenda a greater or less angle at A than any other chord tiirough 
Oy according aa and J. are on the same or opposite sides of 
tlie centre. 

40. Shew that the square on the tangent drawn from any 
point in the outer of two concentric circles to the inner eqoali 
the diffienoce of the squares on the tangents, drawn from any 
pointy without both drdes^ to the circles. 

4L If from % point without a circle, two tangents PT, FT^ 
at lig^ angles to one another, be drawn to tooch the drde, 
and if from T any chord TQ be drawn, and from T a perpen- 
dicular T'if be dropped on T^, then TMm^QM. 

42. Knd the kxd : 

(L) Of the centres of circles passing throng two given points. 
(8.) Of the middle points of a system of parallel chords in a 



(3l) Of points SQch that the difference of the distances of each 
fiiHn two given straight lines is equal to a given straight line. 

(4.) Of the centres of circles touching a given line in a given 
poinftL 

(5.) Of the middle points of chords in a circle that pass 
liuou^ a given point. 

(6.) Of the centres of drdes of given radius which touch a 
l^vencirde. 

(7.) Of the middle points of chords of equal length in a drde. 

(S.) Of the middle points of the straight lines drawn from a 
g^ven point to meet the circumference of a given drde. 

43. If the base and vertical angle of a trian^ be given, find 
the locus of the vertex. 

44. A stitugbt line remains parallel to itai&li ^lisL^ qsqa ^ >&& 
ea[ttendtiee describes a drde. Wbat la lilii^ \m»& ^ V2[^ ^*^^sl 

eaUmMiitiyf 
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45. A ladder slips down between a vertical wall and a 
horizontal plane : what is the locus of its middle point ? 

46. AB is the diameter of a circle ; ACD is a chord pro- 
duced to D, so that AC=CD. Find the locus of the point in 
which BC and the line joining D to the centre intersect 

47. ABC is a line drawn from a point A, without a circle^ 
to meet the circumference in B and C, Tangents are drawn 
to the circle at B and which meet in D. What is the locus 
ofD? 

48. Two circles intersect in the points A, B ; any straight 
line CDBF is drawn cutting the circles in C, D, E, F; prove 
that AO intersects BD and AE intersects BF in points, which 
lie on a circle passing through A and B, 

49. The angular points A, Oof a parallelogram ABCD move 
on two fixed straight lines OA, OC, whose inclination is equal 
to the angle BCD ; shew that the points B^ D will move on 
two fixed straight lines passing through 0. 

50. On the line AB is described the segment of a circle, in 
the circumference of which any point C is taken. If AC^ BC 
be joined, and a point P taken in ^0 so that CP is equal to 
CB, find the locus of P. 

51. Find the locus of the centre of the circles circumscribing 
two trapeziums, into which a parallelogram is divided by any 
line equal to one of its shorter sides. 

52. If a parallelogram be described having the diameter of 
a given circle for one of its sides, and the intersection of its 
diagonals on the circumference, shew that the extremity of 
each of the diagonals moves on the circumference of another 
circle of double the diameter of the first 

53. One diagonal of a quadrilateral inscribed in a circle is 
fixed, and the other of constant lengtL Shew that the sides 
wiU meet, if produced, on the circumference of a fixed circle. 
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We here insert Eadid's proofs of Props. 23, 24 of Book IIL 
first obsenring that he gives the following definition of similar 
segments: — 

Dsr. SimUar segments of cvrdes are those in tohich the angla 
an equal, or which contain equal angles. 



Proposition XXTIL Thsorem. 

Upon the same s^aight line, and upon (he same side of it, 
there cannot he two tvmUar segm>ents of circles, not coinciding 
with each oOicr. 




If 2t be possible^ on the same base AB, and on the same side 
of itylet there be two similar segments of 0s^ ABC, ABD, 
whidi do not coincide. 

Becaose ADB cuts ^CXB in pts. A and B, they cannot 
cat one another in any other pt., and .*. one of the segments 
must fitdl within the other. 

Let ADB fall within ACB. 

Draw the st. line BDO and join CA, DA, 

Then *.* segment ADB is similar to segment ACB, 

.'. z ADB= L ACB. 

Or the extr. z of a A =the intr. and opposite z , which is 
impossible ; 

•'. the segments cannot Wl co^xycsl<i•^, 
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Proposition XXIV. Theorem. 

8vmla/r segments of cvrdes, upon equal strcdgkt Ivnes, are 
equal to one a/nother. 





3 -» 



Let ABC, DEF be similar segments of s on equal st lines 
AB, BE. 

Then must segmenJt ABO = segment DEF, 

For if segment ABC be applied to segment DEF, so that 
A may be on and AB on DE, then B will coincide with E, 
and AB with DE ; 

.*. segment ABC must also coincide with segment DEF ; 

m. 23. 

/. segment il£C7= segment DEF. Ax. 8. 

Q. B. D. 



We gave one Proposition, C, page 150, as an example of the 
way in which the conceptions of Flat and Beflex Angles may 
be employed to extend and simplify Euclid's proo&. We here 
give the proofs, based on the same conceptions, of the impor- 
tant propositions xxil and xxxi. 



UL] 



ANOTHER PROOF OF III. 22. 
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Proposition XXIL Theorem. 

The opponU angles of any quadrilateral figurty inscribed in 
a wrdsy are together eqwd to two right angles. 




Let ABCD be a quadrilateral fig. inscribed in a ®. 

2%e» must each pair of its opposite is be together equal to 
tworLis. 

¥tom Of the centre, draw OB, OD. 

Then •/ 1 50D=»twice z BAD, III. 20. 

and the reflex z 2>0^= twice z BCD, III. C. p. 150. 
.*. som of z B at 0= twice sum of z s BAB, BCD* 
Bat sum of z b at 0—4 right z s ; I. 15^ Cor. 2. 

.*. twice sum of z s BAD, BGB^A right z s ; 
,•. sum of z B BADy BCD ^ two right z a. 
Similarly^ it may be shewn that 

sum of z 8 ABCf ADC =two right z s. 

Q. E. D. 



13 
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Proposition XXXL Theorem. 

In a circle, (he angle in a seimcircle is a right angle; and the 
angle in a segment greaJter than a semicircle is less than a right 
angle; and the angle in a segment less than a sem/idrcle is 
greater than a right angle. 




Let ABC be a ©y of which is the centre and BC a 
diameter. 

Draw AGy dividing the into the segments ABC^ ADG. 

Join BA, AD, DC. 

Then must (he i in (he semicvrde BAG be a rt,l, a/nd L vn, 
segm£nt ABC, greater tJian a semicvrcle, less (ham. art, l , and L 
in segment ADG, less (han a semicircle, grea^ter than art, i . 

First, ••• the flat angle 50C= twice i BAG, III. C. p. 150. 

.*. z JBulCisart. z . 

Next, •.• L BAG is a rt. i, 

.'. I ABC is less than a rt. z . I. 17« 

Lastly, '.• sum of z s ABC, -42>C«=two rt z s, III. 22. 

and z ABC \a less than a rt. z , 

.'. z ADC is greater than a rt. z . 



BOOK IV. 



INTRODUCTORY REMARKS. 

EuGLiB gives in this Book of the Elements a series of 
Problems relating to cases in which circles may be described 
in ot about triangles, squares, and regular polygons, and of the 
last-mentioned he treats of three only : 

the Pentagon, or figore of 5 sides, 
M Hexagon, „ 6 „ 
„ Qoindecagon, „ 15 „ . 

The Student will find it useful to remember the following 
Theorems, which are established and applied in the proofii of 
the Impositions in this Book. 

L The bisectors of the angles of a triangle, square, or 
regular polygon meet in a pointy which is the centre of the 
inscribed circle. 

IL The perpendiculars drawn from the middle points of the 
sides of a triangle, square, or regular polygon meet in a point, 
which is the centre of the circumscribed cirde, 

in. In the case of a square, or regular polygon the inscribed 
and circnmscribed circles have a common centre. 

lY. If the circumference of a circle be divided into any 
number of equal parts, the chords joining each pair of consecu- 
tiye points form a regular figure inscribed in the circle, and the 
tangents drawn through the points form a regular figure de- 
scribed about the circle. 
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Proposition I. Problem. 

In a given circle to draw a chord equal to a gi/ven stra/ight 
UnCy which is not greater than the diameter of the circle. 




Let ABC be the given , and D the given line, not gi^eater 
than the diameter of the © . 

It is required to draw in the Q ABC a chord=D, 

Draw EC, a diameter of ABC, 

Then if EC^D, what was required is done. 

But if not, EC is greater than D, From EC cut off EF^B, 
and with centre E and radius EF describe a AFB^ cutting 
the ABC in A and B ; and join AE. 

Then, •.* ^ is the centre of AFB^ 

.'. EA=EF, 

and ,\EA=D. 

Thus a chord EA equal to D has been drawn in ABC. 

Q. B. F. 

Ex, Draw the diameter of a citde, vrbich shall pass at a 
given diatance from a given poml. 
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PaopoBinoN n. Probuoc 

In a given oireU to inscribe a triangle, equiangular to a given 
triangle. 




Let ABC be the given , and DBF the given A • 

It is required to inscribe in ABC a h , equianguiUvr 
to A DBF. 

Draw OAH touching the ABC at the pt. A, III. 17. 

Make z 0^1B=» i DFE, and z HAC=- L DBF. I. 23. 

Join BC Then will a ABC be the required A . 

For *.* GAE^ is a tangent, and AB a chord of the 0, 

.-. z ACB^ L GAB, III. 32. 

that is, z ACB=- z DFB. 

So also, z -450= z JI4(7, III. 32. 

that is, z u45(7= z D^J' ; 

.*. remaining z jB-4C= remaining z EDF; 

.*. A ^JBC is equiangular to A DBF, and it is inscribed in 
the ABC. 

Q. E. F. 

Ex, If an equilateral triangle "be inscrVV^eA. m ^ m^<^^^^^'^^ 
that the radii, drawn to the angular pom\s,\>mcX» ^'^ «si^^ ^^ 
tie triangle. 
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Proposition III. Problem. 

About a gvoen circle to describe a l/riangUy equiangular to a 
given triangle. 




^ ^ 




Let ABC be the given 0, and DEF the given A . 

It is required to describe about ^ © a A equiangular 
to A EDF. 

From 0, the centre of the 0, draw any radius 0(7. 

Produce EF to the pts. Gy H, 
Make L COA= l DEG, and z 00J?= z DFH. I. 23. 
Through A, B, C draw tangents to the , meeting in L, M, N, 
Then will LMN be the A required. 
For '.• ML, LN, NM are tangents to the 0, 
.% the z s at A, B, C are rt. z s. III. 18. 

Now z s of quadrilateral AOCM together = four rt z s. ; 
and of these z 0AM and z OCM are rt. z s ; 

.'. sum of z s CO Ay AMC =two rt. z s. 
But sum of z s DEG, DEF^^two rt z s ; ' I. 32. 
.-. sum of z s CO A, AMC=sxim of z s JDEG, DEF, 
and z COA^ z DEG, by construction ; 
.-. lAMC^ iDEF'y 
that is z iMN= z D-BJ?'. 
Similarly, it may be shewn that z LNM= z DJ!^ ; 
.-.also iMLN= lEDF. 
Tbaa a a, equiangular to A DEF, Vb d»&cn\^ ^iX^\x\>^^ <^ « 
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Proposition IV. Problem. 
To vnacfnht a circle in a given triangle. 




Let ABC be the given a . 
It is required to inscribe a®inthe£i ABC, 

Hsect I B ABCy ACB by the st lineB BO, CO, meeting 

in 0. I. 9. 

From draw OD, OE, OF, ±s to AB, BC, CA. 1. 12. 

Then, in a b EBO^ DBO, 

'.' L EBO= L DBO, and i BEO= i BDO, and OB is common, 

.-. 0E= OB. I. 26. 

Similarly it may be shewn that 0E= OF, 
If then a © be described, with centre 0, and radios OD, 
this will pass through the pts. D,E,F; 

and '.* the z s at D, ^ and J^ are rt. lb, 
.'. AB, BC, CA are tangents to the © ; III. 16. 

and thus a © DEF may be inscribed in the A ABC 

Q* I'* ^. 

Ex. 1. Shew that, if OA be drawn, it will bisect the angle 
BAC. 

Ex. 2. If a drde be inscribed in a right-angled triangle, the 
difference between the hypotenuse and the sum of the other 
sides is equal to the diameter of the circle. 

Ex. 3. Shew that, in an equilateral triangle, the centre of 
the inscribed circle is equidistant £rom the three angular points. 

Ex, 4. Deacrihe a circle, touching Ona «vj^ft ^1 ^'cwssis^^ ^ssSv. 
the other two produced, (NoTia, TViVa \a caJ^^'^ «si ^aor^ 
circle.) 
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Note. Euclid's fifth Proposition of this Book has been 
already given on page 135. 



Proposition VI. Probleu. 
To VMcnht a square in a given oireU^ 




Let ABGD be the given 0. 

It is required to inscribe a square inihe Q, 

Through 0, the centre, draw the diameters AG, BDf ± to 
each other. 

Join AB, BC, CD, DA. 
Then *.* the z s at are all equal, being rt z s^ I. Post. 4. 
.'. the arcs AB, BC, CD, DA are all equal, III. 26. 

and .-. the chords AB, BC, CD, DA are all equal ; III. 29. 
and z ABC, being the z in a semicircle, is a rt. z . III. 31. 
So also the z s BCD, CD A, DAB are rt. z s ; 
.'. ABCD is a square, 

and it ia inscribed in the aa -^^a tqc^qx^ 
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Proposition VII. Problem. 
To describe a squa/re about a given circle* 



ji 



a 







JB 



Let ABCD be the given 0, of which is the centre. 
It XB reqvired to describe a squa/re about the . 

Draw the diameters AC, BD, ± to each other. 

Through A, B, 0, D draw EF, FG, QE, HE 
touching the 0. HI. 17. 

Then the z s at u4, B, C, i> are rt. i s. III. 16. 

Now *.• the z s at ^, 0, are all rt. l s, 

.-. FEy BD, and GH are all || ; I. 27. 

and *.* the z s at ^, 0, D are all rt. z s, 

.-. FG, AC, and ER are all || ; 

.-. FE and GH each = BD, I. 34. 

and FG and EH each = AC. I. 34. 

And V BD = AC, 

/. FE, GH, FG, EH, are aQ equal 

Again, *.• FO is a O, 

.-. z AFB =iAOB, I. 34. 

and .*. z AFB is a rt. z . 

So also the z s at (r, H, and j& are rt. z s. 

Hence EFGH is a square, and it is described about the . 

Q. E. F. 

Ex. In a given circle inscribe fo\it cVtCiW, ^ojoaJL \» ^"sviS^ 
other, and in mutual contact witli ea.c\i oV^aet «sA ^"^Qs^- *^^ 
given circle. 
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Proposition VIIL Problem. 
To imcribe a circle in a gwen square. 




Let ABCD be the given square. 

It is reqmred to inscribe a ® in the square. 

Bisect AB, AD in E, F, 1. 10. 

and draw EQ \\ to AD or BC, and FH li to AB or DG. 
Let EG and FH intersect in 0. 
Then *.• -40 is a O, 
.-. OE=^FA and OF=-EA. L 34. 

But ••• AB==AD, and E, F are the middle pts. of AB, AD, 

.'.FA^EA, 

and .-. 0E= OF. 

Similarly, it may be shewn that 00=^ OF, and OH^OE, 

^nd /. OE, OF, OG, OH are all equal ; 

and a , described with centre and radius OE, 

will pass through E, F, G, H, 

and it will be touched by each of the sides of the square, 

•/ the laatE, F, G, jET are rt. z s. III. 16. 

Thus a EFGH may be inscribed in the sq. ABCD, 

Q. E. F. 

Ex. 1. In what parallelograms can circles be inscribed ? 
Ex, 2, If, from any point in the circumference of a circle, 
stmiffht lines be drawn to the axigQ\siX '^ycl\& ol ^^Vx^sisinSc^ 
square, the sum of the 'squares on. ^oai^ iwjct Xol^ ^v^SlXsr^ 
<ioable of the square on tbe diameteT. 
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Proposition IX. Problem. 
To describe a circle about a given square. 




Let ABCD be the given sqnare. 

It is required to describe a about the square. 

Draw the diagonals ACy BD, intersecting each other in 0. 

Then •.• z DAC = z ACD, L a. 

and z BAC=- alternate z ACD, I. 29. 

.\iDAC=iBAC. 

Thus the diagonal AC bisects z BAD, 

and .*. z 0.^^=half a rt. z . 

Similarly it may be shewn that z Oi?J.= half a rt. z ; 

.-. z 0J?u4 = z 0u45 ; 

.-. OA^OB. I. B. Cor. 

Similarly it may be shewn that 0C= OB, and 0D= OA ; 

.-. OA, OB, OC, OD are all equal ; 

and .*. a 0, described with centre and radius OA, will 
pass through A, B, C, D, and wiH "be deaccOo^ ^<^n^ *^^ 
eqaare, aa was required. 
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T<» 4aa^ mm immnJUi fria^ff^ hatimg «k& ^ At mugin at 




Take nij sL fine J^ and diride it in C, 

wo f^tak zecL AB, BC ^ sq, aa AC IL IL 

Wnk eentre ^ and ndins AB deacnbe the 3 BDE^ 
and in it dnw die dMsd BD=^AC; and jon AJ). IV. 1. 

Theti w%a A JLBII Aoce tatk of (U £s ai Ae htm dombU 
of L BAD. 
J(Mn CD, and about the J. ^CZ> describe theS^CD. IV.fk 
Then v rect AB, ^C = sq. on AC^ and BD^AC, 
.-. rect AB, BC = sq. on BD, 
and .-. BD toadies the 3) ^C2>. IIL 37. 

Then V £Z> touches • ^CD, »d IX^ is a chord of the S 

.: L BDC =^ L CAB. HL 32. 

Add to each £ CD A. 
TbeaiBDA^sam of z s CAD, CDA^ 

.: £ BDA = £ BCD. L 32. 

Bat£BDA=^£CBD; La. 

.-. £ BCD = z CBDy 

and .-. BD=^CD. L bl Cor. 

Bnt jRZ) = CJ ; 
.-. CJ = CD, 
and .-. z CDA = z CJLD. L A. 

Hence son of z s CDA, CAD == twice z G4D, 

/. z ^CD = twice z BAD. L 32. 

Bat / ABD and z JDB are eadi^ lBCB, 
.^ z .4J!Z> and z JJ>B aie each == Ww» L BAI> % 

a«f tbas an Isosceles /i uiBD lias l>ecii ^«aKf&«^ ^ ^«« 
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Proposition XI. Problem, 
To VMonh^ a regular pentagon in a given circle. 




Let ABODE be the given . 

It 18 required to inscribe a regular pentagon i/aike <•>. 

Make an isosceles L FGH, having each of the z s at G', ^ 
donble ofzat J^. 
In © ABODE inscribe a,^AOD equiangular to A FGH, rv. 2. 

having zs at A, 0, X)=thezs at F, G, H, respectively. 

Then z ADO^tmoQ z DAO, and z J[CD=twice z DAC. 

Bisect the z s ADO, AQD hj the chords DB, CE. 
Join AB, BO, DE, EA. 
Then will ABODE be a regular pentagon. 
For •.• z s ADO, AOD are each= twice z DAO, 
and z s ADO, AOD are bisected by DB, OE, 
.-. z s ADB, BDO, DAO, EOD, AOE, are all equal ; 
and .% arcs AB, BO, OD, DE, EA are all equal ; III. 26. 
^d .-. chords AB, BO, OD, DE, EA are all equal III. 29. 
Hence^ the pentagon ABODE is equilateral 
Again, •.• arc OD=arc AB, 
adding to each arc AED, we have 
arc ^^DO=arc BAED, 
and .-. z ABO= z BOD. III. 27. 

Similarly, z s ODE, DEA, EAB each= z ABO, 

Hence, the pentagon ABODE is equiangular. 
Thus a regular pentagon has been in&cribed m tk*^ ^ . 

Ex. Shew that OB is parallel to B A. 
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Proposition XII. Pbobleh. 



To describe a regular pentagon about a given circle. 




Let ABODE be the giyen 0. 
It 18 required to describe a regvla/r pentagon ab&ut ^ . 

Let the angular pts. of a regular pentagon inscribed in the 
be at^, B, C, D, E, 

so that the arcs AB, BC, CD, DE, EA are all equal. 

•Through A, B, C, J>, E draw GH, HK, KL, LM, MG 
tangents to the ; 

take the centre 0, and join OB, OK, 00, OL, OD. 

Then in A s OBK, OCK, 

'.' OB=^OC, and OK is common, and KB^KC, 

L B. Cor. 

.-. I BKO^ L CKO, and i BOK^ i COK, 

that is, L BKC=^ twice l CKO, and z B0(7=« twice i COK 

So also, z 2>Z(7= twice i CLO, and l DOC-WLCfc l COL. 
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Now •/ arc JBC'-arc CD, 

/. L BOC^ I DOO, 

and /. I COK~ l COL. 

Hence in A s OCK, OCL, 

V L OOK^ L COL, and rt z OCK^tL l OOL, and 00 is 
oommon, 

/. I CKO^ I CLO, and OKmmCL, I. a 

and .'. I EKL^ i MLK, and KL^%wice KO. 

Similarly it may be ihewn that z s KHG^ HGM, GML each 
^iHKL, 

•*. the pentaf^n OHKLM b equiangolar. 

And since it has been shewn that JSTX^ twice JSTC, 

and it can be shewn that J7faa twice KB, 

and •/ KB^KC, L E. Cor. 

.-. EK'^KL. 

In like manner it may be shewn that HO, GM, ML, each 

•'. the pentagon GHKLM is equilateral 
Thus a regular pentagon has been described about the 0. 

Q. 5. F. 
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Proposition XIII. Problem. 
To inscribe a circle in a given regular pentctgon. 




Let ABODE be the given regular pentagon. 

It is required to inscribe a Q in the perUagon* 
BiBect z 8 BCD, CDE by the st lines CO, DO, meeting in 0. 

Join OB, OA, OE, 

Then, in A s BCO, DCO, 

•.• BC^DC, and CO is common, and i BCO^ i DCO, 

.-. L OBC= L ODC, I. 4. 

Then, •.• z ABC= l CDE, Hyp. 

and L CDE=twice l ODC, 

.', I ABC'^twiae I OBC. 

Hence OB bisects z ABC. 

In the same way we can shew that OA, OE bisect 

the z s BAE, AED, 

Draw OF, 00, OH, OK, 0X± to AB, BC, CD, DE, EA. 

Then, in A s QOC, HOC, 

V L QCO^ L HCO, and z OOC-^ z OHC, 

and OC is common, 

.'.OG^OH. L26. 

So also it may be shewn that OF, OL, OK are 
each=OGf or OH; 
.-. OF, OG, OH, OK, OL are all equal 
Hence a described with centre and radius OF 
will pass through G, H, K, L, 
and will touch the sides of tine peniteu^on, 
vtJiezsat JP, G, H,K, LatftT\..L^ YG..\^, 
Thus a © will be inscribed Vn Ibe ^TiVa«fsii. ^. 
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Peopobition XIV. Problem. 
To describe a circle ahofU a given regulcur pentagon. 




Let ABODE be the given regular pentagon. 

It is required to describe a © about the pentagon. 

Bisect the z s BCD, CDE by the et. lines CO, DO, meeting 
inO. 

Join OB, OA, OE. 

Then it may be shewn, as in the preceding Proposition, that 

OB, OA, OE bisect the z s CBA, BAE, AED. 

And •.• z J5CI>= I CDE, 

and z OCD-half z BCD, and z 02>C=half z CDE, 

.-. z 0C2>= z ODO, 

and .-. OD^OC. 

In the same way we may shew that OB, OA, OE 

each«ODor OC; 
.•. OA, OB, OC, OD, OE are all equal, 

and a © described with centre and radius OA will pa&s 
through B, C, D, E, 

and will be described about the pentagon* 



u 
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PEOPoeiTioy XV. Pboblex. 
To ifuenbe a rtgvilar hexagon in a given circle. 

A 




Let ABCDEF be the given , of which O is the centre. 
It is required to inscribe a regular hexagon in the ©. 

Draw the diameter AOD, 
and with centre D and radius DO describe a EOCG 
Join EO, CO, and produce them to B and F, 
Join AB, BC, CD, DE, EF, FA. 
Then •.' is the centre of © ACE, .', OE^OD ; 
and '.• D is the centre of © GCE, .'. OD=DE ; 

.'. OED is an equilateral A , 
and .-. I EOD^^the third part of two rt z s. L 32. 

So also z X)0C7=the third part of two rL z s, 
and .•. z 500= the third part of two rt z s. L 13. 

Thus z s EOD, DOC, BOCsxe all equal ; 
and to these the vertically opposite z s BOA, AOF, FOE 
are equal ; L 15. 

.-. isAOB, BOC, COD, DOE, EOF, FOA, are all equal, 
and .-. arcs AB, BC, CD, DE, EF, ^J are all equal 

nL26. 
and .-. chords AB, BC, CD, DE, EF, ^Jl are all equal 

nL29. 

Thus the hexagon ABCDEF is equilateral 

Also ',' each of its z 8=two-tbiid& of two rt z s, 
.'. the hexagon ABCDEF is ec^\naiigaW. 
Thus a refi^lar hexagon has "been ViiaciiiVie^'\3a.V5aft Q) . 
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Pbopobition XVL Problem. 
To xMonht a regular quindeeagon in a given direU^ 




Let ABC be the given 0. 
It ii required to ineoribe in the ® a regular quindecagon. 
Let AB be the side of an equilateral A inscribed in the 0, 

IV. i. 

and AD the side of a regular pentagon inscribed in the 0. 

IV. 11. 

Then of sncfa equal parts as the whole Oce ABC contains 
fifteen, 

arc ADB must contain five, 

and arc AD must contain three, 

and .*. arc DB, their difference, must contain twa 

Bisect arc DB in E. XXL 30. 

Then arcs DE, EB are each the fifteenth part of the whole 
OoQ. 

If then chords DE, EB be drawn, 
and chords equal to them be placed all round the Oce, IV. 1. 
a regahr quindeoagon will \>Q lnacx\V^^\svV)ti^ ^ . 
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Miscdkmecnu Exercises on Book IV, 

1. The perpendiculars let fall on the sides of an equilateral 
triangle from the centre of the circle, described about the 
triangle, are equal 

2. Inscribe a circle in a given regular octagon. 

3. Shew that in the diagram of Prop. X. there is a second 
triangle, which has each of two of its angles double of the third. 

4. Describe a circle about a given rectangle. 

5. Shew that the diameter of the circle which is described 
about an isosceles triangle, which has its vertical angle double 
of either of the angles at the base, is equal to the base of 
the triangle. 

6. The side of the equilateral triangle, described about a 
circle, is double of the side of the equilateral triangle, inscribed 
in the circle. 

7. A quadrilateral figure may have a circle described about 
it, if the rectangles contained by the segments of the diagonals 
be equal 

8. The square on the side of an equilateral triangle, inscribed 
in a circle, is triple of the square on the side of the regular 
hexagon, inscribed in the same circle. 

9. Inscribe a circle in a given rhombus. 

10. ABC is an equilateral triangle inscribed in a circle ; 
tangents to the circle at A and B meet in M, Shew that a 
diameter drawn firom M bisects the angle AMB, and is itself 
trisected by the circumference. 

11. Compare the areas of two regular hexagons, one in- 
scribed in, the other described about, a given cirde. 

12. Inscribe a square in a given semicircle. 

13. A circle being g^ven, deactWj© so. oV^ict m^«^^^»i3DL^< 
tihem equal to it, and in contact. mt\i «a.c\i ot^tfst ^^ ^^KSoa 
^ circle. 
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14. Giyen the anj^les of a triangle, and the perpendicalan 
from any point on the three sideB, oonstnict the triangle. 

15. Haying given the radius of a circle, determine its centre, 
when the drde touches two given lines, which are not paralleL 

16. If the distance between the centres of two circles, which 
cut one another at right angles, is equal to twice one of the 
radii, the common chord is the side of the regular hexagon, 
inscribed in one of the drdes, and the side of the equilateral 
triangle, inscribed in the other. 

17. Construct a square, having given the sum, or the differ- 
ence, of the diagonal and the side. 

18. If from 0, the centre of the circle inscribed in a triangle 
ABG^ OD, OEy OF be drawn perpendicular to the sides JBC, 
CAy ABf respectively, and from any point P in OF, drawn 
parallel to, AB, perpendiculars FQ, FB be drawn upon OD 
and OE respectively, or these produced, shew that the triangle 
QBO is equiangular to the triangle ABC. 
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EMMd, Fa/pert set in the Mathematical Trvpos at Cambridge 

from 1848 to 1872. 



Questions arising ont of the Propositions, to which they 
are attached, have been proposed in the Euclid Papers to 
Candidates for Mathematical Honours since the year 1848. 

A complete set of these questions, so fEur as they refer to 
Books i.-iy., is here given. The figures preceding each question 
denote the particular Proposition to which the question was 
attached. It is expected that the solution of each qi^tion is 
to be obtained mainly by using the Proposition which precedes 
it, and that no Proposition which comes later in Euclid's order 
should be assumed. 

Of some of the questions here given we have already made 
use in the preceding pages. As examples, however, of what 
has been hitherto expected of Candidates for Honours, and in 
order to keep the series of Papers complete, we have not 
hesitated to repeat them. 

1848. I. a How does it appear that the two triangles are 

equiangular and equal to each other ? 

I. 34. If the two diagonals be drawn, shew that a 
paraTiclogram will be divided into four equal 
parts. In what case will the diagonal bisect 
the angle of parallelogram ? 

ni. 15. Shew that all equal straight lines in a circle 
will be touched by another circle. 

m. 20. If two straight lines AEB, CED in a circle 
intersect in JBr, the angles subtended hj AG 
and jBD at the ceiLti© at© \ft^<6V5asit ^<^\^<^ ^1 
the angle ^EC. 
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1849. L 1. By a method similar to that used in this pro- 

blem, describe on a given finite straight line 
an isosceles triangle, the sides of which shall 
be each equal to twice the base. 

n. 11« Shew that in Enclid's figure four other lines 
beside the given line, are divided in the re- 
quired manner. 

1Y. 4 Describe a circle touching one side of a trian^ 
and the produced parts of the other two. 

1850. L 34. If the opposite sides, or the opposite angles, of 

any quadrilateral fignw be equal, or if ite 
diagonals bisect each other, the quadrilateral 
is a parallelogram. 

n. 14. Given a square, and one side of a rectangle 
which is equal to the square, find the other 
side. 

iiL 31. The greatest rectangle that can be inscribed In 
a circle is a square. 

III. 34. Divide a circle into two segments such that the 
angle in one of them shall be five times the 
angle in the other. 

IT. 10. Shew that the base of the triangle is equal to 
the side of a regular pentagon inscribed in the 
smaller circle of the figure. 

185L I. 38. Let ABCy ABD be two equal triangles, upon 

the same base AB and on opposite sides.of 
it : join CD, meeting AB in E : shew that 
CE is equal to ED. 

T. 47. If ABC be a triangle, whose angle A is a right 

angle, and BE, CF be drawn bisecting the 

opposite sides respectively, shew that four 

times the sum of the squares on BE and CF 

•is equal to five times the square on BC, 

m. 22. If a polygon of an even number of sides be in- 
scribed in a circle, tlie swm. ol \^^ \^^i^fisn^a^ 
angles together mtli two t^\» ^\i^<2&S&^>^?3^ 
to as many right angles aa >i5aft ^^gax^\iSM^^^^' 



200 EUCLIjyS ELEMENTS. [BoQiDi L to IV. 

185L IV. 16. In a giren dft^ mscribe a trian^e, wbose 

angles aie as the nnmben % 5 and 8L 

1852L L 42. BiTide a triangle bj two stiaiglit lines into 

three parts, whidi, when |nopedy arranged, 
shall £ann a parallelogram whose an^es are 
of giren magnitude, 
n. 12. Triangles are desoibed on the same haae and 
having the difTerenoe of the squares on the 
other sides constant : shew that the vertex of 
any triangle is in one or other of two fixed 
stiai^t lines, 
nr. 3. Two equilateral trian^es are described about 
the same circle : shew that their intersections 
will form a hexagon equilateral, but not gene- 
rally equiangular. 

1853. 1. B. Cor. If lines be drawn through the extremities of the 

base of an isosceles triangle, making angles 
with it, on the side remote from the vertex, 
each equal to one third of one of the equal 
angles, and meeting the sides produced, prove 
that three of the triangles thus formed are 
isosceles. 
I. 29. Through two given points draw two lines, fonn- 
ing with a line, given in position, an equi- 
lateral triangle, 
n. 11. In the figure, if JET be the point of division of 
the given line AB^ and DA be the side of the 
square which is bisected in "E and produced 
to J?*, and if BK be produced to meet BV in 
X, prove that DL is perpendicular to BFy and 
is divided by BE similarly to the given line, 
ni. 32. Through a given point without a cirde draw a 
chord such that the difference of the angles 
in the two segments, into which it divides the 
circle, may be equal to a given angle. 

727. 36. From a given point as centre describe a circle cut- 
ting a given line in two i^Vsi\a,%o ^()t!k&\> ^•^ t^^V 
angle contained by tliea ^a\aiLce»ltoTEL«*^^ 
point in thelinemay'beeqvva^^^^^''^'^^^^^ 
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1854. L 43. If JT be the common angalar point of the paral- 
lelograms about the diameter, and BD the 
other diameter, the difference of the paral- 
lelograms is equal to twice the triangle BKD. 
n. 11. Produce a given straight line to a point such 
that the rectangle contained by the whole 
line thus produced and the part produced 
shall be equal to the square on the given 
straight line. 

ni. 22. If the opposite sides of the quadrilateral be pro- 
duced to meet in P, Q, and about the tri- 
angles so formed without the quadrilateral 
circles be described meeting again in B, shew 
that P, B, Q will be in one straight line. 

1Y. 10. Upon a given straight line, as base, describe an 
isosceles triangle having the third angle 
treble of each of the angles at the base. 

1855. I. 20. Prove that the sum of the distances of any point 

from the three angles of a triangle is greater 
than half the perimeter of the triangle. 

I. 47. If a line be drawn parallel to the hypotenuse 
of a right-angled triangle, and each of the 
acute angles be joined with the points where 
this line intersects the sides respectively oppo- 
site to them, the squares on the joining lines 
are together equal to the squares on the hypo- 
tenuse and on the line drawn parallel to it 

IL 9. Divide a given straight line into two parts, such 
that the square on one of them may be 
double of the square on the other, without 
employing the Sixth Book. 

III. 27. If any number of triangles, upon the same base 
BC, and on the same side of it, have their 
vertical angles equal, and perpendiculars 
meeting in D be drawn from B, C upon the 
opposite sides, ftnd l\ift \ocoe ^ B^ «s^^ ^^s* 
that all the Imea iw\acYi \i\wwX. VJaa ^\^^^'i^^^ 
pass through the «ame i^oiSiXt. 
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1856. lY. 4. If the circle inscribed in a triangle ^B(7 touch 

the sides AB, ACva. the points 2), B^ and a 
straight line be drawn from A to the centre 
of the circle, meeting the circumference in G^ 
shew that G is the centre of the circle in- 
scribed in the triangle ADE. 

[866. I. 34. Ol all parallelograms, which can be formed with 

diameters of giTen length, the rhombus is 
the greatest 

II. 12. If ABy one of the eqaid rides of an isosceles 
triangle ABG, be prod iced beyond the base 
to X>, so that BD=AB, shewtiiat the square 
on CD is equal to the square on AB together 
with twice the square on BC, 

IT. 15. Shew how to derive the hexagon fiom an equi- 
lateral triangle inscribed in the circle, and 
from this construction shew that tha side of 
the hexagon equals the radius of the circle, 
and that the hexagon is double of the tri- 
angle. 

1867. I. 35. ABC is an isosceles triangle, of which A is the 

vertex : AB, AC are bisected in D and E 
respectively ; BE, CD intersect in F : shew 
that the triangle ADE is equal to three times 
the triangle DEF. 

n. 13. The base of a triangle is given, and is bisected 
by the centre of a given circle, the circum- 
ference of which is the locus of the vertex : 
prove that the sum of the squares on the two 
sides of the triangle is invariable. 

m. 22. Prove that the sum of the angles in the four 
segments of the circle, exterior to the quadri- 
lateral, is equal to six right angles. 

IV. 4. Circles are inscribed in the two triangles formed 
by drawing a perpendicular from an angle of 
a triangle upon IYlq oi^^o^V^ «id!^, axid analo- 
gous circles are deaciniVift^ \siT^\Assi\.\«i ^^ 
two other like petpeii^cwAaxa \>tw^V5Mw\,^^ 
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sam of the diameters of the six drdes toge- 
ther with the sum of the sides of the original 
triangle is equal to twice the sum of the three 
perpendiculars. 

(58. L 28. Assnining as an axiom that two straight lines 

cannot both be parallel to the same straight 
line, deduce Euclid's sixth postulate as a 
corollaiy of the proposition referred ta 

n. 7. Produce a given straight line, so that the sum 
of the squares on the given line and the part 
produced may be equal to twice the rectangle 
contained by the whole line thus produced and 
the produced part 

m. 19. Describe a circle, which shall touch a given 
straight line at a given point and bisect the 
circumference of a given circle. 

859. L 41. Trisect a parallelogram by straight lines drawn 

from one of its angular points. 

IL 13. Prove that, in any quadrilateral, the squares 
on the diagonals are together equal to four 
times the sum of the squares on the straight 
lines joining the middle points of opposite 
sides. 

in. 31. Two equal circles touch each other externally, 
and through the point of contact chords are 
drawn, one to each circle, at right angles to 
each other: prove that the straight line, 
joining the other extremities of these chords, 
is equal and parallel to the straight line 
joining the centres of the circles. 

IT. 4. Triangles are constructed on the same base with 
equal vertical angles : prove that the locus 
of the centres of the escribed circles, each of 
which touches one of the sides externally 
and the other side and base produced, is an 
arc of a circle, the oentre of wbick i& cm. tk<^ 
circumference of tlie ci\xd& cvic»xT£fi&xsc^\s^%'^&A^ 
tnanglee. 
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1860. I. 35. If a straight line BME be drawn throngh the 

middle point M of the base BG of a triangle 
ABG, so as to cat off equal parts JLD, AE 
from the sides AB^ ACy prodaced if neces- 
sary, respectiyely, then shall BD be equal to 
CE. 

II. 14. Shew how to constroct a rectangle which shall 
be equal to a given square ; (1) when the 
sum, and (2) when the difference of two ad- 
jacent sides is given. 

III. 36. If two chords AB, AC he drawn from any point 
.^ of a circle, and be produced to X> and E, 
so that the rectangle AC, AE is equal to the 
rectangle AB, AD, then, if be the centre 
of the circle, AOia perpendicular to DE. 

TV, 10. If ^ be the vertex, and BD the base of the 
constructed triangle, D being one of the points 
of intersection of the two circles employed in 
the construction, and E the other, and AE 
be drawn meeting BD produced in F, prove 
that FAB is another isosceles triangle of the 
same kind. 

1861. I. 32. If ABC be a triangle, in which C is a right 

angle, shew how, by means of Book L, to 
draw a straight line parallel to a given 
straight line so as to be terminated by CA 
and CB and bisected by AB. 

TL 13. If ABC be a triangle, in which C is a ri^t 
angle, and DE be drawn from a point D in 
^C at right angles to AB, prove, without 
using Book UL, that the rectangles JiB, AE 
and AC, AD will be equal 

m. 32. Two circles intersect in A and B, and CBD is 
drawn perpendicular to AB to meet the 
circles in C and D ; if EAF bisect either the 
interior or ex&eriot sngle between CA and 
DA, prove tbait \k<B Xan^xAa \a Vk<^ €a^^ «^ 
^ and P intersecit m a voisiX oii AB \ttsAstf«^ 
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1861. lY. 4. Describe a circle toaching the Bide BO of the 

triangle ABC, and the other two Bides pro- 
duced, and proTe that the distance between 
the points of contact of the side BC with the 
inscribed circle, and the latter circle, is equal 
to the difference between the sides AB and 
AC. 

1862. L 4. Upon the sides AB, BC, and CD of a parallelo- 

gram ABCDy three equilateral triangles are 
described, that on BC towards the same parts 
as the parallelogram, and those on AB, CD 
towards the opposite parts. Proye that the 
distances of the vertices of t)ie triangles on 
ABy CD, from that on BC, are respectiyely 
equal to the two diagonals of the parallelo- 
gram. 

m. 10. Divide a given straight line into two parts, so 
that the squares on the whole line and on 
one of the parts may be together double of 
the square on the other part. 

III. 28. A triangle is turned about its vertex, until one 

of the sides intersecting in that vertex is in 
the same straight line as the other previously 
was : prove that the line, joining the vertex 
with the point of intersection of the two 
positions of the base, produced if necessary, 
bisects the angle between these two positions. 

IV. 10. Prove that the smaller of the two circles, em- 

ployed in Euclid's construction, is equal to 
the circle described about the required tri- 
angle. 

1863. I. 47. Two triangles ABC, A'FC have their sides 

respectively parallel BB^ CCi are drawn 
perpendicular to B^C; CC^ AA^ to (LI'; and 
AAt, BBi to A^B', Prove that the sum of the 

squares on ABi, BC^CA^^ft^^'Cck&V^'^'ss^ 
to the sum of tTioae oii A(X,B A^C^^^s^^eS^^: 

JL II. Divide a given Btxaig\i\. \ixift'm\«'vw^ Vs*^»'^'^ 
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that the rectangle oontamed by the wfa<de and 
one part may be equal to that ooatained by 
the other part and a given stni^t line. 

1863. m. 2a Two equal dides intersect rs^ A^B\ PQT 

perpendicular to AB meets it in T, and the 
circles in P, Q. AF, BQ meet in B ; AQy 
BP in i9: prove than the an^ BTS is bi- 
sected by TP. 

1864. L 38. If a qnadiilateral figure have two sides parallel, 

and the parallel sides be bisected, the lines 
joining the points of bisection shall pass 
throng the point in which the diagonals cat 
one another. 

n. 14. Divide a ^ven straight line (when posnble) 
into three parts sach that the rectan^e con- 
tained by two of them shall be equal to a 
given rectilineal figure, and that the squares 
on these two parts shall together be equal to 
the square on the third. 

m. 36. If firom a given point A without a given drde 
any two straight lines APQ, ABS, be drawn, 
making equal angles with the diameter which 
passes through A, and cutting the circle in 
P, Q, and jB, 8, respectively, then PS, QB, 
shall cut one another in a given point. 

IV. 11. If a figure of any odd number of sides have all 
its angular points on the same circle, and all 
its angles equal, then shall its sides be equal 

1865. I. 20. Give a geometrical construction for finding a 

point in a given straight line, the difference of 
the distances of which from two given points 
on the same side of the line shall be the 
greatest possible. 
n. 12. The base BC of an isosceles triangle ABC is 
produced to a point D ; AD is joined, and in 
AD a point B ia taikeiL, w3LODLV5Da.\. >2s!kfc -ro*.- 
angle AD, J.E, is eqjaaX \.o ^\ift ^q^mw^ ^Ti^^NSeftet 
of the equal sides AB, AC, ol VXit^ Vjwai^'^. 
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prove that the rectangle BJ)^ CD is equal to 
the rectangle AD, ED, 

1865. IIL 18. A given straight line is drawn at right angles 

to the straight line joining the centres of two 
given circles : prove that the difference be- 
tween the squares on two tangents drawn, 
one to each circle, from any point on the 
given straight line, is constant 

lY. 5. Having given one side of a triangle, and the 
centre of the circumscribed circle, determine 
the locus of the centre of the inscribed circle. 

1866. L 33. Prove that a quadrilateral, which has two op- 

posite sides and two opposite obtuse angles 
equal, is a parallelogranu 

Shew that the figure is not necessarily a paral- 
lelogram, if the equal angles are acute. 

n. 9. Prove this also by superposition of the squares 
or their halves. 

m. 22. If four circles be drawn, each passing through 
three out of four given points, the angle be- 
tween the tangents at the intersection of two 
of the circles is equal to the angle between 
the tangents at the intersection of the other 
two circles. 

IV, 2. In a given circle inscribe a triangle such that 
two of the sides of the triangle shall pass 
through given points and the third side be at 
a given distance from the centre of the given 
circle. 

1867. I. 16. Any two exterior angles of a triangle are together 

greater than two right angles. 

L 43. What is the greatest value which these comple- 
ments, for a given paraUelogram, can have ? 

IL 11. Divide a given straight line into two parts such 
that the squares on t\ift'^\LcAft Xoi'^^xs.^^sKv's^afik 
of the parts ahaH \)ft \.o^<5iOa£t ^wiJ^^ ^^ '^'*^ 
square on the o%ex patXi. 
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1867. III. 22. If the chords, which bisect two angles of a 

triangle inscribed in a circle, be equal, prove 
that either the angles are equal, or the third 
angle is equal to the angle of an equilateral 
triangle. 

1868. I. 41. OKBM and OLBN are parallelograms about 

the diameter of a parallelogram ABCD, In 
MN, which is parallel to BAj take any point 
P and prove that, if PC, produced if neces- 
sary, meet KL in Q, BP wiU be parallel 
to DQ. 

II. 12. In a triangle ABC, D, E, F are the middle 
points of the sides BC, CA, AB respectively, 
and K, L, M are the feet of the perpendi- 
culars on the same sides firom the opposite 
angles. Prove that the greatest of the rect- 
angles contained by BC and DK, CA and 
EL, AB and FM, is equal to the cram of the 
other two. 

III. 35. Through a point within a circle, draw a chord, 
such that the rectangle contained by the whole 
chord and one part may be equal to a given 
square. 

Determine the necessary limits to the magni- 
tude of this square. 

IV. 4. If two triangles ABC, A'BIC be inscribed in 
the same circle, so that AA' BBf C(7 meet 
in one point 0, prove that, if be the centre 
of the inscribed circle of one of the triangles, 
it will be the centre of the perpendiculars of 
the other. 

1869. I. 40. ABC is a triangle, E and F are two points ; if 

the sum of the triangles ABE and BCE be 
equal to the sum of the triangles ABF and 
BOF, then under certain conditions EF will 
be parallel to AC. ^\ii<i \k«aft conditions, 
and deterauxie ^Ykfin VXi^ d^^^^t^i^s^ *\fis^»^^ 
the Bum of ikitt tnttn^ea xDaa\.\» Xa^tssu 
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1869. IL 11. Shew that the point of section lies between the 

extremities of the Una 
m. 33b An acate-angled triangle is inscribed in a 
circle, and the paper is folded along each of 
the sides of the triangle : Shew that the 
drcomferences of the three segments will pass 
through the same point State the equiyalent 
proposition for an obtuse-angled triangle. 
XT. 11. Shew that the circles, each of which touches 
two sides of a regular pentagon at the ex- 
tremities of a third, meet in a point 

'87a L 26. ABCD is a square and ^ a point in £0; a 

straight line EF is drawn at right angles to 
AEy and meets the straight line, which bisects 
the angle between CD and EC produced in a 
point F : prove that AE is equal to EF\ 
JL 9. The diagonals of a quadrilateral meet in E^ and 
F is the middle point of the straight line 
joining the middle points of the diagonals : 
prove that the sum of the squares on the 
straight lines joining E to the angular points 
of the quadrilateral is greater than the sum of 
the squares on the straight lines joining F to 
the same points by four times the square 
on^J*. 
jOL 32. AEy CD are parallel diameters of two circles, 
and AC cuts the circles in P, Q : prove that 
the tangents to the circles at P, Q are parallel 
XT. 10. Hence shew how to describe an equilateral 
and equiangular pentagon about a circle with- 
out first inscribing one. 

187L L 38. Through the angular points Ay B, 0, of a 

triangle are^^^^^^ni three parallel straight lines 
meeting the opposite sides in A', P', C re- 
spectively : prove that the triangles ABCf^ 
BCA\ CA'B' are all equal 
XL 10. Produce a given straight line «o t\:Ait>^^5!^^);^ssssL^ 
on iha whole lino t\ma "^xo^'Cfe^ ^oasi "^ 
doxMQ the square on t\io ^^^dx^i -^xc^^^^ft^ 

15 
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IIL32. The ofi p u M t e ads of m nimliililiiri ™««*nift<l 

se laudiMj c d to aeet im P, Q; and 



didei tt P aod 9 foiBi m qoadiilatenl eqiud 
IB all lay e ttt to tke «^E™*^i *^ that the 
line joiniBg tibe eortni of the drdei^ about 
tibe two qoadzflatenk, Iveda PQ. 

IT. 5u A tiiang^ k iuKiibed in a gircn civde so as 
to lisve iti centre flf pfrpfiMtinilain at a girni 
point: pnii?e lliat tibe middle pointB of its 
ndea lie on a fixed cabdcL 

1S72L L 47. If CE^ BD be the aqoaies described upon the 

aide AC^ and the l^poCenase AB^ and if 
£B, CD infteisect in P, prare that XP bi- 
■ecta the an^ l^FTX 
n. 14. If the given rectilineal fignre be that of Euclid I. 
47y shew how to detezmine the leqnized 
sqoaie gra{diical^. 

m. 22. Two cirdes intersect xsiA^Bi FAF'^ QAi/ are 
drawn equally inclined to AB to meet the 
drdea in P, P^ Q, ^ : prore that PP' la 
equal to 00". 

IT. 4. Haying gtren an angular point of a trUiigl^ the 
circomsGribed drde, and the oentre of the in- 
drde^ constamct the trianglft 



BOOK V. 

SECTION I. 
On MuUipks and Equimultiples. 

Dsr. L A GRSATEB magnitude is a MulUpU of a less magni- 
tade, when the greater contains the less an exact number 
of times. 

DsF. n. A LB88 magnitude is a SvLh-mulUpU of a greater 
magnitude, when the less is contained an exact number of 
times in the greater. 

These definitions are applicable not merely to Geometrical 
magnitudes, such as lines, Angles, and Triangles ; but also to 
suc^ as are included in the ordinary sense of the word Magni- 
tude, that is, anything which is made up of parts like itself 
such as a Distance, a Weight, or a Sum of Money. 

Postulate. 

Any one magnitude being given, let it be granted that any 
number of other magnitudes may be found, each of which is 
equal to the first 

Method of Notattok. 

Let A represent a magnitude, not as one of the letters used 
in Algebra to represent the measwre of a magnitude, but let A 
stand for the magnitude itself. Thus, ii ^^ x^^g^^ A ^& ^^^c5^ 
senting a weight, we mean, not the uuimbw oi ^x»l^ 'swot 
toined in the weight, but the weight itaeVi. 
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Let the words A^ B together represent the magnitude obtained 
by putting the magnitude B to the magnitude A, 

Let A, A together be abbreviated into 2 A, 

Af A, A together 3A, 

and so on. 

Let A, A repeated m times be denoted by mA, 

m standing for a whole number. 

Let mA, mA repeated n times be denoted by nmA, 

where wm, stands for the arithmetical product of the v^le 
numbers n and m. 

Let (m+n) ^ stand for the magnitude obtained by putting 
nA to mA, m and n standing for whole numbers. 

These^ and these only, are the symbols by which we propose 
to shorten and simplify the proofs of this Book : capital 
letters standing, in all cases, for moLgnitudM ; and small letters 
standing for vMU numberi. 

Scales of Mvvntn^EA 

By taking a number of magnitudes each equal to A^ and 

putting two, three, four of them together, we obtain a set 

of magnitudes, depending upon A, and all known when A is 
known ; namely, 

A, 2A, 3A, 4A, 6A and so on ; 

each being obtained by putting A to the preceding ona 

This we call the Sgalb of Mui/nFLBS oi A. 

If m be a whole number, mA and mB are called Bqvi^ 
multiples of A and B, or, the same multiples of A and B 
respectively. 

Axioms* 

L ^aimoltiples Of the same, ot of equal magnitudes, are 
equal to one another. 

^ Those imignitades, o( wVucVi ^e «&xfiL<&, ^t ^nSf^A^TsaugAr 
tec/asr are equimultiples, are ecfoal U> oi[i^ «QoV)aEt* 
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3. A mnltiple of a greater magnitude is greater than the 
same multiple of a less. 

4. That magnitude, of which a multiple is greater than the 
same multiple of another, is greater than that other magni- 
tude. 

Note 1. If A and B be two commensurable magnitudes, it 
is easy to show that there is wmt multiple of Ay which is 
equal to wmt multiple of B. 

For let Jkf be a common measure of A and B ; then the 
scale of multiples of ilf is 

M, 2Af, 3Af, 

Now VM of the multiples in this scale, suppose fM^ is equal to Ay 
and 0916 suppose gitf, JB. 

Hence the multiple qpM is equal to qA^ Y, Ax. 1. 

and the same multiple is equal to pB; 
and therefore qA ■= pB. L Ax. 1. 



Proposition I. (EucL ▼. 1.) 

If any number of magnitudei be equimuUiplei of as manyy 
each of each ; whatever multiple any one of them is of its suh- 
muUipUy the same multiple mfist all the first mc/gwJbudeSy taken 
together, be of all the other, taken together. 

Let A be the same multiple of C that BiaotD, 
Then m/iut A, B together be the same mfiMple of C, D together 
that A is of C. 

Let A^OyCyO, repeated fn times. 

Then B « D,D,D repeated m times. 

,'. AyB together = (7, D ; C,D; C,D; repeated m times. 

.\AyB together is the same multiple of 0, D together that 
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Proposition IL (End. v. 2.) 

If (he first he the same multiple of (he second that the third is 
of the fourth, and the fifth the same muUiple of the second thai 
the sixth is of the fourth ; the first together with the fifth must he 
the same muUiple of the secortd, that the third together with the 
sixth is of the fourth. 

Let A, By Cj D, Ef Fhe six magnitades^ such that 
A 18 the same multiple of B, that (7 is of D, and 
E is the same mnltiple of B, that J^ is of X>. 
Then must A, E together he the same muUiple of B^ 
ihatC,F together is of D. 

Let A^ByBjB, repeated m times ; 

then C ^ D,D,Dy repeated m times. 

Also, let E ^ By By B, repeated n times ; 

then F = DyDyD, repeated n times. 

.*. Ay E together = By By By .repeated m+n times, 

and 0>i^ together = DyDyD, repeated m+n times. 

.*. Ay E together is the same multiple of B^ 
that C, F together is of D. 

Q.B.IX 

Proposition IIL (EucL ▼. 3.) 

If the first he the same multiple of the second thai the third 
is of the fourth ; and if of the first and third there he taken 
equimuUipleSy these must he equimuUipleSy the one of the second^ 
and the other of the fourth. 

Let A be the same multiple of B that is of D ; 
and let E and F be taken equimultiples of A and (X 
Then must E and F he equimultiples ofB and D, 

For let A = By B, repeated m timesssmB ; 

then G — Dy /), repeated m timessfiiD. 

Again, let j&= Ay Ay repeated n times ; 

then F = Cy C, repeated n times. 

.'. E = mBymBy .x^i^ted » times =fiiiiB ; 

tmdF = mDymD^ .Te^^eatei^u>aaBR&— "wrD, 

.\ Eis the same multipVe oi B \\MaX. ^ S& ^VB* 



yj ON RATIO AND PROPORTION 215 



SECTION II. 

On Ratio and Proportion. 

DsF. nL If A and B be magnitades of the same kind, the 
relatiye greatness of ^ with respect to £ is called the ratio of 
^toB. 

NoTB 2. When A and jB are oofiim«fuura62e, we can estimate 
their relatiye greatness by considering what multiples they are 
of some common standard. But as this method is not appli- 
cable when A and B are incommensurable, we have to adopt 
a more general method, applicable both to conmiensorable and 
incoomiensarable magnitades. 

If A and B be magnitades of the same kind, commensurable 
or incommensurable, the scale of multiples of ^1 is 

A^%A,„mA^ (m+l)ui...2m^,(2m+l)^...3m^...nmii... 

and the Batio iA BUi ASa estimated by considering the posi- 
tion which By or some multiple of B^ occupies among the 
multiples of A, 

If A and B be commensurable, a multiple of B can be found, 
poch that it would occupy iht same plau among the multiples 
of Ay which i& occupied by tome one of the multiples of A ; 
that is, this particular multiple of B represents the same 
magnitude as that, which is represented by some one of the 
multiples of A, See Note 1, p. 213. 

If, for example, the 7th multiple in the scale of B represents 
the same magnitude as that which is represented by the 5th 
multiple in the scale of A^ or in ot\iei -wot^/aI 1'^ ^'bA.^^^ 
are enabled to form an exact notion ol VXi« \gc«^ix<^issik ^ ^ 
lebUivelf to A. 
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When A and B are incommensurable, the relation mA^nB 
can have no existence ; that is, no pair of multiples, one in 
each of the scales of multiples of A and B^ represent the same 
magnitude. But we can always determine whether a po/f' 
ticula/r multiple of B be greater or less than some one of the 
multiples of A ; that is, we can always find between what two 
successiye multiples of A any given multiple of B lies. 

Hence, whether A and B be commensurable or incommen- 
surable, we can always form a third scale, in which the 
multiples of ^ are distributed among the multiples of A, 

Snpp(>se, for example, we discover the following relations 
between particular multiples of A and B : 

B greater than A and less than 2Af 
2B greater than 3 A and less than 4A, 
ZB greater than 6 A and less than 7 A, 

and so on ; the third scale will commence thus 

A, B, 2Ay ZA, 2J5, 4^, 6A, SA, ZB, 7 A, 

and so on ; the scale not being formed by any law, but con- 
Btracted by special calculations for each term* 

Such a scale we call t}ie Scale of Belation of Asnd B, 
and we give the following Besikition :— 

The Scale of Belation of two magnitudes of the same kind 
is a list of the multiples of both ad injmitvm^ idl Biianged in 
order of magnitude, so that any multiple of either magnitude 
being assigned, the scale of relation points out between wMdi 
multiples of the other it lies. 

Note 3. It may here be remarked that, if A and B be 
two finite magnitudes of the same kind, however small B may 
be, we may, by continuing the scale of multiples of B suffi- 
ciently far, at length obtain a multiple of J? greater than A, 
Also, if jB he less than Ay one multvple at lead of the scale 
of^ will lie between each two con&ecvxViiN^ TssoVVs^^^i^ tjl^^ 
scale of A, From these oonBideiatioi^ ^^ ^twaSV \» \\ffl^afeRA.*^ 
assuming 
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(1.) That we oan always take mB greater than A or than ^A. 

(2.) That we can always take nB such that it is greater than 
fA but not greater than qAy provided that B is less 
than J., and f than q. 

We oan now make an important addition to Definition iii., 
so that it will run thus : — 

If A and B be magnitudes of the same kind, the relative 
greatness of A with respect to £ is called the Katio of ^ to ^, 
and this Ratio is determined by, that is, depends solely upon, 
the order in which the multiples of A and B occur in the 
Scale of Belation of A and B, 



Def. IY. Magnitudes are said to have a Ratio to each other, 
which can, being multiplied, exceed each the other. 



This definition is inserted to point out that a ratio cannot 
exist between two magnitudes unless two conditions be ful- 
filled :— first, the magnitudes must be of the same kind ; 
secondly, neither of them may be infinitely large or infinitely 
small. See Note 3. 



DsF. y. When there are four magnitudes, and when any 
equimultiples of the first and third being taken, and any equi- 
multiples of the second and fourth, if, when the multiple of the 
first is greater than that of the second, the multiple of the 
third \& greater than that of the fourth, and when the multiple 
of the first is equal to that of the second, the multiple of the 
third \& equal to that of the fourth, and when the multiple of 
the first is less than that of the second, the multiple of the 
third iff ia» tiian that of the f o\iit\i, l\i<&xi \)Ci<^ ^^s^\> ^^'l "^^ 
original £<mr magnitudes is said to Vav^ \ft VX» ^aa^TL^ *^ft^ 
Buae nth which the third has to tkie fewx^Yi. 
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NoTB 4. — To make De£ t. clearer we give the folio 
illastration. Suppose A, B, C, D to be four magnitades 
scales of theb mnltiples will then be — 

A, 2A, ZA mA , 

B, 2B, 3B hB , 

C, 30, 30 mC , 

D, 2D, 3D nD ; 

where mA, mG stand for any equimaltiples of A and C, 
m£, nD stand for any eqoimnltlplea of B and D: then 
DefiaitJon maj be stated more briefly thus : 

A is said to have the same ratio to B which has 1 
when mA ia found in the same position among the mult 
of B, in which mC ia found among the multiples of D 
which is the same thing, when &e order of EAe mvltipUt • 
and B in the Scale of Befaiton of A and B, ie preciidy the 
(u the order of the miiU^Ui of C and D in the Scale of Mel 
of G and D ; or, when every multiple of ^ is found in the 
position among the multiples of B, in which the same mul 
of C is fotud among the mnltlplee of D. 

Note 6. The use of Def. t. will be better undeistoo 
the following application of it. 

To Amv Oiat reclanghi of egnal altitude are U) one amo6 
(u their baim. 



Let AG, tw be two rectangles of equal altitude. 
Let £, ff and R, if stand for the bases and the are 
these rectangles respectiYBly. 

25»te AD, D£, EF, .m m nwnAiei, smi sii wi; 

•^dad,de,^,fg,gh, ^ ia nOTiiien, aiA la. ia 
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Complete the rectaDgles, as in the diaj^ram. 

Then base AF « mjB, 
base ah « nS, 
rectangle AP = ml2, 
rectangle aip » nBf^ 
Now we can proY^, by superposition, that if ^J^ be greater 
than oAy AP will be greater than wp^ and if equal, equal ; and 
if less, less. 

That is, if mB be greater than nB', mR is greater than nP!\ 
and if equal, equal ; and if less, less. 
Hence, by Def. v., 

Bisto^asiiiBtol^. 
Hence we deduce two Corollaries, which are the foundation 
of the proofs in Book yt. 

Cor. L Parallelograms of equal altitude are to one another 
as their bases. 

For the parallelograms are equal to rectangles, on the same 
bfises and between the same parallels. 

Cor. n. Triangles of equal altitude are to one another as 
their bases. 

For the triangles are equal to the halves of the rectangles, 
on the same bases and between the same parallels. 

N,B, — These Corollaries are proved as a direct Proposition 
in EucL Yi. 1. Cor. 11. could not, consistently with Euclid's 
method, be introduced in this place, for it assumes Proposi- 
tion XI. of Book Y. 

Def. YL Magnitudes which have the same ratio are called 
Proportionals. 

If A, B, C, D be proportionals, it is usually expressed by 
saying, Ai&toB&sCiatoD. 

The magnitudes A and C are called the Antecedents of the ratios. 
Ba,ndD Consequents 

The antecedentB are said to \)© KomologcAw \ft ^jjafe ^s^si^^x^ 
that IB, occupying the samru position m V^i'ft ToJtivo* ^y5Kv>io\^^'«» 
the consequents are said to "be liouio\o^Q\x& Vi ctcl^ ^s^rJ^^^* 
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Def. VIL When of the equimultiples of four magnitudes, 
taken as in Def v., the multiple of the first is greater than [or 
is equal to] the multiple of the second, but the multiple of the 
third is not greater than [or is less than] the multiple of the 
fourth, then the first is said to have to the second a greater 
ratio, than the third has to the fourth. 

Note 6. The meaning of Def. vii. may be expressed, after 
taking the scales of multiples as in the explanation of Def. v., 
thus : — 

A is said to have to ^ a greater ratio than Ohas to D, 
when two whole numbers m and n can be found, such that 
fthA is greater than nBy but m(7 not greater than %D ; or, 
such that mA is equal to nB^ but mO less than nD. 
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SECTION IlL 

dnUaining the Propositions most frequently referred to in 

Book VL 



No«B 7. The Blfth Book of Endid may be regarded in two 
aspects : first, as a Treatise on the Theory of Ratio and Propop* 
tion, complete in itself, and depending in no way on the pre- 
ceding Books of the Elements ; and secondly, as a necessary 
ntroduction to the Sixth Book. 

If we make the number of references in Book yl a test of 
the importance of particular Propositions in Book v^ they 
will be arranged in the following order v^ 



§ 



Proposition v. is referred to 23 times. 

n ^^ ft *-^ n 

n ^^^ n 7 » 

» XXI. „ ^ n 

„ xvin. „ 3 „ 

„ XII. „ 2 „ 

Propositions z., xi, zv., xn., xix., xxii., are referred to <mc6. 



It is desirable, then, that the atud^nti oikoxjld Q)\«[k<^r(^ ^ca^ 
the three IVopositions, which aie oi ^'^^caa^L YCSkY^itNsKSfA ^sst 
Book Yi., are included in this Sectioii. 
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Proposition IV. 

If four moffniivdes he proport/ionals, and any equimultiples 
he taken of the first and third, a/ad also any equvmuUiples of 
ike second and fourth, if the multiple of thefi/rst he greater than 
that of the second, the multiple of the third m/ust he greater than 
that of the fourth ; a/nd if equal, equal ; and if less, less. 

Let ^ be to £ as is to Z>, 
and let any equimultiples mA, mC be taken of A and C, 
and any equimultiples nB, nD of B and X>. 

Then if mA he greater than nB, mCwMst he greater than nJ) ; 
and if equal, equal ; if less, less. 

For if mA be greater than nB, but mC not greater than 
nD, then will A have to B& greater ratio than C has to D ; 
which is not the case. Y. Def. 7. 

Hence if mA be greater than nB, mC must be greater than nD. 

Similarly it may be shown that, if mA be equal to, or less 
than, nB, mC must also be equal to, or less than, nD, 

Q. E. D. 

N,B. — We have added this Proposition to meet an objection, 
which might be made to a reference to Definition v., when the 
con/oerse of that Definition is wanted. This reference is of 
frequent occurrence in Simson's edition. 



Proposition V. (EucL v. 11.) 

Batios that are the same to the same raUo, a/re the same to one 
another. 

Let J. be to J? as (7 is to D, 

and j^ be to ^ as C is to 2>. 
UTien must A he to B as E is to F. 

Take of A, O, JBany equimultipVea mA, mC,mBi, 
"nd of B, Dy F any equimultiplea uB, uD, uP. 
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Then *.* ^ is to £ as is to D, 
.'. if mA be greater than nBy mG is greater than nD ; 
and if eqaal, equal ; if less, less. V. 4. 

Again, *.* is to 2> as E is to J^, 
.*. if mC be greater than nD, mE is greater than nF ; 
and if equal, equal ; if less, less. Y . 4. 

Hence, if mA be greater than nB^ tnB is greater than nF ; 
and if equal, equal ; if less, less. 

. -. ^ is to !b as Ji7 is to ^. V. Def. 5. 

Q. S.D. 



Proposition VI. (EucL v. 7.) 

Equal magnitudes ha/ve the same ratio to the same magni- 
tude ; and the same has the same ratio to equal magnitudes. 

Let A and B be equal magnitudes, and any other magni- 
tude. 

Then must AhetoCasBistoC, 
and O.mMst he to A as C is to B, 

Take mA and mB any equimultiples of A and B, 
and nO any multiple of 0. 

Then •.• A^ B, ,\ mA = mB, V. Ax. 1. 

.'. if mA be greater than nO, mB is greater than nC ; 
and if equal, equal ; if less, less. 

.*. ^ is to Cas ^ is to a V. Def. 5. 

Again, if n(7 be greater than mAy nO is greater than mJB ; 
and if equal, equal ; if less, less. 

.% Ois to ^ Stt Cis to JB. V. Def. 6. 
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Proposition VII. (Eucl. v. 8.) 

0/ \nDO unequal magnitudes, ihe greater has a greaier raHo to 
any other magnitude 1iham> the less has ; and ihe same m4xgnitud6 
has a greater raJtio to the less, of Imo other magnitudes, ihaoi it 
has to ike greaier. 

Let A and B be any two magnitudes, of which ^ is the 
greater, and let D be any other magnitude. 

Then must the ratio of A to D be greater 
than the ratio of Bto D, 

Take such equimultiples of A and B, qA and qB, 
that each of them may be greater than D. Note 3, p. 216. 

Then *.* J. is greater than B, 

.*. qA is greater than qR Y. Ax. 3. 

Let qA = qB, E together. 

Then, however small R may be, we can find a multiple of 
R, suppose mR, such that mR is greater than qB^ Note 3. 

Take equimultiples of qA and qB, mqA and mqB, and take 
a multiple of D, nD, such that nD is not less than mqB and 
not greater than fynq + q) B, Note 3. 

Then '.• mqA = mqB^ mJ2 together, V. 1. 

and mR is greater than qB, 
,\ mqA is greater than (wg + q) B, 
and, a fortiori, mqA is greater than nD, 

But mqB is not greater than nD, 
.*. the ratio of ui to D is greater than the ratio of ^ to D. 

V. De£ 7. 
Also, the raJtio of D to B mmsl he greater than the ratio of 
DtoA. 

For, the same multiples being taken as before, 
*.* nD is not less than mqB, 
and nD is less than mqA, 
/. D has to £ a greater ratio than D has to A. 

V. Del 7. 
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Paoposinoir VIII. (Eucl. v. 9.) 

hla/^^'uiMy which hant the tamu ratio to the same magnitude^ 
are equai to one another ; and thou, to which the same magni- 
tude hoe (he tame raJtio, are equal to one another. 

Let A and B have the same ratio to G, 

Thm mutt A Bt B. 

For if A were greater than B, 

A would have a greater ratio to than B has to C ; V. 7. 
-which is not the case. 

And if A were leas than By 

B would have a greater ratio to C than ^ has to ; V. 7. 

which is not the case^ 

/. A^B. 

Next^ let have the same ratio to A that C has to ^. 

Thm muit A ^ B, 

For we can show, as before, that A ciamot be greater or less 

thanja 

,\A^B, Q. E. D. 

Proposition IX. (Eucl. v. 10.) 

ThaJt magnitude, which has a greater ratio than another has 
to ihe same magnitude, is the greater of the two; and thai 
magnitude, to which ihe same has a greater ratio than it has 
to am,oiher magnittde, is the less of (he two. 
Let A have to a greater ratio than B has to C, 

Then must A he greaier than B. 

For if A were equal to B, then would A have the same 

ratio to that B has to C ; which is not the case. V, 8. 

And if A were less than B, then would A have to C a ratio 

less than that which Bhsaio C; which is not the case. V. 7. 

.*• A IB greater than B, 
Next, let C have a greater ratio to B than it has to A. 

Then must B he less than A, 

For if B were equal to A, then would C have the same ratio 

to B which it has to A ; which is not the case. V. 8. 

And if B were greater than A, then C would have to jB a 

ratio less than thai which C baa to A \ ^^cki^ScL S& \i<^\» "v^^ 

ease, ^ -"^ 

. •. jB is less tban A, ^ '*^'^* 
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Proposition X (EacL v. 12.) 

If any nvmber of magnitudes be jproporiwnaU, as one of the 
anUeedenU ii toiU amtequent, so must aU the antecedents taJcen 
together be to aU the consequents, 
Letanyimmberof magnitodesui,^, C,D,E,F,.,he proportioiials, 

that is, J-toJ^asOtoD and as J? is to F„. 
ThenmustAbetoBasA,C,£..,togetheristoB,D,F...together. 

Take oiA, C, E,,„9Jij equimnltiples mAy mC^ mE.„ 
andof ^, i>, JP...aD7eqmmiiltiples nB,nDf nF,„ 
Then V ^ is to ^ as Ois to D and as J^is to ^... 

/. if mA be greater than nB, mC is greater than nD, 
and mE is greater than nF,,. ; and if equal, equal ; if less, 
less. y. 4. 

.'. if mA be greater than nB, mA, mC, m^... together are 
greater than nB^ nD, ni^... together; and if equal, equal; if 
less, less. 

Now mA and mA, mC, m^... together are equimultiples of 
A and A, 0, ,&... together. V. 1. 

And nB and nB, nD, ni"... together are equimultiples of 
B and B, D, JP... together. 

.'. ^ is to £ as ui, 0, ^...together is to £, D, ^...together. 

V. Def. 5. 
<^ E. D. 

Peoposition XI. (EucL v. 16.) 

Magmiudes hwoe the same roHo to one anoiher which their 
equimAMpUs ha/oe. 
Let A be the same multiple of G that JB is of D. 

Then must GhetoD a^s AtoB. 
Divide A into magnitudes E, F, 69^,... each equal to C, 
and B into magnitudes H, K, X,...each equal to D, 
the number of the magnitudes being the same in both cases, 
because A and B are eqvdmmlldples of G and D. 

Then V E, F, G are all equal, 

and H, K, L are all equal 

.'. J^istoJET, asjPtoZ,as (?toX... V. 6 

.'. ^ IB to H as E, Fj G...to^e\Xiex ^ ifs R^ K^ L... 
together, ^A^ 

that is, E IB to H aa A \» B \ 
and \-E^ C, and H « B, 

.-. CistoDas A\«B. ^^^^^ 
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SECTION IV. 
On Proportion by Inversion^ AlUmatton^ and Separation, 

PnoFOfliTioir XII. (EucL y. R) 

Iffowr magrwtudet he proporUonaiU, (hey fMut also be pro- 
porUonali v^un taken vtweraeH/y. 

Let^betoBasOistoi). 

Then inversely B must betoAasDistoC. 

Take of A and any equimnltiples mA and mC, 
and of B and D anj eqaimoltiples nB and nD. 

Then *.* ^ is to ^ as C ia to D, 

.'. if mA be greater than nB^ mC is greater than nD; and 
if equal, equal ; if less, less. V. 4. 

Hence, if n£ be greater than mA, nD is greater than mO; 
and if equal, equal ; if less, less. 

/. £ is to ^ as D is to a Y. Def. 5. 

Q. B. D. 
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Proposition XIII. (Eucl. v. 13.) 

If ike first has to the second the same ratio which the third has 
tothefotvrthf but (he third to thefov/rCh a greaJter ratio than the 
fifth has to the svxith ; the fi/rst must also ha/oe to ihe second a 
greaJter ratio than the fifth has to the sixth. 

Let A have to B the same ratio that C has to D, 
hut to X> a greater ratio than E has to F, 

Then must A hwoe to B a greater raiio than E has to F. 

For *.* C has to X> a greater ratio than E has to F, 
we can find such equimultiples of C and E^ suppose mCand mE^ 
and such equimultiples of D and Fy suppose nD and nF, 
that mC is greater than nD, but mE not greater than nF. 

V. Def. 7. 
Then •/ JL is to ^ as C is to 2>, Hyp. 

and mC is greater thannZ), 
•*. mA IB greater than nB, V. 4. 

And mE is not greater than nF, 

•*. A has to jB a greater ratio than j& has to JP. V. Det 7. 

Q. E. D. 



Proposition XIV. (EucL v. 14.) 

If the first has to the second the same ratio which the third 
has to (he fourth ; then, if the first he greater than the third the 
second must he grea;ter than the fourth ; and if equal, equal ; 
and if less, less. 

Let A have the same ratio to B that C has to D. 

2%en if A he grealer than 0, B must he greater than D, 

For '.' A ia greater than C, 
and B ia any other magnitude^ 
''. A haaa greater ratio to B ^basi C^w«\ic> B. ^ .'V, 
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Bat ^istoBasOistoD. 
.*. C has a greater ratio to D, than C has to B. V. 13. 
.*. Bis greater than D. V. 9. 

Similarly it may be shown that if ^ be less than 0, B mu.st 
be less than D ; and that if ui be equal to C> £ most be equal 

to D. Q. E. D. 



Pbopobitiom XV. (EaoL v. 16.) 

If f(A» moffwiiuda of the icme hind be proportionals, ihey 
rniut alto he proportionals when taken alternately. 

Let A, B, CfDhe four magnitudes of the same kind, and 
let^betoBasOistoD. 

Then alternately A nvust betoCasBistoD. 

Take of A and B any equimultiples mJ. and mB, 
and of G and D any equimultiples nC and nD, 

Then *.* niA is to mB as J. is to B, V. 11. 

and Oisto DasuiistoJB, Hyp. 

.'. mA is to mB aa Ovato D. V. 5. 

But nO is to nD as (7 is to D ; V. 11. 

and .'. mA is to mB as nO is to nD, V. 5. 

If .*. mA he greater than nC, mB is greater than nD ; 
and if equal, equal ; if less, less. V. 14. 

.'.AiBtoCBaBiitoD. V . Def. 5. 
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Proposition XVI. (EucL v. 18.) 

If magnitTides taken separcUdy be proportionals, they must be 
proporHonals cdso when taken jointly. 

Let A have the same ratio to B that C has to D, 

Then must A, B together ham the same ratio to B, 
that 0, D together has to B. 

First, when all the magnitudes are of the same kind, 
*.* J. is to B as C is to Dy 

.-. ^ is to as B is to D. V. 16. 

.*. Aj B together is to C, D together as B is to D, Y. 10. 

and .\ A,B together is to B as C, D together is to D. Y. 15. 

Next, when all the magnitudes are not of the same kind, we 
may employ a- method of proof which includes the former 
case : thus — 

Take of A, B, C, D any equimultiples mA, mB, mC, mJ), 
and of B and D take any equimultiples nB, nD. 

Then *.* J. is to B as is to D, 

.'. if mA be greater than nB, mC is greater than nD ; and 
if equal, equal ; if less, less. Y. 4. 

If then mAf mB together be greater than mB, nB together, 

mO, mD together is greater than mO, nD together ; 

and if equal, equal ; if less, less. I. Az. 2, 4. 

Now mAf mB together is the same multiple of A, B together 
that mO, mD together is of (7, D together ; Y. 1. 

and mBy nB together is the same multiple of B 
that mD, nD together is of D. Y. 2. 

.'. A, B together is to B as 0, D together is to D. Y. Def. 6. 

Q. B. D. 
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SECTION V. 

Containing the Propositions occasionally referred to in 

Book VI. 

Proposition XVII. (EucL v. 4.) 

If the first offow magwUudes has to thesecond the same raUo 
which the third has to the fourth, and any equimultiples of the 
fi/rii a/nd third he taken, and also any equimultiples of the second 
and fourth, then mast the multiple of the first hane the same 
roitio to the multiple of the second which the multiple of the 
third has to that of the fourth, 

TlAhetoBaaCiBtoD, 

and mA, mC be taken equimultiples of A and C, 
and nB, nD oiB andD^ 

then must mA he to nB as mC is to nD. 

Take of mA, mC any equimultiples pmA, pmC, 
and of nB, nD qnB^ qnD. 

Then pmA, pmO are equimultiples of A and C, Y. 3. 

and qnB, qnD of^andD. Y. 3. 

And *.* J. is to B as C is to A 

.'. jfpmA be greater than qnB, 

pmO is greater than qnD ; Y. 4. 

and if equal, equal ; if less, less. 

Then '.• pmA, pmO are equimultiples of mA, rriO, 
aadqnB, qnD ofuB^ uD^ 

.'. mA istonBBS mC is to nD. ^ .^^'Ji^,'^. 
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Proposition XVIII. (Eucl. v. A.) 

If {he first of fofwr magnitvdes ha/ue Qie same ratio to the 
second that the third has to Hhefov/rihy then, if thef/rst be greater 
than the second, the Ihvrd must he greater than thefowrih ; and 
if equal, equal ; and if less, less. 

Let AhetoBaaCiBtoD, 

Then if A he greaJter than B, C must he greater than D ; 
a/nd if equal, equal ; and if less, less. 

Take any equimultiples of each, mA, mB, mC, mD. 

Then •/ J. is to JB as is to D, 
.*. if mA be greater than m6, mO is greater than mD ; 
and if equal, equal ; and if less, less. Y. 4. 

First, suppose A greater than B, 

then mA is greater than mB, V. Ax. 3. 

and .*. mG is greater than mD, 
and .'. is greater than D, V. Ax. 4. 

Similarly the other cases may be proyed. 

<!. B. D. 



Proposition XIX. (EucL v. D.) 

If thef/rst he to the second as the iMrd is to the fov/rth, and if 
the f/rst he a multiple, or a submvltijple, of the second, ike third 
must he the same mndtiple, or the same subtMilHple, of the 
fourth. 

Let u4 be to B as is to D, 

and, first, let J. be a m/ultiple df B. 

Then must C he the same multiple of D, 

Let A =smJB, and take mD the same multiple of D that AiaofB. 
Then '.'u^isto^asOistoD, 

.'. ^ IS to m^ as C 18 to mD. N,V\. 

^ mB, and .-. C = mD. ^ -^^^ 
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Next) let ^ be a wbnwliv^ of B, 

T^ok fMud Obeth* tame tttbrntUHple of D. 

Vat ;• Aiato BsaCiBto Df 

.'.BiBtoAsaDlBtoC, V. 12. 

Kow B 18 a multiple of A^ 

and .'. D is the same multiple of C, by the first caee. 

Henoe Ib the same sabmoltiple of D, that ^ is of B. 

Q.S. D. 



Pbofosition XX. (EucL t. SO.) 

Jf then be thru magnitudeSf and other threSj which have the 
same raiUo, taken two and two, then^ if the first be greaier than 
the ihirdfihe fowih muet be greater thanthesixth; and if equals 
equal ; if less, less. 

Let A,B, Che three magmtades, and D, E, F other three, 
and let J. be to B as D is to ^, 
and BbetoOas^istOjP. 
Then if Abe greater than C, D must be greater than F; and 
if equal, equal ; if less, less. 

First, if ^ be greater than C, 

A has to B a greater ratio than C has to B, V. 7. 

But Ch&9 to B the same ratio that ^ has to J^, Hyp. &y. 12. 
.*. A has to B a greater ratio than F has to E, 

.*. D has to J^ a greater ratio than ^ has to j&. V. 13. 

.'. D is greater than F. V. 9. 

Similarly the other cases may be proved. 
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Proposition XXI. (EucL v. 22.) 
If there he <my nvmber of magmtvdeSf and as many others^ 
which ham the same raJtio taken two and two in order , the first 
must ha/ve to the last of the first magnitvdes the sarnie ratio which 
the first of the others has to the hist of these. 

Firsts let there be three magnitudes A, B, C, and other 
three D, E, F. 

And let J. be to P as D is to j^, 
and B be to as J^ is to J". 
Then must A be to C as D isto F, 
Take of A and D any equimultiples mA, mD, 

of Band F nB, nE, 

of CaxidF .pCypF. 

Then ••• J. is to B as 2) is to J^, 

.*. mA is to nB as mD is to nE. V. 17. 

So also, nB is to pC as nE is to pF, 
.*. if mA be greater than pC, mD is greater than pF, 
and if equal, equal ; if less, less. Y. 20. 

.-. ^ is to as 2) is to J*. V. Del 5. 

The proposition may be easily extended to any number of 
magnitudes. Q. e. d. 

Proposition XXII. (Eucl. v. 24.) 
If the first ha/oe to the second the same ratio which the thvrd 
has to thefowrthy and the fifth ha/ve to the second the same ratio 
which the sixth has to thefowrthy then the first and fifth together 
m/ast have to the second the scmie ratio which the third a/nd sixth 
together ha/ve to thefowrth. 

Let J.betoBas OistoD, 
and J^betoPas^istoD. 
Thm must Ay E together he to B as C, F together istoD. 
For '.' E \a to BaaFia to Dy 

.'. Bk to E as Dia to F, V. 12. 

And *.* J. is to P as C is to D, 
and JSisto^asD istOjP, 
.-. ^ is to J^ as is to jP. V. 21. 

.\ A,E together is to J^ as C, jP together is to jP, V. la 
and jElia to B as J^ is to D *, 
-•. -4, J^'togetheris to B aa C, F\.o^eVXietSa\.ol>. N.^, 
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SECTION VI. 

CaHtaining the Propositions to which no reference is made 

in Book VI. 

Pbofosition XXin. (EucL v. 5.) 

' If ofM magnitude he ths $ame mvUiple of another, which a 
magnitude taken from the first ieofa magnitude taken from the 
e/QuTf ihe remainder muet be the $ame multiple of the remainder, 
QuA ihe whole is of the whole. 

Let B and D be the magnitudes which are taken awaj^ 

and A and the magnitudes which remain, 

then A, B together, and C, D together will be the wholes. 

And let A, B together be the same multiple of C, D together, 
tiiat B is of D. 

Then m/ust A he Ihe same Tmdtvple of C that A, B together is 
of C, D together. 

Take E the same multiple of that P is of 2), 

Then E, B together is the same multiple of C, D together 
that Bis of D. V. 1. 

But A, B together is the same multiple of C, D together 
that Bis of 2>. 

.'. E, B together ^ A, B together, V. Ax. 1. 

and .*. E " A. I. Ax. 3. 

.*. ^ is the same multiple of C that B is of 2). 

Q. B. D. 
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Proposition XXIV. (EucL v. 6.) 

If two magnitvdes he tquvmuUiples of two others, and if 
equmnvltiples of these he taken from thefvrst i/wo, the remainden 
are either equal to these others, or eqwim/ulti^les of them. 

Let B and D be the magnitudes which are taken away, 

and A and C the magnitudes which remain ; 

then A, B together and C, D together will be the wholes. 

Let A, B together be the same multiple of P, 
that C, D together is of Q, 
and let B be the same multiple of P, that D is of Q. 

Then rnust A amd C he equal respectively to P and Q, 
or A amd C he equimultiples of P and Q, 

For let A, B together «= P, P repeated m-^-n times, 

then C, D together = Q, Q repeated m-^-n times. 

Also, let B—P, P repeated n times, 

then D =B Q, Q repeated n times. 

Hence A = P, P repeated m times, 

and C — Q, Q repeated m times. 

If then ^ = P, m = 1, and .-. = Q ; 
and if -4 be a multiple of P, is the same multiple of Q. 

Q. KB. 
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Proposition XXV. (Eucl. v. 17.) 

If magnitudes, taken joinUyj be proportumals, they shall also 
he prcportiianals iohm taken separately ; thai is, if two magni- 
trtdes together ham to one of them the same ratio whieh two 
others hm>e to one of these, the remaining one of the first two 
must hm>e to the other the same ratio which the remaining one 
of the last two has to ihe other of these. 

Let A, B together have the same ratio to B 
that C, D together have to D. 

Then mmt AbetoBasCtoD. 

Take of A, B, C, D any equimultiples m-4, mB, mC, mD, 
and again of B, D take any equimultiples nB, nD, 

Then *.* mA is the same multiple of A that mB.is of B, 

.*. mA, mB together is the same multiple of A, B 
together that mA is of ^. V. 1. 

And *.* mO is the same multiple of C that mD is of D, 
.*. mC, mD together is the same multiple of C, D 
together that mC is of C7. V. 1. 

But mA is the same multiple of A that mC is of 0. 

.*• mA, mJB together is the same multiple of A, B 
together that mC, mD together is of C, 2) together. 

Again, mB, nB together is the same multiple of B that 
mD, nD together is of D. 

Now, since A, B together is to B as (7, D together is to 2), 

.*. if mA, mB together be greater than mB, nB together, 

mC, mD together is greater than mD, nD together ; and if 

equal, equal ; if less, less. V. 4. 

That is, if mA be greater than nB, mC is greater than nD ; 

and if egual^ equal ; if less, le&a. 1. kz»%^^. 

.'. ^18 to Baa C 18 to D. ^ .\^^V^. 
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Proposition XXVI. (Eucl. v. 19.) 

If a whole magnitude be to a whole us a rrvagnitude taken 
from the first is to a magnitude taken from the other, the re- 
mainder m/ust be to the remainder as the whole is to the whole. 

Let A, B together have the same ratio to C, D together that 
Bhas to 2). 

Then must A be to C as A, B together isto G,D together. 

For *.* A, B together is to C, D together as B is to D, 

.\ A, B together is to £ as C, D together is to D, Y. 15. 
and .*. ^ is to P as is to 2), V. 25. 

Hence -4 is to as 5 is to 2). V. 15. 

But A, B together is to C, D together as B is to D. Hyp. 
.*. ^ is to C as ui, jB together is to C, D together. V. 5. 

Q. s. D. 

Proposition XXVII. (EucL v. 21.) 

If there be three magnitudes, and other three, which have the 
same raJtio, taken two and two, bv^ in a cross order, then if the 
first be greater than the third, the fourth must be greater than 
the sixth ; and if equal, equal ; and if less, less. 

Let A, B, be three magnitudes, and D, E, F other three, 
and let J. be to B as J^ is to J*, 
and PbetoCasDisto^. 
Then if A be greaUr than C, D must be greater than F; 
and if equal, equal ; and if less, less. 
First, if -4 be greater than C, 

A has to JB a greater ratio than C has to B, V. 7. 
and .'. J^ has to jP a greater ratio than C has to £. V. 13. 

Now •.• 5 is to as 2) is to J^, Hyp. 

.-. C is to B as ^ is to 2). V. 12. 

Hence JS has to Fa greater ratio tlmi £ has to 2). 

.\D ia greater than F. ^ • ^. 

^H/plarly the other cases may \>e pxoN^^. 
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Proposition XXVIII. (Eucl. v. 23.) 

If there he any nwnber of magnitudes, and oa many others^ 
v^ich haive the eame raiio, taken two and two in a cross ordaty 
ihefini mwi ha/ve to the last of the first magnibtdes ihe same 
ratio iMeh the first of the others has to the last of these. 

Let AyB, be three magnitudes, and D, E, F other three, 
and let ^ be to B as j& is to J?*, 
and BbetoOasDistoJ^. 
Hien must A he to C as Disto F. 

OiAfByD take any equimultiples mA, mB, mD, and 
of C, E, F take any equimultiples nO, nE, nF. 

Now '.* J. is to B as J^ is to F, 

.*. mA is to mB as nE is to nF ; Y. 11, and Y. 5. 

and '.* B is to as D is to J^, 

.*. mB is to nC as mD is to nE. Y. 17. 

Hence, if mA be greater than nO, mD is greater than nF\ 
and if equal, equal ; and if less, less. Y. 27. 

.-. -4 is to Cas D is to J?*. Y. Def. 6. 

The proposition may be easily extended to any number of 
magnitudes. ^^^ 
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Proposition XXIX. (Eud. v. 26.) 

If fov/r magnitiidea of the same kind be proportionals, (he 
gi'eatest and least of them together must he greater than (he other 
two together. 

Let ^ be to JB as (7 is to D, 
and let A be the greatest of the four magnitudes, and conse- 
quently D the least. V. 18, and V. 14. 

Then must A, D together he greater than B, C together. 

Let A = B, P together, and C = D, Q together. 
Then \' B, P together is to £ as D, Q together is to D, 
.-. P is to B as Q is to D, V. 26. 

and B is greater than D. 

.*. P is greater than Q, V. 14. 

Hence P, P, D together are greater than Q, B, D 
together. L Ax. 4. 

•*. Af D together are greater than P, together. 
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Proposition XXX. (EacL v. 0.) 

If ths fint be the same mvUiple of the second, or the same 
subnwUiph of U, that the third is of the fowrth, the first m/ust 
be to the second as the third is to thefowrth. 

First, let ^ be the same mndtiiple of B, that is of D. ^ 
Thm mutt AbetoB asOistoD. 

Let A impB and .*. » pD. 

Take of A and C any equimultiples mA, mC, 
and of B and Dany equimultiples nB, nD, 

Then mA = mpB and mC » mpD, V. 3. 

Now if mpB be greater than nB, 
mpD is greater than nD ; 
and if equal, equal ; if less, less. 

That is, if mA be greater than nB, mC is greater than nD ; 
and if equal, equal ; and if less, less. 

.-. -4 is to B as a is to 2). V. De£ 6. 

Next^ let A be the same svhmultiple of B, that C is of 2). 
Then must AhetoBasCistoD. 

For *.' ^ is the same submultiple of B, that C is of 2>, 
.\ Bia the same multiple of ^, that 2) is of 0, 
.'. B is to J. as 2) is to 0, by the first case, 

and •*. J. is toB as is to D. V. 12. 

Q. B.D. 



IT 
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Proposition XXXI. (Eud. v. R) 

Iffow magniiiides he proportionals, Ihey must also be pro- 
portionals by conversion ; thai is, the first must he to its excess 
above the second as the third is to its excess above thefimrih. 

Let A^ B together he to B as C,D together is to D. 
Then must A, B together hetoAasC,D together istoC. 

For '.' A, B together is to jB as (7, D together is to D, 

.-. ^istoBasCistoD, . V. 25. 

and .% B is to ^ as i> is to Oy ¥.12. 

and .*. A, B together is to ^ as C, D together is to 0. Y. 16. 



BOOK VI. 

INTRODUCTORY REMARKS. 

Thb chief sabject of this Book is the Similarity of Recti- 
linear Figures. 

DsF. L Two rectilinear figures are called ivmilar, when they 

satisfy two conditions : — 

L For every angle in one of the figures there must be a 
corresponding equal angle in the other. 

U. The sides containing any one of the angles in one of the 
figures must be in the same ratio as the sides containing the cor- 
responding angle in the other figure: the antecedents of the ratios 
being sides which are adjacent to equal angles in each figure. 

Thus ABC and DJEF are similar triangles, if the angles at 
A^ByChe equal to the angles at 2), E, F, respectiyely, and 
if B^beto^Oas^DistoDl'', 
and ^0 be to OB as 2> J* is to FE, 
Bud CB he to B A aa FE m to ED. 





B C E 

The sides adjacent to equal angles in the triangles are thus 
'^omdogous, that is, BA, AC, CB are respectively homologous 
^ ED, DF, FE. 

It will be shown in Prop. iv. that in the case of triangles the 
Second of the above^onditions follows from the first. 

In the case of quadrilaterals and polygons hoik condi- 
^ons are necessary : thus any two rectangles have each angle 
^f the one equal to each angle of the other, but they are not 
Necessarily similar figures. 

N.B. — The reiy important Prop. xxv.(TS»\3Ld.Ti,^'S^Sa\xi^«^^'' 

^entof ^ the other Propositions in tins "BooV, mA xo^sgp^*'^^ 

Phced with advantage at the very coinmeiiceTaaT\.V» ^"^ ^Qaa'S.siO*.. 
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Proposition L Theosbm. 




Let the A a ABC, ^DChare the same altitude, that is, i 
perpendicnlar drawn from A to 'BD. 

Then must A ABC beto'ii ADC cu base BC is to b<ue I 



In BIf prodnced take any nnmber of straight lines 
DK, KL, LM eacIi=Z»a 1. : 

Join AO, AH; AK, AL, AM. 

Then *.■ OB, BO, OH are aU equal, 

.-. A B ABC, A&B, AEQ are aU equal. I. ; 

.'. fi ABO ia Ote same multiple o( a ABC that SO is at I 

So also, 
a .aSfCis the same multiple of A ^i>C that If is of ZK7. 
And a AHC is equal to, greater than, or lew than A AMi 
according aa base HC is equal to, greater than, or less tl 
base MC. L : 

Now A ^H'C and base ^C are equimultiples 
of A ABC and base BO, 

and A AMC and base MC are equimultiples 
of A ADC and base DC. 
.'. A ABCiaia & JDCaalMacBO\a\»Nftaft'DC. "S.^W 
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Ck>B. I. PcaraUdograms of ike same altitude are to one another 
as their hoMs. 

Let ACBEj ACDF be parallelograms having the same alti- 
tude, that is, the perpendicular drawn from A to BD. 

Then maatCJACBE be to CJ ACDF as J5C is to DC. 




For O^CB-K=twice A ABGj I. 41. 

andO^CD-F«twice A ADC. I. 41. 

.•.O^CB^istoO-4CD-Fa8A^J5CistoA^DC, V. 11. 
and/.O^CB^is to O^CD^ as J5C isto DC. V.5. 

Q. E. D. 

GoR. II. Triam^Us and Pa/raUelogrami, thai home equal 
altitudes, a/re to one another as their bases. 

Let the figures be placed, so as to have their bases in the 
same straight line ; and having drawn perpendiculars from the 
vertices of the triangles to the bases, the straight line, which 
joins the vertices, is parallel to that, in which their bases are, 
because the perpendiculars are both equal and parallel to one 
another. 1. 33. 

Then, if the same construction be made as in the Proposition, 
the demonstration will be the same. 

Ex. 1. ABC, DBF toe two parallel straight lines ; show that 
the triangle ADE is to the triangle FBC asDEiato BC. 

Ex. 2. If, from any point in a diagonal of a parallelogram^ 
strught linee he drawn to the extreimtiQ& ol V)tL<^^^^ ^^sAigst^^ 
ibe four trha^les, into which the paia\lLe\o9;ramv\a>tJMsa. ^ck^S^sJ^^ 
toast be equal, two and two. 
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Proposition n. Thborem. 

If a straight line he dra/um pa/rallel to one of the sides of 
triangle, it must cut the other sides, or those sides produced, pn 
portionaUy, 





Let DE be drawn H to BC, a side of the A ABC. 
Then must BD he to DA as CE to EA. 
Join BE, CD. 

Then •.• A BDE^ A CDE, on the same base DE 

and between the same lis, DE, BC. I. 3 

.-. A BDE is to A ADE as L CDE is to A ADE V. ' 

But A BDE is to A ADE aa BD is to DA, VI. 

and A CDJ& is to A ADE aa CE is to EA; Vl. 

.-. J5jD isto DA aa CE is to ^A V. 

Ex. 1. If any two straight lines be cut by three paraU 
lines, they are cut proportionally. (N.B. — This is of gre 
use.) 

Ex. 2. If two sides of a quadrilateral be parallel to eat 
other, a straight line, drawn parallel to either of them, shf 
cut the other sides, or these produced, proportionally. 

Ex, 3. n two triangles be on equal bases, and between tl 

same pandlday shew that the ^doi^ ol \Xi<^ Xa^asi^*^ Vsiuexi^' 

equal leugiha of any straight Ainft, ^^jIOcl \a \«s»^^ \ft ^ 
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And Conversely, 

If iSu iides, or the ndes produced, he cut proportionally, the 
tfraight line which joins the points of section musi he paraUel to 
(he remaining side of the triangle. 

Let the sides AB, ^0 of the A ABC, or these produced, 
be cat proportionally in D and E, so that 

£D is to D^ as OE is to EA, 
and join DE. 

Then fMut DE heparoM to BO. 

The same construction being made, 
••• J5D is to DA as OT is to EA, 
and £2) is to DA as A BDE is to A ADE, VI. 1. 

and Off is to JKA as A CDE is to A ADE, VI. 1. 

.-. A BDE is to A ADE as A CDE is to A ADE, V. 5. 
and .-. A BDE'^ A CDE; V. 8. 

and they are on the same base DE ; 

.-. D^ is to BC. I. 39. 

Q. E. D. 

Ex. 4. If there be four parallel straight lines, two of these 
lines intercept upon two given lines, of unlimited length, OA, OB, 
parte proportional to the parte intercepted upon OA, OB, by 
tlie remaining two parallel straight lines. 

Ex. 6. If the four sides of a quadrilateral figure be bisected, 
the lines joining the pointe of bisection will form a parallelo- 
gram. 

Ex. 6. A quadrilateral figure has two parallel sides : shew 
that the straight line, joining the point of intersection of ite 
other two sides produced and the point of bisection q£ ita 
diagonsJa, bisects the two parallel 6>ide&. 
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Proposition IIL Theorem. 

If the vertical cmgle of a triangle be bisected by a straight 
line, which also cuts the base, the segments of the ba^e mtist have 
the same ratio, which Hhe other sides of the triangle ha/oe to one 
another. 




Let z BAG of A ABC be bisected by the st. line AD, 
which meets the base in D. 

Then must BD be to DC as BA is to AC. 
Through C draw CE to DA, I. 31. 

and let BA produced meet CE in E, 

Then z J5^D=interior z AEC, I. 29. 

and z CAD =altemate z ACE, I. 29. 

But z BAD= L CAD, by hypothesis, 

and .-. z AEG= z ACE, Ax. I. 

and .'. AC « AE. I. b. Cor. 

Then •.' AD]a\\io EC, a side of L BEC, 

.-. ^D is to DO as 5.4 is to AE, VI. 2. 

and /. J5D is to DC as 5.4 is to AC. V. 6. 

Ex. 1. Shew that in a parallelogram the diagonals do not 
bisect the angles, unless the sides are equal 
Ex. 2. Shew how to trisect a straight line of finite length. 
Ex. 3. Shew that the bisectors of the angles of a triangle 
meet in the same point. 
Ex, 4. The bisectors of the angles A and B, of a triangle 
Jt^O, meet the opposite sides in t\ift T^\iAa D wxAlP \ B A %sk.^ 
^O are produced to F' and D^, so ^a.t AE\ AC ^aS^Ciy «xa 
^ equal : prove that F'D^ is paralift^ \^ I'D. 
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And Conversely, 

If the tegmmU of the h(ue ham the same ratio, which the other 
sides of the triangles home to one another, the straight line, 
drawn from the vertex to the point of seetior^ must bisect the 
vertical angle. 

Let JBD be to DCsaBA is to AC, 

and join AD, 

Then must L BAB^ l CAD. 

The same oonstniction being made, 

••• ^D is to jDOm JB^ is to AC, Hyp. 

and £2> is to DO as J?^ is to AE, VL 2. 

.-. 5^ is to ^0 as ^^ is to AE, V. 6. 

and .•. AC^AE, V. 8. 

and .-. z AEC - z ACE, I. a. 

But I -4 j&0=» exterior i BAD, I. 29. 

and I ulO^»altemate i CAD, I. 29. 

.-. z BAD=' L CAD. Ax. 1. 

Q. B. D. 

Ex. 6. Two straight lines are drawn, bisecting the angles at 
the base of an isosceles triangle. Shew that the straight line, 
joining the points, in which they cut the sides, is parallel to the 
base. 

Ex. 6. If AD and AE bisect the interior and exterior 
angles at A, and meet the base BC in jD and E, and be the 
middle point of BC, shew that 02) is to OJ? as 0^ is 
toO^. 
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Proposition A. Thborem. 

If the exterior angle of a triangle be bisected by a straight line, 
which also cuts the base produced, the segments, between the 
dividing straight line and the extremities of the base, m/ast have 
the same raJtio, which the other sides of the triangle have to one 
another. 

E 




Let L EAC, an ext' z of the A ABC, be bisected by the 
St. line AD which meets the base produced in jD. 
Thm must BD be to DC as BA is to AC. 

Through C draw CF \\ to DA, meeting AB in F. I. 31. 

Then z JEr^D= interior z AFC, L 29. 

and z CAD =altemate z ACF. I. 29. 
But z EAD= L CAD, by hypothesis. 

.\lAFC^lACF, Ax. 1. 

and .-. AC=AF. I. b. Cor. 
Then '.• ^D is || to FC, a side of A FBC, 

.-. BD is to jDO as B^ is to AF, VI. 2. 

and .-. 5jD is to DO as 5.4 is to AC. V. 6. 

Ex. 1. K the angles at the base of the triangle be equal, 
how is the proposition modified ? 

Ex. 2. If B be any point in a efcm^\. "^^ AC,\xA«w.^<itfid 
►lAer, CD, give a geometnca\ coTi&\.TVjLc\AaTi Vst ^XKrassBr 
- nfc D m CD, such that AD ia \^ BB ^ AC \^ \i^ C^, 
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And Conyenely, 

If iktmqfMfidMof iht base produced havethesame ratio, which 
the other Mee of Ae triangle heme to one anoiher, the straight 
line drawn from the vertex to the point of eection mutt bieect the 
exterior angle of the triangle. 

hdtBDheto DC as BA\a to AC, 

and join AD» 

Then musti CAD^ l EAD. 

For, the same construction being made, 

•/ ^D ia to DO as 5^ ia to AC, Hyp. 

and J^D is to DO aa f ^ ia to ulF, YL 2. 

.-. JB^ is to ^0 aa f ^ is to AF, V. 5. 

and .-. AC^AF, V. 8. 

and .-. L AFC^ L ACF. I. A. 

Bat I AFC= exterior z EAD, I. 29. 

and z ^OjP»altemate z CAD, I. 29. 

and .-. z CAD^' l EAD. Ax.1. 

Q. E. D. 



Ex. 3. If the base be divided into two segments, having the 
same ratio with the segments specified in the Proposition, the 
straight lines, drawn from the two points of section to the vertex 
of the triangle, are at right angles to each other. 

Ex. 4. If the angle, between the external bisector and a 
side, be equal to the angle, between the external bisector and 
the bas£^ the perpendicular to t\iQ ^%JdXAT i\^<^^ '^^cs^xyil^ "^^^ 

vertex, will bisect the aegmeni oi VSaa \»afc, ^xiJt «^^\iR5a^« 

the bisectdng lines. 
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Proposition IV. Theorem. 

The sides about the equal angles of triangles, which a/re equi- 
angular to one another, are proportionals ; and those which are 
opposite to the equal a/ngles^ a/re hovnologous sides. 





>Let ABC, DEF be two a b, having the LBzk, A,B, C equal 
to the I B At D, E, F respectively. 

Then must the sides about the equal is he proportionals, 
those being homologous sides, which a/re opposite (he equal i s. 

For suppose A DEF to be applied to A ABC, 
so that D coincides with A and DE falls on AB ; 
then •.• z BAG = i EDF, .\ DF will fall on AC. 

Let G and H be the points in AB and AC, or these pro- 
duced, on which E and F falL 
Join GH. GH wiU be || to BC, v l AGH^ l ABC. I. 28. 

Then BA ia to GA as C A is to HA, VI. 2. 

a,nd .'. BA k to ED aa CA IB to FD, V. 6. 

whence J5^ is to .40 as JKDis to DF. V. 15. 

Similarly, by applying the A DEF, so that the z s at -F, ^ 
may coincide with those at 0, B successively, we might show 
that 

ACia to CBBsDFia to FE, and that 

OB is to 5.4 as JFIE is to ED. 

Q. E. D. 

-Ear. Divide a given angle into Vwo v^'^^'t ^^^ ^^^ '^'^ 
perpendiculars from any point of tlcift diVi^n^ \flRft mY«^ ^^ 
""* arms of the angle may be in a giNen xa.\.\o. 
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Proposition V. Theorem. 

If the iides of two triangles, about each of thevr angles, he 
proportionals, Ihe triangles must he equiangular to one another, 
and must hone (hose angles equal, which are opposite to the homo- 
logous sides. 





Let the A B ABC, DEF have their sides proportional, 
so that J?.^ is to ^ (7 as ^D is to DF, 
and -40 is to CB as D^ is to FE, 
and CB is to BAbsFE is to ED. 
Then miLst A ABC he eqwUmgular to L EDF, those L s 
heing equal, which are opposite to the homologous sides, thai is, 
L BAC^ L EDF,aad l ABC^ l DEF, and z ACB^^ l DFE. 
In AB, produced if necessary, make AG=DE, 

and draw GH Q to BC, meeting AC in H, I. 31. 

Then A AGH is equiangular to A ABC, I. 29. 

and .-. BA ia to AC as GA IB to AH. VI. 4. 

But j&D is to DFas BA kto AC; Hyp. 

and .-. ^D is to DJF'as GA is to AH. V. 6. 

But ED^GA, and .'. DF=AH. V. 14. 

So also it may be shown that GH==EF. 
Then in as AGH, DEF 
V GA-^'ED, and AH^DF, and HG^FE, 
.-. L GAH= L EDF ; l AGH=^ l DEF ; z AHG=- l DFE. 

I. c. 
But L GAH= lBAC; L AGH^ l ABC ; z AHG= z ACB. 
.'. I BAC= I EDF ; z ABC^ l DEF, ^ixA l AQrfe=- l1>^^. 
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Proposition VI. Theorem. 

If two triangles have one angle of the one equal to one angle 
of the othexy and the sides about the equal angles proportionalsy 
the triangles must he equiangula/r to one another, and m/iMt ha/oe 
those angles equal, which a/re opposite to (he homologous sides. 





In the A s ABC, DEF, let z BAC= l EDF, 
and let 5J. be to J.C as ED to DF. 

Then must A ABC he equianguh/r to A DEF, 
and L ABC= l DEF, and l ACB= l DFE. 

In AB, produced if necessary, make AG=DE, 

and draw GH || to BC. I. 31. . 

Then a AGE is equiangular to A ABC, I. 29. 

and .•. GA is to AH as BA is to AC, VI. 4. 

and .-. GA is to AH aa ED is to DF. V.5. 

But GA =ED, by construction, 
and .-. AH=DF, V. 14. 

Then '.• GA =ED,mdAJS:=DF and l GAH= l EDF; 
.\ I AGH= A DEF, md L AHG=^ I DFE, 1.4. 

and .-. z ABC=^ l DEF, and l ACB^ l DFE. 

Q. E. D. 

Ex. 1. If from B, C, the extremities of the base of a triangle 
ABC, be drawn BD, CE, perpendicular to the opposite sides, 
shew that the triangles ADE, ABC are equiangular. 

Ex. 2. A variable chord OP \a drawa ^iXaoxv^^^^^^ ^<»svt 
O on the circumference of a circle, and Q^a VaJteumS^.^^^ V5ds)^ 
'^ho rectangle OP, OQ ia constaat, ftivd t\L^\ocvxa cii Q. 
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Miscellaneous Exercises on Props. I. to YI. 

1. If two triangles stand on the same base, and their vertices 
be joined by a straight line, the triangles are as the parts of 
this line intercepted oetween the yertices and the base. 

2. If a circle be described on the radius of another circle 
as its diameter, and any straight line be drawn tlurongh Uie 
point of contact, catting the two circles, the part, intercepted 
between the greater and lesser circles, shall oe equal to the 
part within the lesser circle. 

3. The side BC, of a triangle ABCy is bisected in D, and 
any stndght line is drawn through D, meeting AB, AC, pro- 
duced if necessary, in E, F, respectively, and the straight line 
through A, ^uraUel to BC, in G. Prove that DE is to DF 
SB GEia to OF. 

4. If the angle A, of the triangle ABC, be bisected by AD, 
which cuts BO in D, and be the middle point of BC, then 
OD bears the same ratio to OB that the difference of the sides 
bears to their sum. 

5. The diameters of two circles and the distances between 
their centres are as the numbers 5, 4, 3 ; find the proportionate 
distances between the points of intersection of their common 
tangents. 

6. If D, -^ be Doints in the sides AB, AC r^ectively of 
the triangle ABC, such that the triangles DAU, EAB are 
equal, shew that the sides AB, AC are divided proportionally 
in D and J&. 

7. If two of the exterior angles, of a triangle ABC, be 
bisected by the lines COE, BOD, intersecting in 0, and meet- 
ing the opposite sides in E and D, prove that OD is to OB 
as AD is to DB, and that OC is to 0^ as ^C is to AE. 

8. B, C, the angles at the base of an isosceles triangle, are 
joined to the middle points, E, F, of AB, AC, bv lines inter- 
secting in (7. Shew that the area BCG is equal to the area 
AEFG. 

9. If, through any point in the diagonal of a parallelogram, 
a straight line be drawn, meeting two opposite sides of the 
figure, the segments of this line will have the same ratio as 
those of the (SagonaL 

10. The sides AB, AC, of a ^ven triangle ABQ^^x,^ r^^ 
daoed to any points D and E, and i^e ft\.x«A!^\» \isfe Tm Ns^ 

divided in 1', bo that DF is to PE aa BD Sa \i^ C^ \ '^^"^ 
tlmt the locaa ofFiBB, straight line. 



20 EUCLirrS ELEMENTS. (Book TL 



PBOPOsinos Vn. Thbdbem. 

If two triangU$ haxse cm angle of like one epud io erne angle 
of the other, and the sides about a second angle in eodk propor- 
tiofuds; then, if the third angles in eaA he h(dh acMte, both 
obtuse, or if one of them be a right angle, like triangUs must 
be equiangular to one another, and must have those angles 
equal, about which the sides aire proportionals. 





In the A g ABC, DEF, let z BAC= l EDF, 

and let .i^ be to ^0 as Dj^ is to EF, 

and let z s ACB, DFE be both acute, both obtuse, or let 
one of them be a right angle. 

Then m/ust A s ABC, DEF he equiangular to one an^dher, 
having L ABC= L DEF, and l ACB= l DFE. 

For if z ABC be not= z DEF, let one of them, as z ABC, 
be greater than the other, and make z ABO= z DEF, I. 23. 

and let BG meet AC in G. 

Then •/ z BAG=^ z EDF, and z AB(?= z DEF, 

/. L ABG is equiangular to A DEF, I. 32. 

and .-. ^J5 is to 5(? as D-B is to EF. VI. 4. 

But ui5 is to 50 as jD^ is to EF, Hyp. 

.-. AB is to 5Gfaa J.B is to BC, V. 5. 

and .', BO:=BG, ^^^* 

And.\ z BCG= L BaC. ^ >-^ 
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first, let L ACB and z DFE be both acute, 

then z AGB is acute, and .*. i BOC is obtuse ; 1. 13. 
.*. z BCG is obtuse, which is contrary to the hypothesis. 

Next^ let z ACB and z DFE be both obtuse, 

then z ^G^J? is obtuse, and .*. z £6^0 is acute ; L 13. 
.*. ^ BCG is acute, which is contrary to the hypothesis. 

Lastly, let one of the thiid z s ACB, DFE be a right z . 
If z ulC!B hearts, 

then z jBG^(7 is also a rt z ; La. 

.*. z 8 BOG^, £G^(7 together—two rt z 8, 
which is impossible. L 17. 

Again, if z DFE be a rt z , 

then z AGB is a rt z , and .'. z BGC is a rt z . L 13. 

Hence z BCG is also a rt z , La. 

and .'. z 8 BCG, BGC together —two rt z s, 

which is impossible. L 17. 

Hence z ABC is not greater than z DEF, 

So also we might shew that z DEF is not greater than 

z ABC. 

.-. z -4J50 = z D-EF, 

and .-. z ^GB = z DF^. L 32. 

Q. E. D. 

JVLB. — This Proposition is an extension of Proposition s of 
Book I. p. 42. 

Note. — ^We haye made a slight change in Euclid^s arrange- 
ment of the four Propositions that follow, because Eucl. vi. 8 
18 doBely connected with the proof of EucL vi. 13. 
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Proposition VIII. Problem. (Eucl. vi. 9.) 
From a gwen straight line to cut off any svhmultiple. 




Let AB be the given st. line. 

It is required to shew how to cut off any svJlymuLtiple from AB. 

From A draw AG making any angle with AB, 

In AC take any pt. D, and make AC the same multiple of 
AD that AB is of the submultiple to be cut off from it. 

Join J5C, and draw DE \\ to BC, I. 31. 

Then •.' ED is || to BC, 

.-. CD is to D^ as 5^ is to EA, VI. 2. 

and .-. CA \& to DA 2&BAh& to EA. V. 16. 

.*. EA is the same submultiple of J5^ thatD^ is of CA, 

V. 19. 

Hence from AB the submultiple required is cut off. 

Q. £. F. 

Ex. 1. Cut off one-seventh of a given straight line. 
Ex. 2, Cut off two-fifths of a given straight line. 

^oU. — This PropositioTi \b ^ ^«E\k,\J\sa «>aa ^1 ^^^sj^rkc- 
tion IX. 
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Peoposttion IX. PnoBLiof. (EucL VI. 10.) 

To divide a given straight line similarly to a given straight 
line. 

A 




Let AB be the st. line given to be divided, and AO the 
divided st line. 

It is reqmred to divide AB svnvUa/rly to AO, 

Let AChQ divided in the pts. D, E. 

Place ABy ^C so as to contain any angle. 
Join BOy and through D, E draw DF, EG \\ to BC. I. 31. 
Through D draw DHK II to AB. L 31. 

Then •.• FH and GK are Os, 

.-. FG'-DH, and GB'~HK. I. 34. 

And '.• HE is || to KG, 

.\ KH is to J3D as CJ^ is to J&D, VI.2. 

that is, J^G' is to G^JP* as 0^ is to ED. 

Again, •.• JTD is || to GE, 

.\ GF\&toFABAED\R\jo DA. VLS. 

Hence AB is divided similarly to ^C. 

Q. B. F. 

Ex. 1. Produce a given straight line, so that the whole ^r<\- 
duced ]m0 ghall be to the produced part m Ob ^^v^tl t^^\^« 

Ex, 2. On a given base describe a tnaa^<&, V\^ ^ ^^^ 
vertical angle and its sides in a given mtio. 
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Proposition X. Problem. (EucL vi. 11.) 
Tofimd a third ^oportiovMJ^ to two gvoen straight lines. 




Let AB and ^C be the given st lines. 

It is required to find a third proportiondl to AB, AC, 

Place AB, AG bo aa to contain any angle. 

Produce AB, AC to D and E, making BD=^AC. I. 3. 
Join BC, and through D draw BE \\ to BC I 31. 

Then •.• BC\&\\ to BE, 

.'. -45 is to 52> as AC\b to CE, VI. 2. 

and .•. ABi&U) ACa&AC^&U^ CE. V. 6. 

Thus CJ^ is a third proportional to AB and AC 

Q. B. F. 

Note, This Proposition is a particular case of Proposition zi. 

Def. n. When three magnitudes are proportionals, the first 
is said to have to the third the duplicate ratio of that, which it 
has to the second. 

Thus here A3 has to CE the duplicate ratio of AB to AC 

• 

Def. III. When three magnitudes are proportionals, the fiist 

is said to have to the third the ratio compounded of the ratio, 

iFlzich the first has to the second, and of the ratio, Which the 

second baa to the third. 

Tbaa here AB has to OE tlie wAa.0 ^aoiiDJfiwssA^ ^l >iiia 

^tiOBi ofAB tQ -4 a and -AC to CFu 
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PBOFoeinoN XL Thboreic. (EucL vi. 12.) 

To fittd a FOURTH propcrtional to three given ttradght 
Unes, 




Let Ay Bf Che the three ^ven st lines. 

It %8 required to find a fourth proportional to A, B, C, 

Take DE^ DF, two st lines making an i EBF, and in these 

make DG^A, GE^B, and DH^- 0, ' I. 3. 

and through E draw EF II to GH. I. 31. 
Then, V G^JET is II to j&^, 

.-. DO is to 0-K as DJETis to HF, VL2. 

and .'. ul is to ^ as C is to HF. V. 6. 
Thus HF is a fourth proportional to A^ By C, 

Q. B. F. 

Ex. ABC is a triangle inscribed in a circle, and BD is 
drawn to meet the tangent to the circle at ji in D, at an angle 
ABD equal to the angle ABC Show that ^C is a fourth 
proportional to the lines BD, DA, AB, 
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PBOP06mo5 XTT. Theorem. (EugL yl 8.) 

In a rightrangled triangU, if a perpendicular be drawn from 
the right angle to the base, the triangles on eaek tide of it are 
nrnilar to the whole triangle and to one anoQier. 




Let ABC be a rightrangled L , haying i BAG a rt. z , and 
from A let AD be drawn x to BG, 

Then frmst A« DBA, DAG be iimHar to A AlBG^ and to 
each other. 
For •/ Ft. I BDA=Tt. l BAG, and z ABD= l CBA, 

/. L DAB= L AGB, 1. 32. 

.*. A DBA is eqaiangalar, and .'. similar to b, AlBG. YI. 4. 
In the same way it may be shown 
that L DAG is equiangular, and /. similar to A AlBG, 
Hence a DBA is similar to A DAG, 

Q. E. D. 

Cor. I. DA is a mean proportional between BD and DC, 

For 5D is to D^ as D^ is to DG, VL 4. 

Cor. II. BA is a mean proportional between BG and BD, 
For 50 is to 5^ as JB^ is to BD. YI. 4. 

Cor. III. GA is a mean proportional between ]BG and CD, 
For £0 is to C^ as 04 is to CD. VI. 4. 

Q. E. D. 

Bjl Bib a, fixed point in the circumference of a circle, whose 
€)eDtre is O; PA is a tangent at any 'i^oSxl\> P ^txi^^ivsL^ CB pro- 
daoed in A, and PD is drawn petpeii^icwiVftixVj \« CB. "^rw?^ 
^»t the line bisecting the angle APD «\^«3^^^ks»e»>QKLWMgciB, 
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Proposition XIII. Piioblbh. 

To find a MEAN proportional between two given straight 
lines. 




Let AB and BC be the two given st lines. 
It 18 required to find a mean proportional between AB 
andBC, 

Place AB and BC so as to make one st line AC, 
and on AC describe the semicircle ADC. 
From B draw JB2>± to AC, and join ADy CD. I. 11. 

Then •.• z ADC is a rt. z , III. 31. 

and'D^isxto AC, 
.*. DB is a mean proportional between AB and BC. 

VI. 12, Cob. 1. 

Q. E. F. 

Ex. 1. Produce a given straight line, so that the given line 
may be a mean proportional between the whole line and the 
part produced. 

Ex 2 Shew that either of the sides of an isosceles triant^le 
is a mean proportional between the base and the half of the 
segment of the base, produced if necessary, which is cut off 
by a straight line, drawn from the vertex, at right angles to 
the equal side. 

Ex. 3. Shew that the diameter of a circle is a mean propor- 
tional between the sides of an equilateral triangle and a 
hexagon, described about the circle. 

Ex 4. From a point A, outside a did^, «* Xvaa Ssa, $«.'k«^^ 
cutting the circle in B and C. ¥uid. «i. m^axi ^-^^^o^Sxwis^ 
between AB md AC. 
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Def. IY. Two figures are said to have their sides alxmt two 
of their angles reciprocally propcrHonaly when, of the four 
terms of the proportion, the fiist antecedent and the second 
consequent are sides of one figure, and the second antecedent 
and first consequent are sides of the other figure. 

Thus, in the diagram on the opposite page, the figures AB 
and BG have their sides about the angles at B reciprocally 
proportional, the order of the proiportion being 

i>£ is to £ j^ as G^£ is to BF. 
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Proposition XIV. Theorem. 

Eqwil pa/raUelogramSy which ha/oe one <mgle of the one equal 
to one angle of the other, home thevr sides about the equal angles 
reeiprocaUy proportional. 



\ 




Let AB, BC be equal Os, having z FBD^ i EBQ. 

Then mugt DB be to BE as GB is to BF. 
. Place the Os so that DB and BE are in the same st. line ; 
then most OB and BF also be in one st. line. 1. 14. 

Complete the O FE. 
Then v C7 AB = CJ BC, and FE is another O, 

.\C7 ABistoCJ FEaaCJ BGiBtoCJ FE. V. 6. 

But as O -4JB is to O j*^ so is DB to BE, VI. 1, Cor. L 

and as O J5(7 is to O ^j& so is G'J? to J5^. VI. 1, Cor. I. 

.-. DB is to BE B&GBh to BF. V. 5. 

And Conversely, 

Pa/raUelograms, which ham one angle of the one equal to one 
angle of the other, and their sides about the equal angles reci/pro- 
colly proportional, a/re equal to one another. 

Let the sides about the equal z s be redprocally propor- 
tional, that is, let DBhQ to BE b& GBSsto BF. 

Thm must EJ AB=EJBG. 
For, the same construction being made, 

•.• 2)5 is to B^ as G^B is to BF, 
snd that DB ia to BE aa CJ AB ia to CJ FE, VL 1, Cor. L 
and that OB is to B^ as O 50 is to O^J?, VL 1, Cor. L 
.\CJABiat0CJFE2ACJ BC\aV>n IB'Ei, ^.^. 
and .-. O AB^CJ BC, ^ ^'^^ 
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Proposition XV. Theorem. 

Equal trianghSf which have one angle of the one equal to one 
angle of the other, ha/ve their sides about the equal angles recip- 
rocally jfroportioncd. 




Let A BC, AVE be equal A s, having i BAC= l DAE. 

Then must CA he to AD <m EA is to AB, 

Place the a s so that CA and AD are in the same st. line ; 
then must EA and AB also be in one st. line. I. 14. 

Join BD. 

Then •.• A ABC= A ADE, and ABD is another A , 

.-. h ABC ia to A ABD as A ADE is to a ABD. V. 6. 

Bat as A^BC is to A ABD so is CA to AD, VI. 1. 

and as A JD^ is to A ABD so is JS?^ to AB. VI. 1. 

.-. CA is to ^D as JS7^ is to AB. V. 5. 

Ex. 1. Shew that, provided the sides of one of the triangles 
be made the extremes, it is indifferent, so far as the truth of 
the Proposition is concerned, in what order the sides of the 
other triangle are taken as the means of the four pro- 
portionals. 

Ex. 2. ABb, AcC are two given straight lines, cut by two 
others BG, he, so that the two tmn^^ ABO, Ahc tesay be 
eqasd ; shew that the lines BC, be ^V\'i«ek ^^^ ^^X^st ^^o^x- 
tlonalljr. 



Book VI.] PROPOSITION XV, 267 



And Conversely, 

Triofnghi^ which hauoe one angle of the one equal to one a/ngle 
of the other y amd their tides about the equal angles reciprocally 
proportional, a/re equal to one another. 

Let the sides about the equal z s be reciprocally proportional, 
that is, let CJ. be to AD as J?^ is to AB. 

Then must ti ABG=^ L ABE. 

For, the same construction being made, 

••• C4 is to -42) as ^J. is to AB, 

and that 04. is to AD^at^ABC is toA ABD, VI. 1. 

and that EA is to ABvatiADE is to A JLjBD, VI. 1. 

.'.L ABC IB to tiABDeatiADE is to A AJ52>. V. 6. 

and /. A ulBC= A ADE. V. 8. 

Q. X. D. 

Ex. 3. Through the extremities of the base BC, of a triangle 
ABCf draw two parallel lines, BE and CD, meeting AC and 
AB produced in E and D respectively, so that BCD may be 
equal in area to ABE. 

Ex. 4. P is any point on the side AC, of the triangle ABC; 
CQ, drawn parallel to BP, meets AB produced in Q ; AN, 
AM are mean proportionals between AB, AQ^ and AC, AP, 
respectively. Shew that the triangle ANM is equal to the 
triangle ABC. 
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Proposition XVI. Theorem. 

Iffov/r sUmgkt lines he proportionals, ike rectangle contained 
by the extremes is eqtud to the rectangle contained by the means. 



E. 





Let the four st lines AB, CD, EF, GH be proportionals^ 
so that il^ is to 02) as J?^ is to GH. 

Then rmst rect. AB, GH^rect. CD, EF. 

Draw AM J.to AB, and CN±to CD ; L 11. 

and make AM=GH, and CN^EF; 

and complete the Os BM, DN, I. 31. 

Then •.• -45 is to CD as j&JP is to GH, 
and that EF=CN, and GH=AM, 

.-. ^5 is to CD as Oy is to AM. V. 6. 

Thus the sides about the equal zs of the equiangular 
Os BM, DN are reciprocally proportional, 

and .-. O BM^CJ DN ; VI. 14. 

that is, rect. AB, AM=Tect. CD, CN. 
.•. rect. AB, GH =rect. CD, EF. 

Ex. 1. ItE be the middle point of a semicircular arc AEB, 
&nd £tl>0 be smj chord, catting tiiie d^TCL<&\AT \Ti D)«si^^^« 
circle in O, prove that the aquai© on. CE \a ^c^jfilVi W^a^'s^ 
luadrilateral AEBC. 
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And GcHiTendyy 

i/ ift« flwteiiyb eonloMMi h^ Ou tsdrtmn Im 9^^ to ikt rtt^ 
«n^ omlsiMtf ^ ift« ««aiUy Ac /our jfrai^ lima an pro- 

Lei net AB, 0J7»rect CD, 1?^. 

Tlbm rnnje .UB 5< to CD Of JEF if to Gf^L 

For, tlie 8Ame ooDstniction being made, 
V lect AB, Ojff-rect CD, IP^, 
A xect XB; ^3r-iect CD, CY, 
thai is, O £3r»0 D^. 

and tliese Os are eqaiangalar to one another, 
and .*. the aides abont the equal za are reciprooally 
propoftlona], VL 14. 

and.\.lJBistoCDaaCyi8to AM, 
teDd.\ABiatoCDMBFiaU}GH. Y. 6. 

Ex. 2. I^ from an angle of a triangle, two atiai^^t lines be 
diawn, one to the side subtending thai angle^ and the other 
catting from the dicomscribing drde a segment, oapable of 
containing an angle, equal to the angle, contained by the fiisi 
drawn line and the side, which it meets ; the rectangle, con- 
tained by the sides of the triangle, shall be equal to the rect- 
angle, ocmtained by the lines thus drawn. 
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Proposition XVII. Theorem. 

If three straight lines be proportionals, the rectangle contained 
by the extremes is equal to the square on the mean. 



A- 







A. JB 

Let the three st. lines A, B, C \i^ proportionals, and let 
J.betoJ?as^isto(7. 

Then must red. A, C=^8q, on B. 
Take D=B, 
Then *.• -4 is to jB as JB is to 0, 

.-. -4 is to 5 as D is to 0, V. 6. 

and /. rect. A, 0=rect. B, D, VI. 16. 

that is, rect. A, C=sq. on B, 

And Conversely, 

If the rectangle contained by the extremes be equal to (he 
square on the mean, the three straight lines a/re proportionals. 

Let A, By C be three straight lines such that 

rect. A, (7=sq. on B, 
Then must A be to B as B is to C. 
For, the same construction being made, 
•.* rect. Ay 0=sq. on By 
and jB=D, 
.'. rect. Ay C=iect. B^D ; 
and .'. -iisto^asDiatoC, TVA^, 

that is, J is to jB as B is to C. ^ *^- 
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Proposition XVIIL Problem. 

Upon a given straight line to describe a rectilinear figure 
similar and similarly situated to a given rectilinear figure. 





Let AB be the ^ven at. line, and CDEF the given rectil. 
fig. of four sides. 

It is required to describe on AB a fig, similar and similarly 
situated to CDEF, 

Join DF, and at A and B, make i BAG = i DCF, and 
lABG^'iCDF; 

then A BAG is equiangular to A DCF, 
At G and B, make z BGH= l DFF, and l GBH=^ l FDE ; 

then A GHB \& equiangular to A FED, 
Then •.• i AGB= l CFD, and l BGH= l DFE, 

,\ I AGH= L CFE, Ax. 2. 

So also L ABR^ i CDE, 
And we know that l BAG = i DCF, 
and that z GHB = z FED, 
,\ rectil. fig. ABHG is equiangular to fig. CDEF, 
Also, '.• A BAG is equiangular to A DCF, 

,\ BA is to ^G^ as DO is to 0^; VI. 4. 

and •.• A BGH is equiangular to a DFE, 

.', GB is to GH as FDia to FE. VI. 4. 

Also, ^G^ is to G^B as Oi^ is to FD, 

,', AG is to G^IT as OF is to FE, V. 21. 

Similarly, it may shown that 

6!^^ is to -ETB aa P E \a to ED , 
and that HB is to BA aa ED \a to DC. 
.'- the rectil Bgs, ABHG aud CDEF «£^ sKm^-ax. 
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Next. Let it be required to describe on AB a fig., similar 
and similarly situated to the rectU. fig. CDKEF, 





Join DEy and on AB describe the fig. ABHG, similar and 
similarly situated to the quadrilateral CDEF. 

At B md H make L E:BL= iEDK,ojid I BHL=^ I DEK; 

then A HLB is equiangular to a EKD, 

Then *.* the figs. ABHG, CDEF are similar, 

.-. iGHB=iFED; 

and we have made z BHL— i DEK ; 

.•. whole I GHL=^whole L FEK. Ax. 2. 

For the same reason, z ABL«= z CDK. 

Thus the fig. AGHLB is equiangular to ^. CFEKD. 

Again, %• the figs. AGHB, CFED are similar, 

.-. GE is to HB as FE la to ED: 

alsowe know that JETB is to -flX as J^2> is to EK, VI. 4. 

.-. C/JETis to HL as ^J^ is to EK. V. 21. 

For the same reason, AB is to BL as CD is to DK, 

And J5L is to ilTas D£:is to KE ; VI. 4. 

.-. the five^ided figs. AGHLB, CFEKD are similar. 

In the same way a fig. of six or more sides may be described, 
on a given line, similar to a given fig. 

Q. B. F. 
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Proposition XIX. Tueorem. 

Similar triangles are to oiu another in the dujdiccUe ratio of 
their homologovs sides. 





Let ABCy DEF be similar as, 

having z s at ^, B, 0= i b a,t D, E, F respectively, 

BO that BC and EF are homologous sides. 

Then must A ABC houoe to A DEF the duplicate ratio of 
that which BChasto EF, 

Suppose A DEF to be applied to A ABC, so that 
E lies on B, ED on BA, and .-. EF on BC. 

Let P and Q be the pts. in BA, BC on which D and P fall. 

Join AQ, 

Then A ABC is to A ABQ as jBO is to BQ, VL 1. 

and A ^i?Q is to A P£Q as^BistoJBP. VL L 

But ^P is to PP as PC is to PQ, VL 4. 

.-. A ^PQ is to A PPQ as PC is to PQ. V. 5. 

Hence A ABC is to a ABQ as A ABQ is to A PPQ. V. 5. 

.\aABC has to A PPQ the duplicate ratio 
of A ABC to A ABQ ; VL Def. 2. 

.'. A ABC haa to A FBQ the duplicate ratio 
of BC to PQ. V. 5. 

that is, A ABC has to A DEF the duplicate ratio 
of BC to EF. 

Q. E. D. 



Cor. If MN be a third piopoTtioiiaX \iO BC ^\A ^"B , 
BOhaa to MN the duplicate ratio oi BC \iQ "BU , NA-."^'85l.'=l 
and .-. BCh to MN as /^ ABC *\a V.o c^DB^- 
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BwrcMM on Proposition XIX. 

Ex. 1. Prove this Proposition without drawing any line 
inside either of the triangles. 

Ex. 2. In the figure, if BO be equal to FD, shew that the 
triangles will be in the ratio of AB to EF. 

Ex. 3. Cut off the third part of a triangle by a straight line 
parallel to one of its sides. 

Ex. 4. AB, AC are bisected in D and E. Prove that the 
quadrilateral DBOE is equal to three times the triangle 
ADE. 

Ex. 5. ABC is a line passing through the centre of the 
circle BCD, and AD a tangent to the circle. If CE be drawn 
parallel to BD, shew that the triangles A CD, ACE are to one 
another as J. C to AB, 

Ex. 6. A straight line drawn parallel to the diagonal BD of 
a parallelogram ABCD meets AB, BC, CD, DA, in E, F, G, H. 
Prove that the triangles AFO, CEH are equal 

Ex. 7. If two triangles have an angle equal, and be to each 
other in the duplicate ratio of adjacent sides, they are similar. 

Ex. 8. The drcle B^C (centre 0) touches the circle ABC in- 
ternally, and AB'B touches B'C in J^. Shew that if BD be 
perpendicular to the common diameter, AB, Bl divides AB 
into segments, which are in the duplicate ratio of OC to OD, 

Ex. 9. From the extremities A, B, of the diameter of a circle, 
perpendiculars AY, BZ, are let fall on the tangent at any 
point C. Prove that the areas of the triangles ACY, BCZ are 
together equal to that of the triangles ACB. 

Ex. 10. If to the circle, circumscribing the triangle ABC, a 
tahgent at (7 be drawn, cutting AB produced hi D, shew that 
^2? is to DB in the duplicate ratio of AC to CB, 

-Ex. 11. Cbnatmct a triangle ^YiiOi ^fckaS\. >» \«k ^ ^«cl 
^-^angle in aedven ratio. 
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PBOPOSinoir XX. TnioRBM. (EucL vi. 21.) 

RtdiSiMair figwra^ vihicK are itfntlar to the tame rectilinear 
figure^ eurt dUo iimfUar to each other. 




Let each of the rectilinear figures A and B be similar to the 
rectilinear figure 0. 

2%#i» mud the figure A be timilar to thefi>gure B. 

For '.* A is similar to (7, 
.*. A is equiangular to C, 
and A and C have their sides about the equal z s pro- 
portionals. VL Def. 1. 
Again, '.* B is similar to C, 

.*. B is equiangular to C, 
and B and have their sides about the equal z s pro- 
portionals. VI. Def. 1. 

Hence A and B are each equiangular to C, and have the 
sides about the equal zs of each of them and of C pro- 
portionals. 

•*. A is equiangular to By Ax. 1. 

and A and B have their sides about the equal z s pro- 
portionals, y. 5. 

.'. the £gare A h similar to tihe ftgiiGC^ B, TV.'^^'L V 
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Proposition XXI. Theorem. (EacL vl 20.) 

Similur polygons may he dhided into the same number of 
similar triangles, having Ike samve ratio to one another, which 
the jyolygons have ; and the polygons are to one another in (he 
duplicate raiio of their homologous sides. 

JL 

T 





DC K JS 

Let ABCDE, FGHKL be similar polygons, and let AB he 
the side homologous to FG. 

I. The polygons may he di/oided into the samie number of 
simila/r Ls. 

II. These A s have each to each the same raiio which the poly- 
gons have. 

III. The polygon ABCDE has to the polygon FGHKL (he 
duplicate ratio of that which the side AB has to the side FG. 

Join BE, EC, GL, LH : then 

I. '.' the polygon ABCDE is similar to the polygon 
FGHKL, 

.'. L BAE = L GFL, 
and B^ is to ^^ as G^J* is to FL. 
:. A ABE is similar to A FGL. VI. 6 and 4. 

and .'. L ABE = l FGL. VI. Del 1. 

Again, •.' the polygons are similar, 

.-. L ABC = L FGH, VI. Def. 1. 

and .-. L EBC = l LGH ; Ax. 3. 

and '.• the A s ABE, FGL are similar, 

.-. EB is to AB as LG is to FG ; VI. Def. 1. 

also, •.* the polygons are similar, 

.-. AB is to BC as FG is to GH ; VL Def. 1. 

Rxid .-. EB is to 50 as LO is to GH, V. 21. 

md .: since z EBC = l LGH, 

the A EBC is similar to L LGH. ^\. ^ m^^. 

For the same reason tlie £^ ECD \a md:aW \» t.X.H^K. 
^ Thus the polygons axe dVVided mto \\.^ .«vx^^ tvn«sS^x ^^ 
umilar a s. 
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n. V b.ABE b similar to A ^GX, 

.'. A ABE has to A EQL the duplicate ratio of 
BE to Gii. VI. 19. 

So also, A EBO has to A 2^H the duplicate ratio of 
BE to GL. VL 19. 

/. A-45^bt0AJ?'(?2iasAJJ50ist0AX(?H. V. 6. 
Again, *.' t,EBO is similar to A LOH^ 

.*. A EBO has to A I/jtH the duplicate ratio of 
EC to LH. VL 19. 

So also, A EOB has to a LHK the duplicate ratio of 
EC to LH. VI. 19. 

/. liEBO istoAXOHasAJ^CDistoAXHK. V. 5. 
But aJ^^C istoAXO^asA^£J?istoAj*GX. 
/. as A^£i7 is to A J*(72^ so is A jJ^fOtoAXti^H, 
and LECBtoLLHK. 

Now as one of the antecedents is to one of the consequents 
so are all the antecedents together to all the consequents 
together, V. 10. 

and .'. A ABE is to A FQL as polygon ABCDE is to polygon 
FOHKL. 

UL Since A ABE has to A FGL the duplicate ratio of 
AB to FG, VL 19. 

/• polygon ABODE has to polygon FGHKL the duplicate 
ratio of ulB to J'Gf. V. 6. 

Q. S.D. 

Cob. I. In like manner it may be proved, that similar 
figures of fovjr or am,y nwmber of sides, are to one another in 
the duplicate ratio of their homologous sides : and it has been 
abeady proved for WicmgUsy vi. 19. Therefore^ uniyeraalL^^ 
aimilar rectUineai figures are to one «ciio\^«tYGL^^^2Qs^^;^^ 
ratio of their iiomologous sides. 
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Cor. U. If MN be a third proportional to AB and FGr^ 
.45 has to MN the duplicate ratio of JLB to FQ^ VI. Def. 2. 
and .'. AB is to MN as the figure on AB to the similar and 
similarly described figure on FG ; that being true in the case 
of quadrilaterals and polygons, which has been already proved 
for triangles. VI. 19 Cor. 

Proposition XXII. Theorem. (EucL vi. 31.) 

In right-angled triangles, the rectilinear figure, described upon 
the side opposite to the right angle, is equal to the similar and 
svnvUa/rly described figures upon (he tides containing ihe right 
angle. 




Let ABC be a right-angled a , haying the ri^t i BAG. 
Then must the rectilinear fi>gure, described on BC, be equal 
to the similar and similarly described figures on BA, AC, 
Bnw AD±ioBC 

Then A ABC is similar to A D5^, VL 12. 

and .". BC is to B^ as Bui is to BD, VL 4. 

and .*. as BC is to BD so is the figure described on BC to 

the similar and similarly described figure on BA, VI. 21, Cor. 2. 

and .'. as BD is to BC so is figure on BA to figure on BC. 

V. 12. 
For the same reason 

as DC is to BC so is figure on AC to figure on BC. 
Hence as BD, DC together are to BC so are figures on BA^ 
AC tog^theT to figure on BC. V. 22. 

But BB, DC toge\3aer aw e^^\ft "BC^wA 
.-. figures on BA, AG togjeiYiet '^ ^^Bmfe tni'BO.^ A^. 
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NoTB. — ^The Proposition which follows is not given by 
Euclid, but is necessary to the proof of Prop. zxiv. 



Propositiom XXIU. Thsorsh. 

If two rectiUnear figures be equal <md dUo tmHa/ty their 
homologous sides nvust be equcU, each to each. 



A 




Let the rectiL figs. ABCDE, FGHKL be equal and similar, 
and let DC and KH be homologous sides of the figures. 

Then must DC=KH. 

For, if not, let DC be greater than KH, 
Then *.• DC is to Di^ as ^fi^is to KL, 

.-. DE is greater than KL, V. 14. 

Hence if a Z^L^ be applied to A DEC, so that KH falls on 
DC and KL on DE {ioxiHKL^ i CDE), HL wiU fell 
entirely within a DEC, 

.\aKLH is less than aDJI^C. 
But V£^DEC is U}lKLH as figure ABCDE is to 
figure FGHKL, VI. 21. 

and figure ^^aDi^=figure FGHKL 
.\lDEC=lKLH, V. la 

or the greater = the less, which is impossible. 
.*. DC is not greater than KH 
Similarly it may be shown that DC \a iift\.\was^^2MS5v^KH.. 
.-. DO^KH, 
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Proposition XXIV. (EucL vi. 22.) 

If four straight lines he proportidnaJs, (he similar recti- 
linear figures svmila/rly described upon iJiem must also he pro- 
portionals. 







jr 











Let the four straight lines AB^ CD, EF, GH be propor- 
tionals, that is, AB to CD aa EF ia to GH ; 

and upon AB, CD let the similar rectilinear figures KAB, 
LCD be similarly described ; and upon EF, GH the similar 
rectilinear figures MF, NH in like manner. 

Then must KAB he to LCD as MF is to NH. 

To ABy CD take a third proportional X and 
to EF, GH take a third proportional 0. VI. 10. 

Then •.• ^B is to CD as j&^ is to GH, 

.'. CD is to X as G^iT is to 0, V. 5. 

and .'. ^B is to X as -KJ* is to 0. V. 21. 

But as ^B is to X so is KAB to LCD, VI. 21, Cor. 2. 

and as ^^ is to so is MF to NH. VI. 21, Cor. 2. 

.-. KAB is to LCD as MF \a \>o NH. N .^. 
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And ConvezBely, 

If iSkt wmXlar figwra^ nmUarly described on four straight 
linesy he proportionals^ those straight lines mtul be proportionals. 

The same constraction being made, 

let KAB be to LCD as MF is to NH, 

ihm must AB he to CD as EF is to GH. 

Mnke smAB to CD ao EF to FB, VI. 11. 

and on PB describe the rectilinear figure SB, similar and simi- 
larly sitnated to either of the figures MF, NH. VI. la 

Then, by the first part of the proposition, 

KAB is to LCD as MF is to iSR 

But KAB is to LCD as MF is to NH. Hyp. 

.-. 8B=NH, V. a 

Also, SB and NHsne similar and similarly situated, 

md .'. PB=GH. VL23. 

Now .iiJB is to CD as ^1^ is to PB, 

and .'. ul5 is to CD as i^^ is to GH. V. 6. 

Q.S.D. 
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Profositioh XXY. Thbobeh. (Ead. yl 33.) 

In equal cireUsy angUgy wluiher at ike centra or tke ctmim- 
ferencegy have to one another the tame ratio as the arcs which 
subtendihem; and so also haice the seders. 





In the equal 08 ABC, DBF let the z s BGC, EHF at the 
oentresy and the l s BAG, EDF at the circomferences, be sab- 
tfflided by the arcs J^O; EF. 

ThenL 1 BGC must be to i EHF as are BCis to are EF. 

Take any nnmber of arcs CK, KLj each=J$(7y 
and any nnmber of arcs FMy MN, NB ea^ch^EF. 
Then *.' arcs BC, CK, KL are all equal, 

.-. z 8 BQO, CGK, KGL are all eqoaL m. 27. 

.'. L BGL is the same multiple of z BGC that 
arc BL is of arc BC. 

So also, z EHB is the same multiple of z EHF that 
arc EB is of arc EF. 

And z BGL is equal to, greater than, or less than 
lEHB, 

according as arc BL is equal to, greater than, or less than 
siv ^B. in. 27. 

Now z BGL and arc BL areeqTmnTiUsp\e&ol l B(xC ^sAvc^BC^ 
Aodz .£r^^andarc ^JSaieeqium\ii\ip\e&ol l BHF«xA«fca^, 
'^j^BGCiB toz JKflJ'asaTcBCiatottWiBP. N,\>^^ 
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II. I BAG mvtt he to i EDF as are BCi» to are EF. 
For *.* I £(7C« twice z BAG, and z J^Hi^^ twice z J^l)!'', 

m'ao. 

/. z £-4.(7 is to z JEDJ* as z -BGO is to z j&SF, V. 11. 

and.-.zfiiOistoz^D^asarojBOiBtoaro^^. V. 5. 

m. Sector BGG must he to sector EHF as are BG is to 
aroBF. 

For secton BOG, GQK, KOL are all equal, IIL 26, Gor. 

and secton EHF, FHM, MEN, NEB, are all equal, 

m. 26, Gor. 

•*. sector BOL is the same multiple of sector BOG that 
arc BL is of arc BG, 

and sector EHR is the same multiple of sector EEF that 
arc EB is of arc EF ; 

also, sector BOL is equal to, greater than or less than 
sector EHR, according as 

arc BL is equal to, greater than, or less than arc ER, III. 26. 
and •*• sector BOG is to sector EEF as arc BG is to arc EF, 

Q. & D. 

Gob. In the scmu circle, angles, whether at the centres or 
the circumferences, have the same ratio as the arcs which sub- 
tend them ; and so also have the sectors. 
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Pboposihon R Theorem. 

If an angle of a triangle he bisicted by a gtraight liruj which 
likewise cuts the hose ; the rectangle, contained hy the sides of 
(he triangle, is equal to the rectangle, contained by (he segments 
of the base, together with the sqaa/re on the line bisecting the 
a/ngle. 




Let z BAG of the a ABC be bisected by the st. line AD. 
Then rect BA, AC—rect. BD, DC together with sq. on AD. 

m 

Describe the © ABC about the A , III. b. p. 136. 

produce AD to meet the Oce in i^, and join EC. 

Then •.• i BAD = z CAE, Hyp. 

and z ABD = z AEC, in the same segment, III. 21. 

.*. A ABD is equiangular to A AEC. I. 32. 

.'. BA is to ^D as ^-4 is to AC. VL 4. 

.-. rect. BA, ^C*=rect. EA, AD, VI. 16. 

=rect. ED, DA together with sq. on AD. 

ILa 

■srect. BD, DC lo^'&^SaBt V\^()a. ^w^ ^\i AD. 
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Proposition C. Theorem. 

If from any angle of a triangle a straight line be draton per- 
pendicular to the base, the rectangle, contained by the sides of 
t^e triangle, is equal to the rectangle, contained by ike per- 
pendiculoT and the diameter of the circle described about the 
tiriangle. 




Let ABC be a A , and AD the± from A to BC. 

Describe the © ABC about the a ABC, III. b. 

draw the diameter AE, and join EC, 
Then must rect. BA, AC = rect. EA, AD. 

For •/ rt z BDA = z EC A, in a semicircle, III. 31. 

and z ABD = z AEC, in the same segment, III. 21. 

.'. A ABD is equiangular to the A AEC I. 32. 

.-. B-4 is to ^D as ^-4 is to AC, VI. 4. 

and .-. rect. BA, ^0-=rect. EA, AD. VI. 16. 

Q. K D. 

Ex. 1. Shew that the rectangle contained by the two sides 
can never be less than twice the triangle. 

Ex. 2. ABC is a triangle, and AM the perpendicular upon 
BC, and P any point in BC ; if 0, C be the centres of the 
circles described about ABP, ACP, the rectangle AP, BC 
is double of the rectangle of AM, OCX. 

Ex. 3. A bisector of an angle of a triangle ia ^rodiicftd ta 
meet the circumscribed circle. PtON^ >i\iiaX,^'^^^^\asjkS^'^,^iss^ 
taJDed by this whole line and the patV. oiSX.^^0K«i.'^^^*«5v«5^^ 
is equal to the rectangle contained \>^ VJcl^ V«o «A^. 
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Proposition D. Theorem, 

The rectangUy contained by the diagonals of a quadrUatmd 
inscribed in a cvrdey is equal to (he svm of ihe rectangles^ con- 
tained by its opposite sides. 




Let ABCD be any quadrilateral inscribed in a ©. 

Join ACy BB. 
Then red. AC, BD=rect AB, CD together vnth red. AD, BC. 

Make z ABE = z DBC; I. 23. 

and add to each the z EBD. 
Them ABD = I CBE; 
and z BDA = z BCE in the same segment ; 
.*. A ABD is equiangular to A BCE, 
.'. AD ia to BD as CEia to BC, 
and .-. rect AD, 50=rect BD, CE. 
Again, •/ z ABE = z DBC, by construction, 

and z BAE = z BDC, in the same segment, 
/. A ABE is equiangular to A BCD. 
.-. .45 is to ^^ as 5D is to CD, 
and /. rect AB, GD=rect BD, ^j&. 
Hence rect AB, CD together with rect. AD, BC 
=rect BD, AE together with rect BD, CE. 
=rect AC, BD. II. 1. 

Q. E. D. 

^x If the diagonah cat one aiio\,\iet ^\. wi ^xv^^ ^o^xa w\a 
^ihhd of A right angle, the rectangles coTiXaaive^Xs^ >iJ£^^ op^reoaXa 
fcfeflr are together equal to four times t\ie c^\xaArAa.\«»N^^^«»^ 



III. 
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VI. 


16. 
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Proposition XXVI. Theorem. (Eucl. vi. 23.) 

EquMungulcur parallelograms have to one another the ratio, 
tohich is compounded of Uie raiios of their sides. 



\ 



n 



JT- 

X. 





Let ACqiA CF be equiangularOs, having i BCD = z ECG. 

Then m/ust O AC ham to CJ CF (he ratio compounded of 
the ratios of their sides. 

Let BC and CG be placed in a straight line. 
Then DC and CF are also in a straight line. I. 14. 

Complete the O DG, and taking any st line K^ 

mBkeaaBC is to CG BO K to L VL 11. 

and make as DC ia to CF bo L to M. VI. 11. 

Then *.* K has to M the ratio compounded of the ratios of 
Kto L and Lto M, 

.*. K has to M the ratio compounded of the ratios of 
the sides. VI. Def. 3, p. 260. 

Now BCiatoCGBsCJ ACiatoIU CH, VI. L 

and DCiB to CF qb CJ CHia to O CF, VI. 1. 

.'.K istoX OB CJ AC is to CJ CH, V. 5. 

mdL ia to M aa CJ CH is to CJ CF, V. 5. 

Hence ^ is to Af as O -4(7 is to O CF ; V. 21. 

and .'. nj AC has to O CFthe ratio com^\V7SLd&<l^l ^<^ 
mtias of their aides. 
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Proposition XXVII. Theorem. (EucL vi. 24). 

Parcbllelogra/ms about the diameter of any parallelogram are 
similar to the whole parallelogra/m and to one another. 




Let ABCD be a O, of which the diameter ia AC; and 
AEFG, FHGK the Os about the diameter. 

Then must these EJs he similar to ABCD and to each other. 

For •.• G^^ is II to DC, /. l AGF = i ADC, I. 29. 

and •.• j&^ is II to BC, .\ l AEF = z ABC ; I. 29. 

and each of the i s EFG, J50D= opposite z BAD, I. 34. 

and .-. z EFG= z BCD, Ax. 1. 

Thus the Os AEFGy ABCD are equiangular to one 
another. 

Again, •.' j&J' is || to BO, 

.'. ^5 is to BO as -4^ is to EF; VI. 4. 

and since the opposite sides of the Os are equal, 

/. AB iatoADaaAEm to AG, V. 6. 

and DO is to CB aa GF ia to FE, V. 6. 

and CD ia to DA bsFG is to GA, V. 6. 

Thus the sides of the Os AEFG, ABCD about their equal 
angles are proportional. 

.-. O AEFG is similar to O ABCD, 

Similarly, O FHCK is simUar to O ABCD ; 

and .-. O ^^i^O is similar to O -FJTO^. VI. 20. 

Q. £. D. 

Ex, Show that each of tke compV^mea^a ol >iJaa ^«x^^qi^\sv 
is a mean proportional "between tYie ^aTiX!^e\o^iMa& \;Xiwa.\»>;5Bfo 

Uaineter, 
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Proposition XXVIIL Theorem. (Eucl. vi. 26.) 

If two similar parallelograms have a eommon angle, and be 
simikurly sittuUed, (hey are ahovi the sanu diam^Ur, 




Let the Os ABCD, AEFQ be similar and similarly 
situated, and have i DAB common. 

Then must ABCD and AEFG be about the same diameter. 

For, if not, let ABCD have its diameter, AHC, not in the 
same st. line with AF, the diameter of AEFG, 

Let OF meet AHC in H, and draw HK II to AD. I. 31. 

Then Os ABCD, AKHG, about the same diameter, are 

similar. VI. 27. 

and .-. DA is to AB as GA is to AK. VI. Def. 1. 

But •.• ABCDy AEFG are similar Os, 

.-. DA is to AB as GA is to AE. 

Hence G^^ is to AKas GA is to AE, V. 5. 

and .-. AK^AE, V. 8. 

the less = the greater, which is impossible. 

.'. ABCD and AKHG are not about the same diameter, 
and .'. ABCD and AEFG must have their diameters in the 
same st. line, that is, they are about the same diameter. 

20 
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Proposition XXIX. Problem. (Eucl. vi. 25.) 

To describe a rectiUnear figure which shall be similar to one, 
and equal to another^ given rectilinear figure. 




Let ABC and D be two given rectilinear figures. 

It is required to describe a figure similar to ABC and equal 
toD. 

On BC describe the EJ BLEC equal to ABC, and I. 45, Cor. 
Oft CE describe the O CEFM equal to D, I. 45, Cor. 

and having z FCE = l CBL, 
Then BC and CF are in a straight line, L 29 and 14. 

and LE and EM are in a straight line. 
Find (xH, a mean proportional between ^Cand CE^ VI. 13. 
and on GK describe the rectilinear figure KGH, similar and 
similarly situated to ABC. VI. 18. 

Then •.' BC is to GH as GH is to CF, 

.-. as jBC is to 0^ so is ABC to KGH. VI. 20, Cor. 2. 
But as BC la to CF 80 iaCJ BE to CJ EF, VI. 1. 

and .-. as ABC is to KGH so is /H BE to CJ EF. V. 5. 
Now ABC is equal to O BE^ Constr. 

and .-. KGH =/Z7 EF. V. 14. 

But EJ EF= the figure D. 
. '. XGH =D ; and XGH is a\m\\ai \ft A"BC. 
Hence a Agure KGH bas been desexVbe^ aa ni^ T^ojcwifc^^. 
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Def. Y. a straight line is said to be cut in extreme and 
mean ratio, when the whole is to the greater segment as the 
greater segment is to the less. 



Proposition XXX. Problem. (End. vi. 30.) 
To etit a straight line in extreme and mean raUo, 



^ B 



•t 



Let ABhe the given st. line. 

It is required to cut AB m extreme and mean ratio. 

Divide AB in the pt. C, so that rect. AB, BC = sq. on AC, 

II. 11. 
Then v rect. AB, BC = sq. on AC. 

.'. ^JB is to ^Oas ^Ois to BC, VI. 17. 

and .*. AB is cut in extreme and mean ratio in C. Def. 5. 

Q. s. I*. 

Ex. 1. If two diagonals of a regular pentagon be drawn to 
cut one another, they cut one another in extreme and mean 
ratio. 

Ex. 2. If the radius of a circle be cut in extreme and mean 
ratio, the greater segment will be equal to the side of a regular 
decagon described in the circle. 
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Peoposition XXXL Theokex. (EucL vl 32.) 

If Uoo triangles^ similarlt situated, which have two sides 
of the one proportional to two sides of the other, be joined at 
one angle, so as to have thei/r homologous sides parallel, each 
to each, the remaining sides must he in a straight Unt. 




Let the as ABC, DCE be similarly situated, having the 
sides BA, AC proportional to CD, DE, and let BA be B to 
CZ),and^C|ItoDJ^; 

Then must BC and CE he in one st, line. 

For ••• ^0 meets the ||s BA, CD, 

:•. lBAC= alternate i ACD. I. 29. 

And '.* CD meets the lis AC, DE, 

.-. I ACD = alternate i CDE, I. 29. 

Hence i BAC=^ l CDE, Ax. 1. 

Then v B^ is to ^0 as CD is to DE, BJidABAC= i CDE, 

.', A ABC is equiangular to A DCE, VI. 6. 

.-. z ACB = z DEC; VI. Def. 1. 

and .-. IB ACB, ACE together ^ lb ACE, DEC together, 

=s two right angles. I. 29. 
.'. £Cajid CM are in the same B.t."^Mi^ 1» 14. 
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MtsceUaneoui Exereises <m Book YL 

1. Two common tangents to two circles meet at A. If the 
diameter of the smaller circle, the distance between the centres, 
and the diameter of the larger circle, be in the ratio of 1, 2, 3, 
prove that the distance from A to the centre of each circle is 
equal to the diameter of that circle. 

2. Straight lines are drawn through the angolar points of a 
triangle, parallel to the opposite sides, and through tibe angolar 
points of the triangle thus formed straight lines are drawn, 
parallel to its opposite sides, and so on ; show that all these 
triangles are similar to the original triangle, and that any one 
of them has its sides bisected by the angular points of the pre- 
ceding triangle. 

3. If a point be taken within an equilateral triangle, the per- 
pendiculars drawn from it to the three sides are together equal 
to the perpendicular drawn from one of the angles to the 
opposite side. 

4. Upon AB as base two triangles ABC, ABD are described, 
and a line cutting CA is drawn parallel to CD. From the 
points where this line meets AC, AD, lines are drawn to meet 
CB, DB, and parallel to the base. Shew that these lines are 
equal 

5. If be the centre, and AB the diameter of a circle, and 
if on the radius AO a circle be described, then the circum- 
ference of this cirde will bisect any chord, drawn through it 
from A to meet the exterior circle. 

6. On a given base describe a triangle, haying a given 
vertical angle, and one of its sides double of the other. 

7. From a point E in the common base of two triangles 
ACB, ADB, straight lines are drawn parallel to AC, AD, 
meeting BC, BD in F and O. Shew that the lines joining 
j; a and Q J> will be parallel 

8. From the angular pointa, of atnas^'a ABC^^\3c»#is»^^ 
^I?, BJE, CF, are drawn perpendifsoW ^ VSaft ^^^«®isi^ '^J 
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lai tenaiastoi bj tJbe cbeniiiKnbiBg code ; if X be the pout 
of OMir loleBMctiioii, ibev tbat IJ>, jL^ XF aro laneted bj 
tbe fid«t of tJbe triani^ 



a If D md j9 be poioti in tbe ndes of a trijm^ ABC, 
mkIi thst jil>aiid jiJ9 are le^eeltretf Uie tJbiid psztB of jiB and 
^C, fbew that BjK and OD eat ooe anotfaer in a pant of 
qoadfiiedion, 

10* In AB^ ACf two ndes of a fziang^ are taken pcnnta 
Z>, E ; AB, ACmn prodnoed to jP, O.mdi iiuABF^ADj and 
OQ'^AE: and B^, OF, ilO^ aie joined, the two former meet- 
iag in H. Show that the triangle FHG is equal to the 
tmmt^ BBC, ADB togeOuK. 

IL If the aa^^ between the internal bisector of the ang^ 
of a triang^ and the base, be equal to the an^ between the 
external bisector and tbe greater side produced, a perpen- 
dicular on tins side through the rertex will bisect the s^ment 
of the base between the internal and external bisectors. 

12, Triangles on equal bases and between the same parallels 
will hare equal areas cut off by a Hne parallel to their bases. 

13, From A, B, the extremities of the diameter of a drcle, 
Unes ACEf BCD, are drawn through a point C, on the circom- 
ference, to points E Bind D, such that EB and DA touch the 
circle. Shew that ED ib parallel to the tangent at C. 

14, Draw a straight line cutting two concentoic circles, so 
that the part of it which is intercepted by the circumference 
of the greater may be four times as great as the part inter- 
cepted by the circumference of the less. 

15, Shew how to inscribe a rectangle DEFG in a triangle 
ABOf so that the angles D, E may be in AB, J. C respectively, 
the side FG coincident with the base, and the area of the rect- 
angle be equal to half that of the triangle. 

16, If the bisectors of the opposite angles A, C, of a quadri- 
lateral figure ABCD, intersect on the diagonal BD, then will 

^e biaeotoTB of the angles B, D meet on AC, 

J,Tm Two gidea of a quadrUateiai deBcxv\)e^ ^X^craSb %i cKxd<& sie 
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parallel ; if the points of contact divide the other two sides 
proportionally, they are equally inclined to the first two. 

18. If two triangles, on the same base, have their vertices 
joined by a straight line, which meets the base, or the base 
prodaced, shew that the parts of this line, between the vertices 
of the triangles and the base, are in the same ratio to each 
other as the areas of the triiingles. 

19. From any point P, in the circumference of a circle, 
whose centre is 0, perpendiculars PAf, FNy are let £eJ1 on two 
xadii OAy OB, and are produced both ways to meet the dr- 
cumfoence of the circle in 0, D, and the straight lines OA, 
OBf mEjF respectively. Shew that the three straight lines 
CDy MN, JEF, are parallel to one another. 

20. If the angles JB, C, of the triangle ABC, be respectively 
equal to the angles D, E, of the triangle ADE, and the angles 
B, Ef of the triangle ABE, to the angles D, 0, of the triangle 
ADCy then these pairs of triangles shall be respectively equal 
to each other ; and if BE, CD, intersect in F, the triangles 
BFD, CFE, shall also be similar. 

21. If, from the extremities of the diameter of a semicircle, 
perpendiculars be let £eJ1 on any line cutting the semicircle, 
the parts intercepted between those perpendiculars and the 
circumference are equal 

22. In a given circle place a chord, parallel to a given chord, 
and having a given ratio to it. 

23. ABC is an equilateral triangle. Through C a line is 
drawn at right angles to ^0, meeting AB produced in D, and 
a kne through A parallel to BC in E, Through K, the middle 
point of AB, lines are drawn respectively parallel to AE, AC, 
and meeting DE in F and G, Prove that the sum of the 
squares on KG and FG is equal to three times the square 
onPi^. 

24. Find a point in the base of a right-angled triangle pro- 
duced such that the line drawn from it to the angular point 
opposite to the base, shall be to the base produced as the 
perpendicular to the base itsell 
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S5. AB it • glTen stiai^ii fine, and D a giren point in it ; 
it is required to find a point P, in jiB prodoeed, soeli that 
^P if to PB as ^D ii to DP. 

26. If two circles toadi each other extemallj, and parallel 
diameters be drawn, the straight line, joining the extremities 
of those diameters, will pass throo^ Uie point of contact. 

27. If two circles tooch eadi other, and also tooch a straight 
line ; the part of the Hne, between the points of contact, is a 
mean proportional between the diameters of the circlea. 

28. Two circles toadi each other internally, the radios of 
one being treble that of the other. Shew that a point of tri- 
section of any chord of the larger ciide, drawn from the point 
of contact^ is its intersection with the drcumference of the 
smaller circle. 

29. If ABO be a right-angled triangle, and D any p<nnt in 
its hypotenuse AB^ determine by a geometrical constmc- 
tion Uie point P, to which AB most be produced, so that FA 
is to PP as ^D is to DP. 

dO. If a line touching two circles cut another line joining 
their centres, the segments of the Uubter will be to each other 
as the diameters of the circles. 

31. If through the vertex of an equilateral triangle a per- 
pendicular be drawn to the side, meeting a perpendicular to 
the base, drawn from its extremity, the line, intercepted 
between the vertex and the latter perpendicular, is equal to 
the radius of the circumscribing circle. 

32. If on the diagonals of a quadrilateral as bases, parallelo- 
grams be described, equal to the quadrilateral, and each con- 
taining an angle equal to a given angle, find the ratio of their 
altitudes. 

33. The opposite sides P-4, CD of a quadrilateral ABCD, 
which CAD he inscribed in a circle, meet, when produced, at E ; 

J^ ia the point of intersection of t\ie ^^ona^A^ «cv^ WS \ss!iAi& 
AD in G; prove that the rectangle EA, AB\&\ft >iltoi^^\»5i!^ 
^A I>Caa AGiato GD. 
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34 If from the extremitieB of the diameter of a circle 
tangentg be drawn, any other tangent of the circle, terminated 
by them, la so divided at its point of contact, that the radios 
of the circle is a mean proportional between the segments of 
the tangent 

30. If the sides of a triangle, inscribed in the segment of a 
drde, be produced to meet lines drawn from the extremities 
of the base, forming with it angles equal to the angle in the 
segment^ the rectangle contained by these lines will be equal 
to the square on the base. 

36L Describe a parallelogram, which shall be of a given 
altitude, and equal and equiangular to a given parallelogram. 

37. Two circles touch each other internally at the point Ay 
and from two points in the line joining their centres perpen- 
diculars are drawn, intersecting the outer circle in the points 
B, 0, and the inner circle in the points D, E, Shew that AB 
'^\A AQ 9A AI))aU> AB. 

38. GiTen of any triangle the base, and the point, where the 
line, bisecting the exterior vertical angle, cuts the base pro- 
duced, find the locus of the vertex of the triangle. 

39. Draw a line from one of the angles at the base of a 
tziangle, so that the part of it cut off by a line drawn from the 
vertex parallel to the base, may have a given ratio to the part 
cut <sSi by the opposite side. 

40. Find the point in the base produced of a right-angled 
triangle, from which the line drawn to the angle opposite to 
the base shall have the same ratio to the base produced, which 
the perpendicular has to the base itself 

41. If the centres A^ B, of two circles be joined, and P be 
the point in the line AB, from which equal tangents can be 
drawn to the circles ; the tangent drawn from any point in a 
line, which passes through P at right angles to AB are all 
equal 

42L Construct a triangle, Bimilac to % ^"v^o. ^s^s^s.^^^^^ «x\d 
having its angular points upon three ^^reii^^iswki^^ait^^Nf^s^^ 
nwet in a point. 



298 EUCLmS ELEMENTS. [Bo6k 71 



43. Let ABCD be any paraUelograniy BD its diagonal 
Then the perpendicolars, from A on BD, and from B and D 
upon AD and AB, shall all pass through a point. 

44. If a quadrilateral be inscribed in a circle, its diagonals 
shall be to one another as the sums of the rectangles container 
by the sides adjacent to their extremities. 

45. A square is described on the base of an isosceles triangle, 
remote from the vertex. Prove that, if the vertex be jobed 
to the comers of the square, the middle segment of the base 
will be to the outer one in double the ratio of the perpendicular 
on the base to the base. 

46. The base AB of an isosceles triangle ABO is produced 
both ways to D and E, so that the rectangle AD, BE is 
equal to the square on AC. Shew that the triangles DAC, 
EBO, are similar. 

47. If each of the angles at the base of an isosceles triangle 
be double of the angle at the vertex, shew that either side is a 
mean proportional between the perimeter of the triangle, and 
the distance of the centre of the inscribed circle from either 
end of the base. 

48. Prove that, if the rectangle contained by the diagonal 
of a quadrilateral be equal to the sum of the rectangles con- 
tained by its opposite sides, the quadrilateral may be inscribed 
in a circle. 

49. Draw a line parallel to one of the sides of a triangle, so 
that it may be a mean proportional between the segments into 
which it divides one of the other sides. 

50. If an equilateral triangle be inscribed in a circle, and 
the adjacent arcs cut off by two of its sides be bisected, shew 
that the line joining the points of bisection will be trisected by 
the sides. 

51. ABG is an equilateral triangle, BO is produced to D, 
and CD 18 made equal to BC ; CE \a ^TWfra. ^\. T^gD,\. «s\i^le8 

to DGB, and at A the angle OAE \a xoaAa ^ioeMJ^Xft >Qttft ^^^ 
Z>CA ; DE, DA are dra\m. SVi^^ >:>mA, VJaa Tw:X«a^^ BA. 
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CB 18 equal to the lectangle DE^ AC together with the square 

62. Two straight lines AB^ CD, intersect in J7. If when 
ACy BD are joined, the sides of Uie triangle ACE, taken in 
order, are proportional to thoee of the triangle DBE, taken in 
Older, shew that A^ C, B, D, lie on the circumference of the 
same drcleu 

63. If any triangle be inscribed in a circle, and from the 
Tertex a line be drawn parallel to a tangent at either extremity 
of tlie base, this line will be a fourth proportional to the base 
and two aides. 

64. If a triangle be inscribed in a semicircle, and a per- 
poidicalar be drawn from any point in the diameter, meeting 
one side, the circumference, and the other side produced ; the 
segments cut off will be in continued proportion. 

65. If ABGD be any quadrilateral figure inscribed in a 
circle, and BK, DL be perpendiculars on the diagonal AC, 
shew that BK is to BL as the rectangle AlB^ BC is to the 
rectangle ADy BC, 

66. If a rectangular parallelogram be inscribed in a right- 
angled triangle, and they have the right-angle common, the 
rectangle, contained by the segments of the hypotenuse, is 
equal to the sum of the rectangles, contained by the segments 
of the sides about the right angle. 

57. If from the vertex of an isosceles triangle a circle be 
described, with a radius less than one of the equal sides, but 
greater than the perpendicular from the vertex to the base, 
Uie parts of the base cut off by it will be equal 

58. Through a fixed point ui on a circle, a chord AB is 
drawn, and produced to a point M, so that the rectangle con- 
tained by AB and AM is constant. Find the locus of M. 

59. Having given a circle and a point, another point may 
be determined, such that the segments of any chord of the 
circle, drawn through either point, shall subtend, at the other 
point, angles which are either equal or 8U]^]^lementary. 
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00, FfOM ooetBgla of atnyig^peqwMiilirnlaii ire dropped 
on tlie eztenud biseetcRB of the other two ang^ ; pvove that 
the digtaiwy between the feet of thew peipendienlaB is equal 
to half the mm of the lidea of the triangle. 

6L A^ Bf Ff Qf R, are fire points in the eireomfereDee of 
a cirde ; ji, ^ r, are the inteaeotioiis of perpendienhus of the 
triang^ ABP, ABQ, ABB xe^eetzrelf ; pnyve that the 
tnxDf^ FQBf pqr are aimilary eqaal, and sindlaity placed. 

62. ADf BBf CFwn pCTpendinilare from the angnlar points 
of a triangle on the opposite sides, intoseeting in P. Ftore 
that the rectangle uiP, SO is equal to thesomof therectan^es 
FE, AC uA PF, AB. 

03. ABC IS a triang^ and AD^ AB, are dxawn to poants 
D, Bf in the base, so as to make equal ang^ with AB, AC, 
respectirely. Shew that the square on AB is to the square on 
ACsmthe rectan^ BD, B^ is to the rectangle CD, CE. 

64. Vind a straight line, soch that the perpendiculars, let 
fidl upon it from three giren p<Hnts, shall be in a giyen ratio 
to each other. 

65. Find a fourth proportioDal to three giren sinnlar 
triangles. 

66. If the sides of a trian^ be Inseoted, and the points 
joined with the opposite an^es, the joining lines shall divide 
each other proportionally, and the toiangle, formed by the 
joining lines, and the remaining nde, shall be equal to a third 
of the original triangle. 

67. mnd the locus of a point, such that the distance between 
the feet of the perpendiculars from it upon two straight lines, 
given in position, may be constant. 

68. ABOD is a parallelogram, AO, BD diagonals. If 
parallel lines be drawn through A, C, and also through B, D, 
the djBgon&h of all parallelograms so formed will pass through 

tlie same point. 

69. OPQ IB any triangle. OR \AaecXa PQ \si B.-, P^t 
biBecis OH in 8, and cutB OQ in T. ^\wi^ VXwX. OQ«^OT. 
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70. If the side BC^ of a txiaogle ABGy be bisected by a line, 
which meets AB and AC^ prodaced if necessary, in D and B 
iQspectiTely, shew that AB is to EC as AD is to DB. 

71. Two circles are drawn in the same plane, haying; a com- 
mon centre C, If the tangent, at any point B of the inner 
circle, meet the outer in Q, and be produced both ways to 
pcnnts Ay By such that QA, QB, are each of them equal to QCy 
the area of the triangle CAB will be constant 

72. From P, a point without a circle, whose centre is 0, 
two tangents PA, PB, are drawn, and also a line, meeting the 
dide in D, and AB in. B, If CF be perpendicular to PDy 
then FD is a mean proportional between FP and FE. 

73. Three circles touch the sides of a triangle ABO in the 
points where the inscribed circle touches them, and touch 
each other, in the points G, H, K, Prove that AG, BH and 
CK meet in a point. 

74 If ABC be a right-augled triangle, and EF, parallel to 
BCy the hypotenuse, meet ABy AC m Ey F, then EH, FLy 
AK being drawn perpendicular to BC^ shew that the difference 
of the rectangles CKy CH and BL, BK is equal to the differ- 
ence of the squares on AB, AC, 

75. From a point A in the circumference of a circle two 
chords AB, AC are drawn, cutting off arcs greater than a quad- 
rant and less than a semicircle ; and from the extremity B of 
the greater chord, a line BD is drawn in a direction perpendi- 
cular to that of the diameter through A, and meets AC pro- 
duced in D. Shew that AD is to AB as AB is to AC 

76. Two circles intersect, and through a point of intersection 
two lines are drawn, terminated by the circumferences of both 
circles ; one of these lines remains fixed, while the other may 
have any position. Shew that the locus of the intersection of 
the lines joining their extremities is a circle. 

77. If the side BC of an equilateral triangle ABC be pro- 
duced to any point D, and AD be joined, and if a straight line 
GE be drawn parallel to AB, cuUin^ AD m "E^^ft^'^^'^MsS^ "^^ 

square on AE is to the rect DA, DE 8A \Jji<a x^cX. ^^^^^^s^*^ 
the square on DC. 
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78. In a triangle^ right-angled at Ay if the Etide AOhe double 
of ABy the angle B is more than doable the angle 0. 

79. From the obtuse angle of a triangle draw a line to the 
base, which shall be a mean proportional between the segments, 
into which it divides the base. 

80. ABy AO fkie two straight lines, B and C given points in 
the same ; BD is drawn perpendicular to AC, and DE per- 
pendicular to AB ; in like manner CF is drawn perpendicular 
to AB, and FG to AC. Shew that EG is parallel to BO. 

81. AB is the diameter of a circle, and CD a chord at right 
angles to it, E any point in CD, If AE and BE be drawn 
and produced to cut the circle in F and G, the quadrilateral 
FCGD has any two of its adjacent sides in the same ratio as 
the remaining two. 

82. ADEB is a semicircle ; AB the diameter ; DF, EG 
perpendiculars on the diameter ; C the centre of a circle, which 
touches the semicircle and these perpendiculars ; and CH is 
drawn perpendicular to the diameter. Shew that GH is a 
mean proportional to AF and BG. 

83. Divide a straight line in a given ratio, and produce it 
so that the whole line thus produced shall be to the part pro- 
duced in the same ratio ; shew that the circle described on the 
line between the two points of section, as diameter, is such, 
that if any point of its circumference be joined with the ex- 
tremities of the given Hue, the straight lines so drawn shall 
also be in the given ratio. 

84. AB, CF, DE, are chords in a circle, intersecting in 0. 
CE, DjP joined cut AB in G and H respectively. Shew that 
the rectangle AG, OB is to the rectangle GO, OH as the 
difference between AO and OB is to the difference between 
GO and OH. 

85. Triangles on the same base, and with equal vertical 
angles, are to one another as the products of their sides. 

66. A line ACBD is divided, so tJaa-t AC Sa \» CB «^ AB*^ 
^ -DB. . Shew that a semicircle, deam\>e^ ots. CD,Sa^^ Vi^>5: 
^^-P, such that AF is to PB aa AC is to CB. 
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87. If the two diagonalB of a quadrilateral, inBcribed in a 
circle, be ^ven, shew that the quadrilateral is greatest, when 
they are at right angles. 

88. ABC is a triangle, D, J^, the middle points of AB^ AC, 
and BE, CD, meet in jP : a triangle is drawn, having its sides 
parallel to AF, BF, OF. Shew that the lines, joining its angular 
points to the middle points of its opposite sides, will be parallel 
to the sides of the triangle ABO. 

89. A circle rolls within another, of twice its radius : if P be 
the point of contact, and A a given point of the rolling circle, 
PA will be constant in direction. 

90. Two circles intersect ; the line AHKB joining their 
centres A, B, meets them m H,K, On AB is described an 
equilateral triangle ABC, whose sides BC, AC intersect the 
circles in F, E. FE produced meets BA produced in G, 
Shew that as G^^ is to GK, bo ia OF to CE, and so also is GH 
to GB. 

91. If, in Euclid's construction for forming a triangle ABC, 
with each of the angles B and C double of the angle A, D ia 
the point where AB is divided, and AE is taken in AB equal 
to BD, shew that the area AEO is equal to the area BDC. 

92. An isosceles triangle has one of its equal sides a mean 
proportional between two sides of another triangle. If these 
two sides include the same angle as the vertical angle of the 
isosceles triangle, shew that the triangles are equal 

93. Two triangles ABC, BCD, have the side BO common, 
the angles at B equal, and the angles ACB, BDC right angles. 
Shew that the triangle ABC is to the triangle BCD aa ABia 
to BD. 

94. Given the straight line which is drawn from the vertex 
of an equilateral triangle to a poii^t of trisection of the base, 
find the side of the triangle. • 

95. Straight lines being drawn from the angular points A^ 
B, C, oi& trioDgle through any tbi© EBjne ^o\ii\>^ ^«i ^& \ft ^so^*^sia 
opposite aides respectively in a, b, c, «i\i«^ ^^^ ^^ ^s&^^yssi^ 

-^4r Be is to the rectajigle Ac, Ba aa Cb Va \^ Cok 
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96. ABCD is a quadrilateral inscribed in a circle, and its 
diagonals intersect in F, Shew that the rectangle AF, FD is to 
the rectangle BF, FC as the square on HD is to the square 
on BC. 

97. ABCD is a quadrilateral figure whose opposite angles 
are not supplemental ; the circle described about ABD cats 
DC in By and the circle described about BCE cuts AE in F. 
Shew that the triangle ABF is equiangular to the trian^e BCD, 
and the triangle BCF to the triangle ABD, 

98. ACB is a triangle whereof the side ^0 is produced to 
D until CD is equal to AG ; and BD is joined, shew that if 
any line drawn parallel to AB cuts the sides AC and CB, and 
from the points of section lines be drawn parallel to DB^ these 
will meet AB in points equidistant from its extremities. 

99. A and B are fixed points, and AC, BD are perpendi- 
culars on CD, a given straight line : the straight lines AD, BC, 
intersect in E, and EF is drawn perpendicular to CD, Shew 
that EF bisects the angle AFB, 

100. If be the centre of a circle circumscribed about the 
triangle ABC, obtuse-angled at C, and if in DC a circle be 
described meeting AB in D and E, then either CD or CE shall 
be a mean proportional between the segments into which they 
respectively divide AB, 

101. The exterior angle CBD of the triangle ^ BO is bisected 
by the line BE, which cuts the base produced in E. Shew that 
the square on BE, together with the rectangle AB, BC, is 
equal to the rectangle AE, EC, 

102. ABCD is a quadrilateral figure inscribed in a circle ; 
BA, CD, are produced to meet in P, and AD, BC, are pro- 
duced to meet in Q, Prove that PC ia to PB as QA is to QB, 

Also, shew that half the sum of the angles at P and Q is 
equal to the complement of the opposite angle ABC of the 
quadrilateral figure. 

103, Having given the "verticaiX an^^e, «ia^ ^^ ^^^ft ^^ 'Oba 
Bides containing it, and also the dia.me\.et oi \Xxft ^^xwsi'WiT^xasi 
circle, construct the triangle. 
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104. From the centre of a given circle draw a BtraifKht line 
to meet a given tangent to the circle, so that the segment of 
the line between the circle and the tangent shall be any required 
part of the tangent. 

105. Given in any triangle the base, the ratio of the sides, 
and the distance between tiie points, in which the internal and 
external bisectors cut the base, construct the triangle. 

106. AB is the diameter of a circle, "D any point in the 
circomference, and C the middle point of the arc AD, If AC, 
AD, BC, be joined, and AD cut BO in E, the circle described 
about the triangle AEB will touch AC, and its diameter will 
be a third proportional to BC and AB, 

107. From a given point A a variable straight line is drawn, 
meeting a fixed straight line on P, and a point Q is taken on 
it 80 that the rectangle AlF, AQ ia constant. Find the locus 
o{Q. 

108. On a given base describe a rectangle, which shall be 
equal to the difference of the squares on two given straight 
lines, any two of the three given linea being together greater 
than the third. 

109. If the exterior angles of a triangle be bisected by 
straight lines, forming another triangle, shew that the two 
triangles cannot be similar, unless they be each equilateral. 

110. If ABC, ABO be similar triangles, and AB^AO^ 
shew the areas of the triangles are as J. (7 to ABl, 

111. The alternate angles of a regular hexagon are joined: 
shew that the area of the hexagon formed by the intersections 
of the joining lines is one-third of the original hexagon. 

112. A triangle is divided by a straight line parallel to the 
base into two parts, the areas of which are as 1 to 8 : how 
does the straight line divide the sides ? 

113. The line AD is divided into three equal parts in the 
points B and 0', 2k circle is de8criVyed.m\Si B *& siKo2«fe'«3EAu 

JBA as radiuB, and any circle cutting \3k» Ha ^<Ktfsc^^^^^>^^ 
SB centre. Shew that if a chord to VkoVk >i)fcL'^ cct^^^s^k ^i3»?«^ 

2X 
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from A^ throngh one of the points of intersection, it will be 
bisected by this point 

114 ABG is an acate-angled triangle, B and "F are the 
middle points of the sides AB and AC, Shew that a line 
drawn from E^ equal to MA^ to meet the base, and another 
from "Ey equal to EA^ also to meet it, will intersect the base 
at the same point. 

Hence explain how, by folding a piece of paper such as the 
triangle ABG^ it may be shewn that the three angles of a, 
triangle are equal to two right angles. 

115. A line AB is diyided into any two parts in O, and on 
the whole line, and on the two parts of it, similar isosceles 
triangles, ADB^ ACE, BCE, are described, the two latter 
being on the same side of the line, and the former on the 
opposite side ; if G, H, K, he the centres of the circles in- 
scribed in these triangles, proye that the angles AGH, BGK 
are equal respectively to ADC, BDG, and that GR is equal 
ioGK. 

116. Within a circle, whose diameter is AB, another circle 
is inscribed, touching the outer circle in A, and passing 
through its centre 0. From a point N, in AB, a line NQF is 
drawn, meeting the inner circle in Q, and the outer circle in 
P, ^^ being equal to one-sixth of AB. Proye that the dupli- 
cate ratio of NQ to NP is equal to the ratio of 2 to 5. 

117. Describe a square, which shall be equal to the sum of 
a given square and a given rectangle, a side of the given square 
being greater than half the difference of the two sides contain'* 
ing the rectangle. 



BOOK XI. 

INTRODUCTORY REMARKS. 

la Book I. Del 7., it is laid down that a Plane Snrfiuse is 
one in which, if any two poiQts be taken, the straight line be- 
tween them lies wholly in. that suiface. 

This definition shoold be extended by the addition of the 
loUowing words, and if ths ttraigkt line beproduud, every point 
t» fh* paei produeed wiU lie in ifupUmt, 

Eudid professes to prove this in the first Proposition of 
Book XL, which is thus enunciated : ^ one part of a straight 
line cannot be in a plane, and another part out of the plane." 

Bat this has been assumed again and again in the proofe of 
earlier propositions ; thus, for example, we hare called a circle 
tk plane figv/re, and having drawn any radius to a circle we have 
assumed that the radius, produced within the circumference, 
will meet the circumference. 

From the extended definition of a Plane Surface it follows 
that a straight line, which meets a plane, must either lie 
entirely in that plane, or meet it in one point only ; for if it 
met the plane in tuoo points, it would lie entirely in the plane. 

The Definitions given at the conmiencement of Book xi. 
relate partly to Plane Surfaces and partly to Solid Figures. 
By a slight change in the order in which they stand in the 
Greek text, we obtain the advantage of arranging them in 
accordance with this twofold division. 

Definitions. 

Bdaiing to Plane Stirfacee. 

I. A Plane Surfetce is one in which, if any two points be 
taken, the straight line between them lies wholly in that sm>> 
&ce ; and if the straight line be produced, every poiat in the 
part prodaced will lie in the p\aae« 



3o8 EUCLIiyS ELEMENTS. [Book XL 

II. When a straight line is at right angles to eoery straight 
line in a plane which meets it, it is said to be perpendicular to 
the plane. 

NGU,—li will be shown in Prop. iv. that when a straight 
line is at right angles to each of two other straight lines in 
a plane, which meet it, it is at right angles to every other 
straight line in the plane which meets it. 

HL A plane is perpendicolar to a plane, when the straight 
lines, drawn in one of the planes perpendicular to the common 
section of the two planes, are perpendicular to the other plane. 

lY. The inclination of a straight line to a plane is the acute 
angle, contained by that straight line and another, drawn 
from the point at which the first line meets the plane, to the 
point at which a perpendicular to the plane, drawn from any 
point of the first line above the plane, meets the same plane. 

v. The inclination of a plane to a plane is the acute angle, 
contained by two straight lines, drawn from any the same 
point of their common section, at right angles to it, one in one 
plane, and the other in the other plane. 

YL Two planes are said to have the same inclination to one 
another, which two other planes have, when the said angles of 
inclination are equal to one another. 

Vll. Parallel planes are such as do not meet one another 
though produced. 

Belatmg to Solid Figures^ 

VUL A Solid is that which has length, breadth, and thick- 
ness. 

IX. That which bounds a solid is a superficies. 

X. A Solid Angle is that, which is made by the meeting of 
more than two plane angles, which are not in the same plane, 

M^ one poinU 
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Definitions I. to X. are all that are required in the part ol 
Book XI. included in this work. Those which follow are 
necessary to the explanation of some of the terms, which will 
be foond in the Exerdses and Examination Papers. 

XL Similar solid figores are such, as hare all their solid 
angles equal, each to each, and are contained by the same 
number of similar planes. 

XIL &. Pyramid is a solid figure, contained by planes, which 
are constmcted between one plane and one point aboye it, at 
which they meet 

XIIL A Prism is a solid figare, contained by plane figures, 
of which two that are opposite are equal, similar, and parallel 
to one another ; and the others are parallelograms. 

XIY. A Sphere is a solid figure, described by the reyolution 
of a semicircle about its diameter, which remains fixed. 

XV. The Axis of a Sphere is the fixed straight line, about 
which the semicircle revolves. 

XVL The Centre of a Sphere is the same with that of the 
semicircle. 

XYIL The Diameter of a Sphere is any straight line, which 
passes through the centre, and is terminated both ways by the 
superficies of the sphere. 

Xyni. A Cone is a solid figure, described by the revolution 
of a right-angled triangle about one of the sides containing the 
right angle, which side remains fixed. If the fixed side be 
equal to the other side containing the right angle, the cone is 
called a right-angled cone ; if it be less than the other side, an 
obtuse-angled cone ; and if greater, an acute-angled cone. 

XIX. The Axis of a Cone is the fixed straight line, about 
which the triangle revolyoB. 
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XX. The Base of a Cone is the circle, described by that side, 
containing the right angle, which reyolyes. 

XXI. A Cylinder is a solid %are, described by the reyolu- 
tion of a rectangle about one of its sides, which remains fixed. 

XXIL The Axis of a Cylinder is the fixed straight line about 
which the rectangle reyolyes. 

XXIII. The Bases of a Cylinder are the circles, described by 
the two reyolying opposite sides of the rectangle. 

XXiy. Similar cones and cylinders are those which haye 
their axes and the diameters of their bases proportionals. 

XXY. A Cube is a solid figure, contained by six ' equal 
squares. 

XXVI. A Tetrahedron is a solid figure, contained by four 
equal and equilateral triangles. 

XXVII. An Octahedron is a solid figure, contained by dght 
equal and equilateral triangles. 

XXVIII. A Dodecahedron is a solid figure, contained by 
twelye equal pentagons, which are equilateral and equiangular. 

XXIX An Icosahedron is a solid figure, contained by twenty 
equal and equilateral triangles. 

XXX. A Parallelepiped is a solid figure, contained by six 
quadrilateral figures, of which eyery opposite two are paialleL 

POSTULATB. 

Let it be granted that a plane may be made to pass through 
any giyen straight line. 
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Proposition L Theorem. (EucL xi. 2.) 

If two straight lines meet one another^ a plane can he drawn 
to contain both ; and every plane containing both must coincide 
with the aforesaid plane. 




Let the two st. lines AC, BO meet in C. 

Then a plane can be drawn to contain AC and BC, 
Let any plane EF be drawn to contain AC, Post. 

and let EF be turned about ^C till it pass through B, 
Then *.' B and C are points in the plane EF, 

.-. BC lies in the plane EF. XI. De£ 1. 

Also, any plane containing AC and BC mvM coincide with EF, 
For let Q be any point in a plane containing AC and BC. 
Draw QMN in this plane to cut BC, AC'mM and N. 
Then '.• M and N are points in the plane EF, 

.'. Q is a point in the plane EF, XL Def. 1. 

Similarly, any point in a plane containing AC, BC must lie 
mEF', 

and .'. any plane containing AC, BC must coincide with EF. 

Q. E. D. 



OoR. L Hen<^t</o2Zoii»t^a|>2a7iet«cofn^{e^t^determt9t«^ 
by the condition thai it passes through two intersecting straight 
lines. 



XXII. Tho Axis of a 
wlii'li \\i('. rcciiiM'jlh rev 

XXIII. ThoIia.sft.sr.: 
tin* fv/o n:vr)lvinj( opp' 

XXIV. Similar con. 
t.!M'ir axcj.s anri tho diui 

A XV. A (Jube is . 
{U|n;in'H. 

XXVI. ATctnihorl 
(■((iial and cqiiiliitcnil * 

XXVir. An Octal. 
iMiual and cquilatenil 

XXVIII. A Dodr 
twelve) (M|u:il pentag*' 

XXIX. ABlooBali 
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WFOSITIOII n. TniKIRRM. (Kiicl. xt. 3.) 

I (^ one anoihtr, iJieir eomnion Mction tint>t li* 




[> be two planM thnt nnt rrm iwir>tlinr, 

turn miM/m lir. it ^fiiyhl liar, 

Kaad JTIm twopmnU cumiiii'm Ui IwiMi jrkiidi, 
« Oe itas^ Bm MN. 

I .-. the M. line 3f^ llM ix ti-rf^ti r.l<.ri'« Xt \t<.t f 

o poiDt, Mit 'A Mm Um, cmd Iw •U'l-.twui I'l I'uMi jiloiii* 

t', if it bi pnw)^, h* P U Hudi a (I'lliik. 

KtiumoHttK l^'dlb j/Uim aiuiiumi Ui Um {luiul f Miii 

€My. at t,iu » 



312 EUCLmS ELEMENTS. [Book XL 

Gob. n. A straight UneandapaifU wUhaut the line deUrmine 
a plane. 




Lei AB be a straight line, dnd C a point without AB, 
Draw the at. line CD to any point D in AB. 
Then one plane can be drawn to contain AB and CD, XI. 1. 

/. one AB andO. 

Again, any plane containing AB most contain D, 

.'. any plane containing AB and C mnst contain CD also. 
But there is only one plane that can contain AB and CD, 

.*. there is only one plane AB and C, 

Hence the plane is completely determined. 

Cor. III. Th/ree points, not in the same straight Une, determine 
a pla/ne, 

9 

For let A, B, C be three such points (fig. Cor. 2). 
Draw the straight line AB, 

Then a plane, which contains A, B and 0, must contain AB 
and 0, 
and a plane, which contains AB and C, must contain A, B, C, 
Now AB and C are contained by one plane, and one only, 

Cor. 2. 
,\ A, B, C are contained by one plane, and one only. 
Hence the plane is completely determined. 

OoR, IV, Two pa/rcdlel lines determine a plane. 

For, hy the definition of parallel "^nea, VJaa \w^ \Masa are in 
the same planer and as only one plaiv© caiL\» ^cwwtiXa ^tiXjms^. 
5 of the linea and any point in tlie ot\i©T\mft,\\.l^«^^ >i5Mi^ 
ne plane can be drawn to contain "^oo^'N^iea^ 
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Proposition IL Thsorem. (Eucl xi. a) 

If two plana cut OM anothery their common $eetion mud be 
agiraigktUn^ 




Let AB and CD be two planes that cnt one another. 
Then must their common section be a straight line. 

Let M and N be two points common to both planes. 

Draw the straight line MN, 

Then *.' M and N are common to both planes, 

.*. the St line ^OTlies in both planes. XI. Def. 1. 
And no point, out of this line, can be common to both planes. 

For, if it be possible, let P be such a point 

But there can be but one plane common to the point P and 
the 8t line MK XI. 1, Cor. 2. 

. *. P is not common to both planes. 

Hence every point in the common section of the planes lies 
in the straight line MN. 

JVoU.'^Tbe Propositiona ^\a<^ ioYLov «» \sswsJora«^ ^ ^ 

Euclid 
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Pbofositiok IY. Theorem. 

If a 8tr<Ughi Ime stamd at right angles to ecbch of two ttrcdght 
IvneSf at the point of Uievr intersection^ it must also be at right 
angles to the plane that passes through them. 




Let the st. line EF be x to each of the st. lines AB^ CD, 
at Ef the pt of their intersection. 

Then rwust EF bextothe plane passing through AB, CD, 

Make AE, EB, CE, ED, all eqaal to one another, 
and through E, draw, in the plane in which AB, CD are, 
any st. line GEE, and join AD, CB. 

Take any pt. F, in EF, and join FA, FG, FD, FC, FH, FB. 
Then in as AED, BEC, 

'.' AE=BE, and DE=CE, and z AED= i BEC, I. 16. 
.-. AD^BC, and z D^^= z CBE, I. 4. 

Then in A s AEG, BEH, 
'.' L AEG =. z BEK, and z GAE = z HBE, and AE=-BE, 

.-. GE=HE, and AG^BH. I. b. p. 17. 

Tbea in AB AEF, BEF, 
' AJS^ BE^ and EF is common, an^i t^,. l AEU ^t\». lBE^ , 



V^ 
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So also, CF^DF 
Then in as ADF, BCF, 
'.' AD^BC, and AF^BF, and DF^CF 

.'. I DAF^ I CBF. Lap. 18. 

Again, in As AFG, BFH, 

••• AF^BF, and AG^BH, and z FAG - z FBH, 

.'. FG^FR. I. 4. 

Then in as FEGy FEE, 

••• GE^HE^ and J?^ is common, and FG'^FH, 

.'.iFEG^iFEH. La 

.'. EF IB ± to GH. 

In like manner it may be shown that EF is ± to every at 
line which meets it in the pLme passing through ABy CD, 

.\EFiB± to the plane, in which ^f, CD are. XL Del 2. 

Q. X. D. 
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Proposition V. Theorem. 

If ihree straight lines meet all ai one point, and a straight 
line stand at right angles to each of them at thai point, the ih/ree 
straight lines must be in one amd the same plane. 




Let the st. line AB bexto each of the st. lines BC, BD, 
BE, at B, the pt where they meet 

Then mtut EC, ED, EE he in one amd the same plane. 

If not, let ED, EE be in one plane, and EC without it, and 
let a plane, passing through AB, EC, cut the plane, in which 
ED and jB^ are, in the st line EF. XL 2. 

Then AE, EC, EF are all in one plane. 
And •/ JLjB isx to jBD and EE, 

.*. AB is X to the plane in which ED and BE are, XL 4. 
and .*. AE isx to EF, a st line in that plane. XI. Def. 2. 
Thus z AEF is a rt z , 

and z ABC is a rt. z ; Hyp. 

.-. z ABC= L AEF, 
the less = the greater, which is impossible. 

.*. EG is not without the plane, in which ED, EE are, 
and ,\ BO, BD, BE are in one and the same plane. 
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Proposition VI. Theorem. 

If two gtraight lines be at right angles to the same plane, they 
must beparailel to one another. 




Let tlie Bt lines AB, CD be± to the same plane. 

Then must ABbeWto CD. 

Let ABy CD meet the plane in the pts. B, D. 

Join BDf and draw DE± to BD, in the same plane. L 11 

Make DE = AB, and join BE, AE, AD. 
Then *.* AB is ± to the plane, 

.-. ^JJ is± to jBD and BE, XI. Defl 2. 

and .*. each of the i s ABD, ABE is a rt z . 
So also, each of the i s CDB, CDE is a rt. z . 
Then, in as ABD, EDB, 
••• AB — ED, and BD is common, and rt. z ^^D=rt. z EDB. 

.'.DA=^BE. L4. 

Again, in A s ^jB^, ^D^, 

*.* AB « ED, and BE ^ DA, and AE is common, 

.'.lABE^iEDA. La 

But z ABE is a rt. z ; 

.*. z EDA is a rt. z , 
and .*. ED is x to AD. 

Thus ED isx to BD, AD, CD, at the pt. where they meet, 
and .*. BD, AD, CD are all in one plane. XI. 5. 
But AB is in the plane, in which BD and AD are ; XI. 1. 
and .'. AB, BD, CD are all in one plane. 
Then '.• each of the z s ABD, CDB is a rt. z , 

.-. AB is II to CD. L 28. 

Qp E. D. 



( 
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Proposition VII. Thbobeic. 

If two straight lines be pa/raXUl, the straight line d/ravmfrom 
<my point in the one to any poirU in the other, is in the same 
plane vnlh the pa/raMels. 




Let AB and CD be parallel straight lines. 
Take any pts. E, F m AB and CD. 

Then must the st, Unejoimmg E and F he in the same plane at 

AB, CD. 

If not, let it be without the plane, as EGF. 

In the plane ABCD, in which the parallels are, 

draw the st. line ERF from E to F. 

Then the two st. lines EGF, EHF enclose a space, 

which is impossible. I. Post. 5. 

.*. the st. line joining E and F cannot be out of the plane, 
in which the parallels AB, CD are. i 

.'. it is in that plane. 

Q. E. D. 

Note. — ^We have proved this Proposition as Cor. it. to 
Prop. I. 



PROPOSITION VIIL 
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Profosition VIIL Thboreic 

If two draight linei be paraildy and otu of them he at right 
angles to a plane, the other muet he at right angla to the tame 
. plane. 




Let ABj CD be two II at. lines, 
and let one of them, AB, be ± to a plane. 

Then muet CD he Jl to the tame plane. 

Let AB, CD meet the plane in the pts. B, D ; and join BD\ 
then AB, BD, CD are all in one plane. XI. 7. 

Li the plane, to which AB is ± , draw DEi. to BD, 

make DE=AB, and join BE, AE, AD. 
Then •.' AB is ± to the plane, 

.'. each of the L s ABD, ABE is a rt z ; XL Def. 2. 
and '.* BD meets the || st lines AB, CD, 

/. L 8 ABD, CDB together=two rt. z s, L 29. 

and .•. I CDB is a rt. z , and CD is ± to BD, 
Then in the As ABD, EDB, 
••• AB^ED, and BD is common, and rt. z ^ijBD=rt. z EDB. 

,\ AD^EB. L 4. 

Then in A s ABE, EDA, 

•.• AB-ED, and AE is common, and EB^AD, 

.'. I ABE -^L EDA; La 

and .*. z EDA is a rt z . 

Hence ED is x to DA, and it is also x to BD, by constr., 

.-. ED is ± to the plane in which DA, BD are, XL 4. 

and .*. ED is X to DC, which is in that plane. XL Def. 2. 
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Hence CD is ± to BE. 
Now CD is ± to DB, 

.', CD is X to the plane passing thTonghD^,D£. XL 4. 
.'. CD is X to the plane to which AB is X . 

Q. s. D. 



Proposition IX. Thsorebc 

TriDo straight lines, which awe each of them parallel to the same 
straight Uncy and not in the same plane wiQi it^ are paaraUel to 
oneamother. 





Let AB, CD be each of them || to EFy 
and not in the same plane with it 
Thm mast ABhe\\to CD. 

In EF take any pt G. 

From G draw, in the plane ABEF, GH ± to EF, 
and, in the plane CDJ^^, GK i. to EF. 
Then •/ ^JP* is x to GH and GK, 

.-. ^JP* is X to the plane HGK; 
and •/ EF is || to AB, 

,\ AB is X to the plane HGK. 
So also CD is X to the plane HGK. 
.'. ABJa II to CD. 



LIL 
XL 4. 

XI. 8. 
XI. 8. 
XL 6. 



^^D. 
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Proposition X. Theorem. 

If two gtraight lines meeting one another he parallel to two 
others, that meet one another, and a/re not in the same plane with 
the first two, the first two and the other two must contain equal 
angles. 




Let the two st. lines AB, BC, meeting at £ in the plane ABC, 
be II to the st. lines DE, EF, meeting at ^ in the plane DEF. 

Then must i ABC ^ i BEF. 

Make BA^ED, and BC=EF, 1. 3. 

and join AD, BE, CF, AC, DF. 

Then •.• ^5 is = and || to DE, 

.'. AD ia ^^ md\\ to BE. 

So also, OF is « and II to BE. 

.-. ^Z)is = and||to CF, 

and .-. ^C is = and || to DF. 

Then in A s ABC, DEF 

'.' AB = DE, and BC^EF, and AC^DF, 

.\ I ABC ^L DEF. 1. c 



1.33. 

Ax. 1 and XI. 9. 
L33. 
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Proposition XI. Theorem. 

To draw a straight line perpendicular to a given plane, from 
a given point toitkout it. 




Let A be the given pt. without the plane BH. 

It is required to draw from A a st. line ± to the plane BH. 

In the plane, draw any st. line BC, 

and from A draw AD A. to BC, 1. 12. 

Then if J D be ± to the plane, what was required is done. 
If not, from D draw, in the plane BH, DF± tp BC. I. 11. 
and from A draw AF± to DE : I. 12. 

AF will be ± to the plane BH. 
Through F, draw GH || to BC. I. 31. 

Then .- BC is±to both AD and DE, 

.\BC is± to the plane AFD ; XI. 4. 

and GH is |1 to BC, 
.-. GH is± to the plane AFD. XL 8. 

Hence GH is ± to the line AF in that plane ; XI. Def. 2. 

and .-. AF is±to GH. 
Also, ^i^isxto DEy by construction ; 

. *. AFi^Lto the plane passing through GH, DE, XL 4. 
that is, AF isx to the pVaiie BH. 
Thus from A a line AF ia dia.^iiA.\>o >iXi^ ^«aa"B^, 
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Proposition XII. Theorem. 

To erect a straight line at right angles to a given plane, from 
a given point in (he plane. 



M 



Let A he the given pt in the given plane. 

It is reqwired to erect a st, line from A 1. to the plane. 

Prom any pt. J?, without the plane, draw BCs. to it, XL 11. 
and from A draw AD \\ to BC, L 31. 

Then *.* AD, EC are two || st. lines, 
of which EC isx to the given plane, 
.*. AD is±to the plane, XI. 8. 

and a line has been erected from ^ ± to the plane. 

Q« E. F. 
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pROFOSiTioir XIIL Theorkk. 

VfCfm the iome point in a gvotn plantj fhne cannot he two 
itraight Ivnes at right angles to the plane^ upon the same side of 
U ; and there earn, he hut one perpendicular to a plane from a 
point wUhaiU the pUme, 




li it be possible, let two st lines AB, AC, be at rt. z s to 
a given plane, from the same pt. A in the plane, and upon the 
same side of it. 

Let a plane pass through AB, AC: the common section 
of this with the given plane, is a st. line, passing through 
A. XI. 2. 

Let DAE be the common section of the planes. 

Then the st. lines AB, AC, DAE are in one plane. 
And *.* (M is at rt. z s to the given plane, 

.*. CA is at rt in to every st. line that meets it in 
that plane, XI. Def. 2. 

andDJ^, which is in that plane, meets it ; 

.*. I CAE is a rt. z . 

So also, I BAE is a rt. z . 

.*. L CAE tm L BAE, in the same plane ; which is im- 
possible. 

Also, from a pt., without a plane, there can be but one 
p^iT^endicular to that plane ; for if there could be two, they 
would be parallel to one anotheT \ which is impossible. XI. 6. 

^,. "^ \i. 
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Propositiok XrV. Thxorebl 

. Plamuy to v)k\eh the mme straight Ivm u perpendicuiair, are 
paraUdtoime another. 




Let the at line AB be± to each of the planea CD, EF. 

Then must CD be paraUd to EF, 

U not, let them meet, and let the st line GH be their com- 
mon section. 

In GH take any pt K, and join AK, BK. 

llien -.* AB is ± to the plane EF, 

.'. AB isx to BK, a st line in that plane, XL Def. 2. 

and .-. z ABK is a rt z . 

So also, z BAKiB a rt z . 

Hence two z s of the a ABK are together » two rt z s ; 
which is impossible. 1. 17. 

.*. the planes CD, EF do not meet when produced, 

and .% CD is II to EF. XI. Del 7. 

Q. £. D. 



EUCUUS ELEJiESTS, 





Let AB^ BC, two st finei mccdiis one awiCkei^ be [ to DE^ 

I annthfr, but are notm tibe 

witb.U3;Ba 

f^aBJ^dimvB&j.tDtbeiibneI>i;iiiectii^itmG. XLIL 
Hdvm^ ednv e^r I to li2>, sod GKVtoEF. L 3L 

B& k X to tbe pbne DF^ 
.Be ■ J. to GIF sod GJS; finei m tet pbne, 

XLIM.2. 
CMboftbezs^Be^r^BeXkaiLz. 
Agn V J9Li sod G£r are both f to ED^ 

.-. J9Li ■ ^ to GH^ XL a 

and.-. zsGJLI^J)ieirtaeedn==tvoiL zs. L fSi 

Btt z Be^Tkait. z. 
.'. L GBA is a It. z . 
Hcnee GB'm^ioBAi 

and 6J^ B ^ to JK; £ar tbe WW veMOB ; 
.'. ej^Bj.totbeiibne^C XL 1. 

.JJh^ ^^ B J. to tbe pbne 1>F; CoBstr. 

^CkltDtkeiJbMbDF. XL 11. 



Book ZI.] 



PROPosniox XVI. 



327 



Proposition XVI. Theorem. 

If two paralUl planes he cut by another plane, their common 
teetions with it are parallel. 




A C 

Let the parallel planes AB, CD be cut by the plane EFHG, 
and let their common sections with it be EF, GH, 
Then must EF he 11 to GH, 



If they be not ||, let them meet in K. 
Then *.• EF is in the plane AB, 

.*. X is a point in the plane AB, XI. Def. 1. 

So also, K\aQ, point in the plane CD. XI. Def. 1. 

.'. the planes AB, CD meet, if produced. 
But they do not meet, for they are parallel. 

.'. EF and GK do not meet, when produced. 
And EF, GH are in the same plane EFGH. 

.'. EF is \\ to GH I. Def. 26. 

Q. E. D. 
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Proposition XVII. Theorem. 

If ttco straight lines he cut hy pa/raUel pUmes, they m/ust be 
cut in the same ratio. 




Let the at lines AB, CD be cut by the || planes 
OH, KL, MN in the pts. A,E,B\ C, F, D. 

Thm must AE be toEBasCFisto FD. 

Join AC, BD, AD. 

Let AD meet the plane KL in the pt. X; and join EX, XF. 

Then •.* the |l planes KL, MN, are cut by the plane EBDX, 

.'. ^2: is II to BD. XI. 16. 

And •.* the || planes GH, KL, are cut by the plane AXFC, 

.'. XF ia \\ to AC. XL 16. 

Now •.• ^2: is B to BD, a side of A ABD, 

.'. AE ia to EB as AX is to XD ; VI. 2. 

and •/ XF is || to -40, a side of A ADC, 

.-. ^X is to XD as CF is to FD. VI. 2. 

Hence ^^ is to ^^ as GF is to FD. V. 5. 

Q. E. D. 
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Profositiok XVin. Theorem. 

If a itronghi line be at right angles to a plane^ every pUme, 
tohiehpcuteB through it, muit be at right angles to that plane. 




Let the at line AB be ± to the plane CK. 

Then m/ust every plane passing through AB 6e ± to 

the plane CK, 

Let any plane DE pass through AB, and let CE be the 
common section of the planes DE, CK. 

Take any pt. F in CE. 

In the plane DE draw i^G^ ± to CE. 1. 11. 

Then *.- AB is± to the plane CK 

.'. AB is± to CE, a st. line in that plane ; XI. Del 2. 
and .*. I ABF is a rt z . 
Now L GFB is a rt z , by constroction ; 

.-. FG 13 \\ to AB. L 28. 

And AB is ± to the plane CK, 
.\ FG ia± to the plane CK XL 8. 

Then •.• FG, a st. line in the plane DE, drawn ± to CE, 
the common section of DE and CK, is x to CK, 

.*. the plane DE is ± to the plane CK. XI. Def. 3. 

So it may be proved that all planes, which pass through AB, 
are ± to the plane CK 
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Proposition *XIX. Theorem. 

If tioo planes, which cut one another, he each of them perpen- 
dicular to a third pUme, their common section must he perpen- 
dicula/r to the same plane. 




Let the two planes AB, BC be each ± to a third plane, and 
let BD be the common section of AB and BC, 

Then must BD he ± to the third plane. 

If it be not, draw, in the plane AB, the st line 

DE ± to AD, the common section of AB with the third 
plane ; I. 11. 

and draw, in the plane BC, the st line DF x to -DC, the 
common section of BC with the third plane. I. 11. 

Then *.• the plane AB is ± to the third plane, 

and DE is drawn in the plane AB± to the conmion section, 

.-. DJ^ is± to the third plane. XI. Def. 3. 

So also, DFia± to the third plane. 

Hence, from the pt. D, two st. lines are drawn x to the third 
plane, and on the same side of it ; which is impossible. XI. 13. 

.*. no other line but BD can be± to the third plane at D ; 

.J BJ? is J. to the third plane. 
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Proposition XX. Theorem. 

If a solid angle be contained by three plane angles, any two of 
thtm mvst be together greater than the third, 

J} 




jE c 

Let the solid z at JL be contained by the three plane l 8 
BAC, CAD, DAB. 

Any two of these must be together greater than the third. 
If the z s BAC, CAD, DAB, be idl eqiuJ, any two of them 
are together greater than the third. 

If they are not equal, let BAC be that L , which is not less 
than either of the other two, and is greater than one of them, 
DAB. 

At A, in the plane passing through AB, AC, make 
/ BAE = I DAB, I. 23. 

and make AE^ AD, and through E draw the st. line BEC, 
cutting AB, AC, in the pts. B, C ; and join DB, DC, 
Then in A s ABD, ABE, 

'.' AD = AE, and AB is common, and l BAD = i BAE, 
.'.DB^'BE. 1.4. 

Then •.• DB, DC together are greater than BC, I. 20. 

and DB^BE, a part of BC, 
.'. DC is greater than EC, 
Then in A s ADC, AEC, 

'.' AD^AE, and AC\s common, and DC greater than EC, 
,\ L DAC is greater than l EAC. I. 25. 

Also, by construction, i DAB = l BAE, 

.-. z s DAC, DAB together are greater than l s BAE^ 
EAC together ; 

that is, z 8 DAC, DAB together are greater than z BAC. 
Again, z BAC is not less than either of the z s DAC, DAB, 
and .*. z BAC with either of them is greater than the other. 
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Proposition XXI. Theorem. 

'Evmi solid angle is contained hy plane angles, which are 
together less than four right angles. 




Fiist| let the solid z at J. be contamed by three plane i s 
BAO, CAD, DAB. 

These shaM be together less tha/n fou/r right a/ngles. 

Take, in each of the st. lines AB, AC, AD, any points 
B, C, D, and join BC, CD, DB. 
Then *.* the solid z at B is contained by the three plane 

z s CBA, ABD, DBC, 
.•. zsCB-4, ^^D are together greater than zDjBC. XI. 20. 
Bo also, I s BCA, ACDare together greater than z BCD, 
and z 8 CDA, ADB are together greater than z CDB. 
.'. the six z s CBA, ABD, BCA, ACD, CDA, ADB are 
together greater than the three z s DBC, BCD, CDB, and 
are .*. together greater than two rt. z s. 

Again, %• the three z s of each of the as ABC, ACD, ALDB 

are together equal to two rt. z s, I. 32. 

.-. the nine z s CBA, BAC, ACB, ACD, CDA, DAC, ADB, 

DBA, BAD are together equal to six rt. z s ; and of these 

the six zs CBA, ACB, ACD, CDA, ADB, DBA, have 

been proved to be together greater than two rt. z s, 

and .'. the three z s BAC, CAD, DAB, 'which contain the 

^oJid z at A, are together less than io\tt iV^ l %, 
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Next, let the solid z at ^ be contamed by any number of 
plane L 8 BACy CAD, DAE, BAF, FAB. 

These must he together less than four rt L s. 




Let the planes, in which the i s are, be cut by a plane, and 
\e^ the common sections of it with those planes be BC, CD, 
DE, EF, FB. 

Then *.* the solid z at £ is contained by the three plane 
z 8 CBAy ABF, FBC, of which any two are together greater 
than the third, XI. 20. 

.'. z 8 CBAy ABFsxe together greater than z FBC 

So abo, the two plane z s at each of the pts. 0, D, By Fy 
which are at the bases of the A s haying the common yertex Ay 
are together greater than the third z at the same pt, which 
is one of the z s of the polygon BCDEF, 

.*. all the z s at the bases of the A s are together greater than 
all the z 9 of the polygon. 

Now all the z s of the as together » twice as many rt. z s 
as there are as, that is, as there are sides in the polygon 
BCDEF : I. 32. 

and all the z s of the polygon, together with four rt. z s, 
t(^ether=s twice as many rt z s as there are sides in the 
polygon. I. 32. Cor. 1 

.'. all the z s of the A s together » all the z s of the polygon 
together with four rt. z s. 

But all the z s at the bases of the A s haye been proyed to be 
together greater than all the z s of the polygon ; 

.'. all the z s at the yertex A are together less than four rt. z s. 
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Miscellaneous Exercises on Book XL 

1. If two straight lines in one plane, be equally inclined to 
another plane, they will be equally inclined to the common 
section of the two planes. 

2. Two planes intersect at right angles in the line AB ; from 
a point C in this line are drawn CE and CF in one of the 
planes, so that the angle ACE is equal to ACF. Shew that 
CE and CF will make equal angles with any line through in 
the other plane. 

3. ABC is a triangle ; the perpendiculars from A^ B, on the 
opposite sides, meet in 2>, and through D is drawn a straight 
line, perpendicular to the plane of the triangle ; if J^ be any 
point in this line, shew th&tEA,BC; EB, CA ; 6sidEC,AB; 
are respectiyely perpendicular to each other. 

4. A number of planes have a common line of intersection : 
what is the locus of the feet of perpendiculars on them from a 
given point ? 

5. Two perpendiculars are let fiEtll from any point on two 
given planes : shew that the angle between the perpendiculars 
will be equal to the angle of inclination of the planes to one 
another. 

6. If perpendiculars AF, A'¥^ be drawn to a plane from 
two points Ay A\ above it, and a plane be drawn through A 
perpendicular to AA\ its line of intersection with the given 
plane is perpendicular to FW. 

7. Prove that equal straight lines drawn from a given point 
to a plane are equally inclined to the plane. 

8. Prove that the inclination of a plane to a plane is equal 
to the angle between the perpendiculars to the two planes. 

9, From a point above a plane two straight lines are drawn, 
the one at right angles to the plane, t\ie ol\i«t «^ tv^\> ^Ti^«& 
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to a given line in that plane : shew that the straight line, join- 
ing the feet of the perpendiculars is at right angles to the given 
line. 

10. In how many ways may a solid angle be formed with 
equilateral triangles and squares ? 

11. Two planes are inclined to each other at a given angle. 
Cut them by a third plane, so that its intersections with the 
given planes shall be perpendicular to each other. 

12. AB^ AC, AD, are three given straight lines, at right 
angles to one another. AE\b drawn perpendicular to CD, and 
BE is joined. Shew that BE is perpendicular to CD. 

13. Two walls meet at any angle. Shew how to draw on 
their surfaces the shortest line joining a point on one to a point 
on the other. 

14. Straight lines are drawn from two points to meet each 
other in a given plane. Find when their sum is the least 
possible. 

. 16. If two parallel planes be cut by a third plane in the 
straight lines AB, ab, and by a fourth plane in the straight 
lines AO,ae respectively, the augle BAC will be equal to the 
augle bac. 

16. If four points be so situated, that the distance between 
each pair is equal to the distance between the other pair, prove 
that the angles subtended at any one point by each pair of the 
others are together equal to two right angles. 

17. Give a geometrical construction for drawing a straight 
line, which shall be equally inclined to three straight lines, 
meeting at a point. 

18. A triangular pyramid stands on an equilateral base. The 
angles at its vertex are right angles. The square of the per- 
pendicular from the vertex on the base is one-third of the 
square on either of the edges. 
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19. If one of the plane angles, fonning a solid angle, be a 
right angle, and the sum of the other two be equal to two right 
angles, and a plane be drawn, cutting off equal lengths from 
the two edges, containing the right angle, the sum of the 
squares on the three straight lines, subtending the plane 
angles, will be double of the squares on the three edges, con- 
taining them. 

20. If P be a point in a plane, which meets the containing 
edges of a solid angle in A^ B, (7, and be the angular pointy 
shew that the angles POA, FOB, FOG are together greater 
than half the angles AOB^ BOC, COA, together. 



BOOK XII. 

LEMMA. 

If from (he greater of two unequal magnitudes of the earns 
kind there he taken more than its half, and from the remmnder 
more than its half and so on, there must at UngUi remain a 
magnitude less than the smaller of the proposed magnitudes. 

Let A and B be two unequal magnitudes of the same kind, 
of which A is the greater. 

Then if from A there he taken more than its half, and from 
the reifruiinder m^ore than its half, and so on; there must at 
length remain a magnitude less than B, 

Take a multiple of B, as mB, greater than A ; and divide A, 
by the process indicated, taking from it a magnitude greater 
than its half, and from the remainder a magnitude greater than 
its half, and carry this process on till there are m divisions, 
and call the parts successively taken away 

C, D, E, F Z 

Now mB=B, B, B repeated m times, 

and A is greater than the sum of C,D, £!,.,, Z m in number. 

Then Z, the last remainder, must be less than B. 

For if not, since each of the preceding remainders is greater 
than Z, each of them would be greater than B, and the sum of 

C, D Z would therefore be greater than mB ; that is, A 

would be greater than mB, which is contrary to the hypothesis. 
.*. Z is less than B, 
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Proposition I. Theorem. 

Simila/r polygons inscribed in circles aire io one another as Iht 
squa/res on the diameters of the circles. 





Let ABCDEy FGHKL be similar polygons inscribed in two 
s, and let BM and GN be diameters of tlie s. 

Then nmst polygon ABCDE he to polygon FGHKL 
as sq. on BM is to sq. on GN, 

Join AM, BE ; FN^ GL. 

Then A BAE is equiangular to A GFL, 

.-. z AEB = I FLG, 
But z AMB= I AEB, in the same segment, 
and I FNG = z FLG, in the same segment, 

.-. z ^MB= z FNG, 
also, z BAM= z 6?JW, each being a rt. z , 
/. A ABM'ia equiangular to A FGN, 
.-. AB is to BMasFG is to GN, 
and .-. ^5 is to J^G as BMis to (?JV. 

.'. the duplicate ratio of AB to FG =the duplicate ratio 
of BM to GN. , V. 21. 

But polygon ABCDE has to polygon FGHKL the dupli- 
cate ratio of AB to FG. VI. 21. 
And sq. on BM has to sq. on GN the duplicate ratio of 
BM to GN. VI. 21. 
•'• polygon ABCDE la to ^o\j^cs\i IG^B-KL ^^.^^tl BAf 
ifif to sq. on GN. ^ *^* 
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m. 21. 



HI. 31. 

VI. 4. 

V. 16. 



BOOK XII. 

LEMMA. 

If from ^ greater of two unequcd magnitudes of the same 
hind there be taken more than its halfy and from the remmnder 
more than its half, and so on, there must at length remmn a 
m^agnitvde less than the smaUer of the ^proposed magnitudes. 

Let A and B be two unequal magnitudes of the same kind, 
of which A is the greater. 

Then if from A there be taken more than its half, and from 
the remainder more than its half, and so on ; there must aJt 
length remain a magnitude less than B, 

Take a multiple of B, as mB, greater than A ; and divide A, 
by the process indicated, taking from it a magnitude greater 
than its half, and from the remainder a magnitude greater than 
its half, and carry this process on till there are m divisions, 
and call the parts successively taken away 

0, A ^, ^ Z 

Now mB=B, B, B repeated m times, 

and A is greater than the sum oiC,D,B,,„Z m in number. 

Then Z, the last remainder, must be less than B. 

For if not, since each of the preceding remainders is greater 
than Z, each of them would be greater than B, and the sum of 

C,D Z would therefore be greater than mB ; that is, A 

would be greater than mB, which is contrary to the hypothesis. 
•*. Z is less than B, 

Q. E. D. 

23 
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Bisect the arcs E¥y FG, GH, HE at the pte. K, L, M, N, 
and join EK, KF, FL, LG, GM, Mfl, HN, NE. 

Then each of the lb EKF, FLG, GMH, HNE, is greater 
than half of the segment of the circle in which it stands. 

For A JE[jO'<s half of the HJ, formed by drawing a st line 
to tonch the at K, and parallel st. lines through E and F ; 
and the £7 thns formed is greater than the segment FEK ; 

.*. L EKF is greater than half of the segment FEK, and 
similarly for the other A s. 

.*. sam of all these triangles is greater than half of the som 
of the segments of the , in which they stand. 

Next, bisect EK, KF, eta, and form as as before. 

Then the som of these as is greater than half of the sum of 
the segments of the 0, in which they stand. 

If this process be continued, and the A s be supposed to be 
taken away, there will at length remain segments of s, which 
are together less than the excess of the EFGR above the 
space 8y by the Lemma. 

Let segments EK, KF, FL, LG, GM, MB, EN, NE be 
those which remain, and which are together less than the 
e^icess of the of the above 8, 

Then the rest of the 0, i^ the polygon EKFLGMEN, ia 
greater than 8. 

In ABCD inscribe the polygon AXBOCPDB similar to 
the polygon EKFLGMHN. 

The polygon AXBOCPDB is to polygon EKFLGMHN as 
sq. on BD is to sq. on FH, XIL 1. 

that is, as ABCD is to the space 8, Hyp. and Y. 5. 

But the polygon AXBOCPDB is less than ABCD, 

.'. the polygon EKFLGMHN is less than the space 8\ V. 14. 
but it is also greater, which is impossible ; 
' .*. sq. on BB is not to sq. on FHaa®ABCD is to any space 
Jess than ® EFOH. 
Id the same way it may be sbowii \i\A\i 
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sq. on "FK is oot to sq. on BD as © EFOH is to any space 
less than © ABCD. 

Nor is sq. on BD to sq. on FH as ABCD is to any space 
greater than © EFGH. 

A 






o 



For, if possible, let it be as ABCD is to a space T, greater 
than EFGH. 

Then, inversely, sq. on FH is to sq. on BD as space T is 
to ABCD. 

But as space T is to ABCD so is EFGH to some 
space, which must be less than ABCD, because space T is 
greater than EFGH. V. 14. 

.*. sq. on FH is to sq. on BD as EFGH is to some space 
less than ABCD ; which has been shewn to be impossible. 

.-. sq. on BD is not to sq. on FH as ABCD is to any 
space greater than © EFGH, 

And it has been shown that 

sq. on BD is not to sq. on FH as ABCD is to any 
space less than EFGH, 
,\ sq. on BD is to sq. on FHqb ABCD is to EFGH. 
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Paipen on EucUd (Books YI., XI., and XII.) setinOis 
Cambridge Mathematical Tripos. 

1849. VI. 4. Apply this proposition to prove that the lect- 

angle, contained by the segments of any 
chord, passing throogh a given point within 
a circle, is constant. 

ZI. 11. Prove that eqnal right lines, drawn from a 
given point to a given plane, are equally 
inclined to the plane. 

1850. VI. 10. AB is a diameter, and P any point in the cir- 

cmnference of a circle; AF and BP are 
joined and produced, if necessary ; if from 
any point C of AB a perpendicolar be drawn 
to ABj meeting AP and BP in points D 
and E respectively, and the circumference of 
the circle in a point F, shew that CD is a 
third proportional to CE and CF. 

1851. VI. 3. If A, B, C be three points in a straight line, 

and D a point, at which AB and BC subtend 
equal angles, show that the locus of the 
point i> is a circle. 

XI. 8. From a point E draw EC, ED perpendicular 
to two planes CAB, DAB, which intersect 
in AB, and from D draw DF perpendicular 
to the plane CAB, meeting it in ^: shew 
that the line, joining the points C and F, 
produced if necessary, is perpendicular to 
AB. 

1862, VL 2. If two tr\aiig|Lea'\ie otl ^c^(vsi2L\^«&^^^«3id between 

the same pawXleAa, \«k5 >Mi^, ^«saSL^ \ft SicKa. 
bases, Vilii cvx\. oft ^c^ «c^»a ^oai VSoftM*^ 
trianglea. 
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1852. XL 11. ABCD is a regular tetrahedron, and, from 

the yertex A, a perpendicular is drawn to 
the base BCD, meeting it in : shew that 
three times the square on ^0 is equal to twice 
the square on AB. 

1863. ▼!• 6. If the yertical angle 0, of a triangle ABO, be 

bisected by a line, which meets the base in 
D, and is produced to a point E, such that 
the rectangle, contained by CD and CE, \b 
equal to the rectangle, contained hj AC and 
CB : shew that if the base and yertical angle 
be giyen, the position of ^ is inyariable. 

XI. 21. If BCD be the common base of two pyramids, 
whose yertices A and ui' lie in a plane pass- 
ing through BC, and if the two lines AB, AC, 
be respectiyely perpendicular to the faces 
BA'D, CA'D, proye that one of the angles at 
A, together with the angles at A', make up 
four right angles. 

1854. TL 16. EA, EA' are diameters of two oiicles, touching 

each other externally at J^ ; a chord AB of 
the former circle, when produced, touches the 
latter at (7, while a chord A'B of the latter 
touches the former at (7: proye that the rect- 
angle, contained by AB and A'B^, is four 
times as great as that contained by BC and 
BfC. 

XL 20. Within the area of a giyen triangle is described 
a triangle, the sides of which are parallel to 
those of the giyen one : proye that the sum 
of the angles, subtended by the sides of the 
interior triangle, at any point, not in the plane 
of the triangles, is less than the sum of the 
angles, subtended at the same point by the 
sides of the exterior triangle. 

1855. VI. 2. A tangent to a circle, at the point A, intersects 

two paxaUd tasi^gbu^ ycl B^ C^tSs^^s^ \ms^ c& 
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contact of which with the circle are D, E^ 
respectively : shew that if BEy CD, intersect 
in F, AF is parallel to the tangents BD^ CE, 

1855. XI. 16. From the extremities of the two parallel straight 

lines AB, CD, parallel lines Aa, Bb^ Ce, Dd, 
are drawn, meeting a plane in o^ 6, c, (2 : proye 
that AB is to CD as a& is to ci, taking the 
case, in which A, B, 0, D aie on the same 
side of the plane. 

1856. VI. Def. 1. Enunciate the propositions^ which prove 

that in the case of triangles the conditions of 
similarity are not independent. 

XI. 11. Shew that the perpendicular, dropped from the 
vertex of a regular tetrahedron upon the 
opposite base, is treble of that dropped from 
its own foot upon any of the other bases. 

1857. VI. 19. Any two straight lines, BB^, CC, drawn parallel 

to the base DI/, of a triangle ADjy, cut 
AD in B, C, and AD^mB^.C; BC, B^C, 
are joined: prove that the area AB(j or 
AB^C varies as the rectangle, contained by 
BBffia. 

XL 16. A triangular pyramid stands on an equilateral 
base, and the angles at the vertex are rights 
angles : shew that the sum of the perpendi- 
culars on the faces, from any point of the 
base, is constant. 

1858. Ti. 15. Find a point in the side of a triangle, from. 

which two lines, drawn one to the opposite 
angle, and the other parallel to the base, shall 
cut off, towards the vertex and towards the 
base, equal triangles. 

XL 11. Two planes intersect : shew that the loci of the 

points, ftom. which perpendiculars on the 

planes are equal to a given straight line, are 

straight lines ; and t\fflfc leva ^^askK& taa^ \i% 
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drawn, each passing through two of these 
lines, sach that the perpendiculars, from any 
point in the line of intersection of the given 
planes, upon any one of the four planes, shaU 
be equal to the given line. 

1859. vi. 31. Shew that, on a given straight line, there may 

be described as many polygons of diflforent 
magnitudes, similar to a given polygon, as 
there are sides of different lengths in the 
polygon. 

XL 20. Three straight lines, not in the same plane, 
intersect in a point, and through their point 
of intersection another straight line is drawn 
within the solid angle formed by them : prove 
that the angles, which this straight line makes 
with the first three, are together less than the 
sum, but greater than half the sum of the 
angles which the first three make with each 
other. 

1860. VI. A. If the two sides, containing the angle, through 

which the bisecting line is drawn, be equiEkl, 
interpret the result of the proposition. 
Prove from this proposition and the preceding, 
that the straight lines, bisecting one angle of 
a triangle internally, and the other two ex- 
ternally, pass through the same point 

XI. 17. If three straight lines, which do not all lie in 
one plane, be cut in the same ratio by three 
planes, two of which are parallel, shew that 
the third will be parallel to the other two, if 
its intersections with the three straight lines 
are not all in one straight line. 

1861. VL 6. From the angular points of a parallelogram 

ABCD, perpendiculars are drawn on the 
diagonals, meeting; them in. £^F^G>£L«i 



346 EUCLIjys ELEMENTS, [Books VL XI. ana ZZL 

spectiyely ; prove that EFOH is a parallelo- 
gram similar to ABCD, 

1861. XL 12. Shew that the shortest distance between two 

opposite edges of a regular tetrahedron is 
equal to half the diagonal of the square, de- 
scribed on an edge. 

1862. Yi. 1. Lines are drawn from two of the angular points 

of a triangle, to diyide the opposite sides in 
a given ratio ; prove that the line, joining 
the third angcQar point with the point of in- 
tersection of these two lines, either bisects 
the opposite side, or divides it in a ratio 
which is the duplicate of the given ratio. 

XL 21. If four points be so situated that the distance 
between each pair is equal to the distance 
between the other pair, prove that the angles 
subtended at any one of these points by each 
pair of the others, are together equal to two 
right angles. 

1863. VT. 4. The internal angles at the base of a triangle, and 

the external angle at the vertex, are bisected 
by straight lines ; prove that the three points, 
in which these straight lines meet the oppo- 
site sides respectively, lie on one straight 
line. 

XL 17. If each edge of a tetrahedron be equal to the 
opposite edge, the straight line, joining the 
middle points of any two opposite edges, 
shall be at right angles to each of those 
edges. 

1864. Ti. 23. If one parallelogram have to another parallelo- 

gram the ratio, which is compounded of the 
ratios of their sides, one parallelogram shall 
be equiangular. 

« 

XT. 12. On a given equilateral triangle describe a 
re£:ular tetiahedioiL 
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1865. vi. 19. The opposite sideSy BAy CD of a qnadilateral 

ABCDf which can be inscribed in a circle, 
meet, when produced, in J^ ; J^ is the point 
of intersection of the diagonals, and EF 
meets AD in G : prove that the rectangle 
EA, ^S is the rectangle ED, DCaa AGia 
to GD. 

XI. 16. In the triangular pyramid ABOD, AB is at 

right angles to CD, and AO to BD : prove 
that AD is at right angles to BC. 

1866. VI. 4. ABC is an isosceles triangle ; AE is the perpen- 

dicular from A on the base B0\ D is any 
point in AE ; and CD produced meets the 
side AB at J^ : shew that the ratio of AD to 
DE is double of the ratio of AF to FB. 

XII. 1. Give an outline of Euclid's demonstration that 

circles are to one another as the squares on 
their diameters. 

1867. YL A. Each acute angle of a right-angled triangle and 

its corresponding exterior angle are bisected 
by straight lines meeting the opposite sides ; 
prove that the rectangle, contained by the 
portions of those sides intercepted between 
the bisecting lines is four times the square on 
the hypotenuse. 

XI. 21. Two pyramids are described, the one standing 
on a square as a base, the other on a regular 
octagon, the vertex of each being equally 
distant from the angular points of its base ; 
if this distance be the same for each pyramid, 
and the perimeters of the bases be equal, 
prove that the plane angles, containing one 
solid angle at the vertex of the former, are 
together greater than the plane angles, con- 
taining the solid angle at the vertex of the 
latter. 

1868. VI. SL Without assuming any subsequent propositifflj 

prove that the oc^aiiasi^gslas ^nsuQj^<^ \&.< 
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of the figures of this propositioni are to oach 
other in the duplicate ratio of the sides oppo- 
site to the equal angles. 

1868. XI. 11. Of the least angles, which a given line in one 

plane makes with any line in another plane, 
the greatest for diiOferent positions of the 
given line is that which measures the inclina- 
tion of the two planes. 

1869. XI. 20. If be a point, within a tetrahedron ABCD, 

prove that the three angles of the solid angle, 
subtended by BCD at 0, are together greater 
than the three angles of the solid angle at A. 

1870. VL 16. Two straight lines are given in position, and a 

third straight line is drawn so as to cut off 
a triangle equal to a given triangle ; through 
the middle point of this third side is drawn 
a straight line in a given direction, termin- 
ated by the two given straight lines : prove 
that the rectangle under the segments of the 
intercepted part is constant. 

XL 7. In a tetrahedron each edge is perpendicular to 
the direction ol the opposite edge ; prove 
that the straight line joining the centre of 
tiie sphere, circumscribing the tetrahedron, 
to the middle point of any edge, is equal and 
parallel to the straight line joining the centre 
of perpendiculars to the middle point of the 
opposite edge. 

1871. YL 2. ABC is a triangle, and lines AG, BO, CO cut 

the opposite sides in i>, J^, JP ; if EF cut BO 
in G, prove that BD is to DC as BG is to 
GO. 

XL IL The perpendiculars from the angular points of 

a tetrahedron on the opposite fetces meet in a 

point : prove that the necessary and sufiScient 

condition for tkna la \iffiAi \3[i<& «ima of the 

squares of paixa of oppoaiVA ed^^sja&X^ ^n^aa^; 
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1872. VL 2. Draw through a point a straight line, so that the 

part of it intercepted between a given straight 
line and a given circle may be divided at the 
given point in a given ratio. Between what 
limits must the ratio lie in order that a 
solution may be possible f 

XL 20. If the opposite edges of a tetrahedron be equal 
two and two, prove that the faces are acute- 
angled triangles. Prove also that a tetra- 
hedron can be formed of any four equal and 
similar acute-angled triangles. 
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